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predicated  Independently  from  the  results  of-  con¬ 
ventional  triaxial  tests.  Reliable  prediction. of 
the  third  parameter  requires  additional  computer 
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when  the  soil  is  anisotropic  the  q0  effect  must 
be  taken  into  account.  A  generalized  stress  path 
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type  stress-strain  relations  when  the.  soil  is 
isotropic. 
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On  the  basis  of  theory  and  available  experimental  data,  the  influence  of  stress 
system  (i.e.,  anisotropy,  pore  pressure  response,  rotation  of  principal  planes 
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conducted  under  Project  MODIAP  at  the  Massachusetts  Institute  of  Technology  is 
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anisotropic  clay.  The  concept  of  a  three-dimensional  pore  pressure  response 
surface  is  developed  to  explain  the  variation  of  pore  pressure  response  in  a 
cross-anisotropic  clay.  It  is  then  shown  that  the  intersection  of  these  two 
surfaces  defines  the  variation  of  undrained  shear  strength  with  the  orientation 
of  the  principal  stresses  at  failure.  A  numerical  example  is  used  to  show  that 
the  effect  of  initial  consolidation  stresses  (the  q0  effect)  cannot  be  ignored 
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during  shear.  A  technique  for  expressing  any  triaxial  stress  failure  criterion 
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appears  to  be  the  best  of  the  classic  failure  criteria  for  soils.  However,  a 
large  number  of  soils  exhibit  a  rapid  increase  in  the  effective  angle  of  shearing 
resistance,  as  the  intermediate  principal  stress  begins  to  exceed  the  minor  prin¬ 
cipal  stress.  This  same  phenomenon  is  characteristic  of  a  regular  packing  of 
equal,  rough,  rigid  spheres,  and  it  is  shown  that  such  packings  deform  in 
accordance  with  the  normality  rule  of  classical  plasticity  theory.  A  simple 
formula  is  developed  which  closely  fits  the  MODIAP  bearing  capacity  test  results. 
The  influence  of  stress  system  variables  is  explained  in  terms  of  their  influence 
on  three  parameters  defining  the  formula.  Two  of  these  three  parameters  are 
predicated  independently  from  the  results  of  conventional  triaxial  tests. 

Reliable  prediction  of  the  third  parameter  requires  additional  computer  studies 
of  the  type  already  begun  at  M.I.T.,  but  when  the  soil  is  anisotropic  the  qQ 
effect  must  be  taken  into  account.  A  generalized  stress  path  method  is  proposed 
for  formulating  deformation-type  stress-strain  relations  when  the  soil  is 
Isotropic. 
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CHAPTER  1 


INTRODUCTION 


Objective  and  Scope 

This  thesis  deals  with  the  undrained  shear  strength  of 
saturated  clay.  The  term  "undrained"  is  used  to  indicate 
that  during  the  entire  shearing  process  there  is  no  opportunity 
for  pore  water  flow,  and  therefore  no  pore  pressure 
dissipation. 

In  particular,  the  objective  is  to  explain,  in  terms  of 
effective  stress,  the  influence  on  undrained  shear  strength 
of  the  total  stress  system.  In  other  words,  this  thesis 
explains  why  the  undrained  shear  strength  of  a  saturated 
clay  may  not  be  a  unique  value,  but  may  depend  on  one  or 
more  total  stress  system  variables. 

The  terms  "stress  system"  and  "stress  tensor"  are 
synonymous.  Each  is  completely  and  uniquely  defined  by 
six  independent  scalar  values.  These  six  values  can  be 
either  the  magnitudes  of  six  stress  components,  or  the 


values  of  the  three  principal  normal  stresses,  together 
with  three  angles  which  fix  the  orientations  of  the  principal 
stress  axes,  analagous  to  the  Eulerian  angles  employed  in 
rigid  body  dynamics;  GOLDSTEIN  (1950,  107) . 

Only  four  stress  system  variables  are  considered  here: 

’•he  magnit  ides  of  the  three  principal  stresses,  a^,  and 

o^,  and  tne  angle  B  between  the  major  principal  stress  axis 
and  what  will  subsequently  be  defined  as  the  material  axis. 

The  pnnc-psl  outcome  of  the  thesis  is  a  rational  specification 
of  the  variation  of  undrained  shear  strength  with  3,  which 
can  be  used  in  the  computer  solution  of  problems  involving 
deformation  ar.J  stability  of  a  saturated  clay  mass. 

Motivation 

The  motives  for  this  study  are  two: 

1.  Tie  desire  or  a  better  understanding  of  factors  go -em- 
j  rig  tne  ur  drained  snear  strength  of  saturated  clay,  and 

2.  The  pzes3i  .g  need  to  employ  more  realistic  stress  - 
f train  -  strength  relationships  in  computer  analyses  of 
soil  deformation  and  stability. 

»« 

The  availability  of  high  speed  digital  computers  with 
large  storage  capacity  has  already  begun  to  exert  a  profound 
influence  on  the  field  of  soil  mechanics,  both  in  research 


and  in  practice.  It  has  triggered  a  predictable  sequence 
of  events,  insofar  as  the  analysis  of  soil  deformation 
and  stability  is  concerned,  as  follows: 

1.  Use  available  computer  programs  and  classical  inelastic 
stress  -  strain  equations  to  solve  deformation  and  stability 
problems,  in  which  the  geometery  is  that  of  problems 
encountered  in  soil  mechanics  practice. 

2.  Recognize  that  the  stress  -  strain  equations  used  so 
far,  and  therefore  the  results  obtained  from  thei:  use,  bear 
at  least  a  debatable  relation  to  the  behavior  of  real  soil. 
At  the  same  time,  realize  the  capacity  of  the  computer  to 
accommodate  more  complex,  but  more  realistic  soil  stress  - 
strain  equations. 

3.  Develop  more  versatile  soil  testing  equipment,  capable 
of  yielding  data  which  can  serve  as  the  basis  for  more 
general  soil  stress  -  strain  equations,  formulated  within 
the  framework  of  Rheology. 

4.  Use  the  improved  stress  -  strain  equations  in  computer 
analyses  of  soil  deformation  and  stability,  and  check 
predicted  behavior  by  field  and  model  tests. 

If  the  above  predicted  sequence  is  correct,  it  promises 
to  give  the  fields  of  Soil  Behavior  and  Experimental  Soil 


Mechanics  the  biggest  incentive  they  have  ever  had.  This 
is  because  it  will  establish  a  pressing  demand  for  the 
results  of  soil  stress  -  strain  tests  to  be  presented  in 
the  form  of  general  relationships,  instead  of  essentially 
raw  data.  This  will,  in  turn,  create  a  need  for  more 
versatile  and  sophisticated  soil  testing  equipment,  improved 
soil  testing  techniques,  and  improved  techniques  for  re¬ 
ducing  the  degree  of  disturbance  suffered  by  field  samples 
prior  to  testing  in  the  laboratory. 

In  short,  the  computer  has  created  a  demand  for  many 
of  the  products  of  the  soil  mechanics  industry  which,  until 
recently,  had  essentially  no  market  at  all,  because  they 
could  not  be  used  conveniently  in  practice.  Now,  any 

^  > 

information  which  can  be  accepted  by  a  computer  is  potentially 
useful  in  soil  mechanics  practice. 

Technical  Corsideratlons 

Shear  failure  of  a  soil  mass  generally  occurs  by  slipp¬ 
ing  or  sliding  along  characteristic  surfaces,  called  failure 
surfaces.  In  example  of  such  a  surface  is  shown  in  Figure 
1.1.  The  distribution  of  stress  in  a  soil  mass  subjected 
to  a  local  surface  load,  such  as  that  imposed  by  a  spread 
footing,  is  generally  such  that  the  orientation  of  the 

■a  . 

•*  > 
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stress  system  at  failure  will  vary  from  point  to  point 
throughout  the  mass,  and  the  resulting  failure  surface 
will  be  curved.  Unless  unusual  conditions  prevail,  the 
undrained  shear  strength,  s  ,  defined  as 


s 

u 


(1.1) 


i.e.  the  radius  of  the  Mohr  circle  of  stress  at  failure, 
will  vary  along  the  failure  surface,  depending  upon  the 
angle  8.  The  main  purpose  of  this  thesis  is  to  explain 
why  s^  varies  with  8,  and  to  offer  means  of  predicting 
the  variation  of  su  with  8,  for  use  in  computer  analyses 
of  deformation  and  stability. 

Briefly,  the  reasons  for  variation  of  with  8  are: 

1.  Anisotropy  with  respect  to  effective  stress  shear 
strength  parameters, 

2.  Anisotropy  with  respect  to  pore  pressure  response,  and 

3.  Anisotropy  of  the  consolidating  stress  system  prior 
to  undrained  shear. 

In  each  of  the  above  cases,  the  term  anisotropy  means 
directional  dependence.  The  first  two  cases  refer  to 
directional  dependence  of  soil  properties,  whereas  the 


third  case  refers  to  directional  dependence  of  normal 
(and  therefore  shear)  stress  in  the  consolidating  stress 
system  prior  to  undrained  shear. 

The  chapter  on  anisotropy  of  effective  stress  shear 
strength  parameters  shows  how  an  assumed  directional 
dependence  of  cohesion  or  internal  friction  can  lead  to 
a  variation  of  undrained  shear  strength  with  8.  It  also 
explains  why  the  actual  directional  dependencies  of 
cohesion  and  internal  friction  are  extremely  difficult  to 
determine  accurately. 

As  well  as  discussing  the  directional  dependence  of 
excess  pore  pressure,  the  chapter  on  pore  pressure  response 
also  attempts  to  clarify  the  relationship  between  excess 
pore  pressure  and  applied  total  stress,  and  to  show  why 
the  pore  pressure  response  of  dilatant  soils  need  not  be 
treated  separately,  as  it  has  been  in  the  past. 

Theory  predicts  that  the  undrained  shear  strength  of 
a  saturated,  isotropic  clay  will  vary  with  B  when  the  radius 
of  the  initial  Mohr  stress  circle,  qQ,  is  not  zero,  i.e. 
when  the  consolidating  stress  system  is  anisotropic.  This 
prediction  is  a  direct  consequence  of  the  assumption  that 
excess  pore  pressure  is  partly  dependent  on  the  radius 
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of  the  applied,  rather  than  the  resultant  total  stress 

circle.  This  phenomenon  will  be  called  the  qQ  effect, 

because  it  is  absent  when  q  =0. 

o 

All  three  of  the  above  phenomena  have  to  do  with  the 
variation  of  undrained  shear  strength  with  0,  within  the 
framework  of  the  Revised  Coulomb  Equation.  If  that  equation 
were  strictly  valid,  the  only  possible  influence  which  the 
intermediate  principal  stress  could  have  on  failure  would 
be  through  the  pore  pressure.  In  fact,  this  is  probably 
its  most  important  influence.  There  is,  however,  consider¬ 
able  evidence  to  indicate  that  the  Revised  coulomb  Equation 
is  not  strictly  valid,  and  that  the  effective  stress  shear 
strength  parameters  are  somewhat  dependent  on  the  inter¬ 
mediate  principal  stress.  This  evidence  is  examined  in 
the  chapter  dealing  with  the  influence  of  the  intermediate 
principal  stress  on  shear  strength,  using  a  method  for 
plotting  data  in  the  octahedral  stress  plane  devised  by  the 
Writer. 

Finally,  a  chapter  is  devoted  to  the  application  of 
some  of  the  above  results  to  the  irtterpretcition  of  model 
footing  test  data  obtained  by  the  Writer  under  Project 


MODIAP  at  M.I.T 


FIGURE  LI 

VARIATION  OF  STRESS  SYSTEM  ORIENTATION 
AT  FAILURE  THROUGHOUT  A  SOIL  MASS 


CHAPTER  2 


BASIC  SH.EAR  STRENGTH  CONCEPTS 

Purpose 

The  purpose  of  this  chapter  is  to  review  basic  concepts 
of  soil  shear  strength,  which  serve  as  the  framework  for 
the  rest  of  the  thesis,  and  to  which  frequent  reference 
will  be  made. 

Importance  of  Shear  Strength 

The  most  important  structural  characteristics  of  a 
construction  material  are  its  stress  -  strain  relationships. 
The  single  most  important  stress  -  strain  property  is 
strength;  WINTER  (1961). 

Soil  is  probably  the  most  common  construction  material 
with  which  civil  engineers  deal.  It  is  difficult  to  imagine 
a  civil  engineering  construction  project  which  does  not 
involve  soil,  and  therefore  some  consideration  of  soil 
strength.  World  economic  conditions  have  reached  the  point 
where  an  increasing  number  of  important  foundation  engineer¬ 
ing  problems  necessarily  involve  saturated  clays,  and 
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therefore  the  strength  of  clays  under  load  has  become  a 
subject  of  considerable  practical  engineering  significance. 
Consequences  of  the  Nature  of  Soil 

The  feature  which  most  distinguishes  soils  from  other 
construction  materials  is  their  particulate  nature;  LAMBE 
AND  WHITMAN  (1969) .  The  dominant  stress  -  strain  and 
strength  characteristics  of  soils,  and  of  saturated  clays 
in  particular,  are  a  direct  consequence  of  their  particulate 
nature : 

1.  Soils  deform  mainly  by  sliding  or  rolling  of 
individual  particles,  or  groups  of  particles, 
with  respect  to  each  other. 

2.  Therefore,  when  a  soil  fails  under  load,  the 
failure  is  in  shear. 

3.  Shearing  stresses  tend  to  produce  volumetric, 

as  well  as  shearing  strains  in  the  soil  skeleton. 

4.  Soils  are  inherently  multiphase  materials. 

5.  The  phases  of  a  soil  interact,  both  physically 
and  chemically.  In  particular,  the  pore  water 

in  a  saturated,  fine-grained  soil  tends  to  resist 
a  change  in  volume  of  the  soil  skeleton  because 
of  the  low  compressibility  of  the  water  and  the 
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low  permeability  of  the  soil  skeleton.  It  is  this 
combination  of  phase  properties  which  makes  the 
idealization  of  "undrained"  loading  of  practical 
value  in  the  analysis  of  field  loading  problems 
involving  saturated  clay. 

The  Revised  Coulomb  Equation 

Today  the  most  generally  accepted  concept  of  soil  shear 
strength  is  a  combination  of  Coulomb's  failure  hypothesis 
and  Terzaghi's  principle  of  effective  stress;  COULOMB  (1773); 
TERZAGHI  (1923) .  However,  in  order  to  be  of  practical  value, 
the  above  two  concepts  must  be  supplemented  by  a  quantitative 
relation  between  applied  total  stress  and  pore  water 
pressure;  CASAGRANDE  (1934),  RENDULIC  (1936  ).  In  fact, 
the  relation  between  applied  total  stress  and  pore  water 
pressure  plays  a  dominant  role  in  the  shear  strength  behavior 
of  cohesive  soils,  but  a  clear  understanding  of  this  relation¬ 
ship  has  been  difficult  to  attain. 

Coulomb’s  failure  hypothesis  can  be  stated  mathematically 
as  follows: 


=  c  +  crff  tan  $ 


(2.1) 
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where 


r__  =  shear  stress  on  the  failure  plane  at  failure 
f  f 

=  total  normal  stress  on  the  failure  plane  at 
failure 

$  =  material  constant,  called  the  angle  of  internal 

friction 

c  =  material  constant,  called  cohesion 
Failure  is  assumed  to  be  initiated  by  sliding  along  the  plane 
for  which  Equation  (2.1)  is  first  satisfied. 

Terzaghi  revised  Equation  (2.1)  by  proposing  that  the 
stress  components  which  control  the  deformation,  and  there¬ 
fore  the  shear  strength  behavior  of  soils  are  not  the  total 
stress  components,  but  the  effective  stress  components, 

<r„.  The  effective  stress  components  are  related  to  the 
total  stress  components  and  to  the  pore  water  pressure 
u^  (assuming  full  saturation,  and  defining  compressive 
normal  stresses  to  be  positive)  by  the  defining  equations 


rr  ..=  a  ,-u  6  ,  , 

1 J  xj  w  13 


(2.2) 


or,  in  matrix  form 
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=  effective  stress  component 
=  total  stress  component 
=  Kronecker  delta 
=  pore  water  pressure 


(2.3) 


The  pore  water  pressure  is  the  sum  of  the  static  pore 

water  pressure,  u  ,  and  the  excess  pore  water  pressure, 

s 

u. 


u  =  u  +  u  (2.4) 

w  s 

Terzaghi's  Revised  Coulomb  Equation  which  utilizes  the 
effective  stress  shear  strength  parameters,  c  and  $  is 
therefore 

Tff  =  c  +  aff  tan  $  (2.5) 

Equation  (2.5)  can  also  be  written  as 

Tff  =  *CTff  +  tan  *  (2.6) 
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where 


d  =  c  cot  $ 


(2.7) 


The  quantity  d  is  called  the  intrinsic  pressure,  an  example 
of  which  is  the  normal  stress  caused  by  the  force  of 
attraction  between  two  magnets,  which  gives  rise  to  frictional 
resistance  without  externally  applied  normal  force;  TAYLOR 
(1948,  319) . 

Experimental  Definition  of  Shear  Strength  Parameters 

The  fact  that  stability  and  deformation  are  closely 
related  becomes  evident  when  one  addresses  the  question  of 
what  stress  values  to  use  in  recording  the  strength  of  a 
soil  test  specimen.  When  analyzing  the  results  of  a  con¬ 
ventional  undrained  triaxial  test,  it  is  customary  to  plot 
either  the  normalized  principal  stress  difference. 


0-. 

lc 


o^,  o' ^  =  major  and  minor  principal  effective  stresses 
*1  =  major  principal  effective  stress  at  the  end 
of  consolidation,  prior  to  undrained  shear 

51 

or  the  principal  effective  stress  ratio,  ,  against  the 

axial  strain,  €  ,  and  to  define  a..  -  and  a  as  the  values  of 
ci  ir  ji 


•4  * 
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and  when  one  of  the  above  stress  variables  attains 
its  maximum  value  with  respect  to  c&;  see  Figure  2.1. 

The  values  of  c  and  $  are  then  calculated  from  one  of 
several  equations  presented  in  the  next  section. 

Insight  into  the  mobilization  of  shear  strength  in  an 
undrained  triaxial  test,  and  the  relation  between  the  above 
two  stress  variables,  can  be  gained  by  studying  a  mathe¬ 
matical  identity?  BJERRUM  AND  LO  (1963) . 


Equation  (2.8)  shows  that  the  normalized  principal  stress 

difference  can  be  interpreted  as  the  product  of  two  quantities, 

51 

the  first  of  which  contains  *■”  as  the  only  variable,  and 

a3  Au  - 

the  second  of  which  contains  as  the  only  variable  -  „ 

CTlc 

Whether  the  normalized  principal  stress  difference  and  the 
principal  effective  stress  ratio  attain  their  respective 
maximum  values  at  the  same  or  different  axial  strains 
depends  on  the  rate  of  change  of  the  pore  pressure  function, 
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Au  -  to 

— = - ,  with  respect  to  axial  strain.  The  relationship 

ulc 

between  this  pore  pressure  function,  and  axial  strain  in 
undrained  triaxial  compression  tests  has  been  observed  to 
be  relatively  independent  of  both  the  value  of  a  and  the 
orientation  of  the  sample  axis  with  respect  to  the  material 
axis,  i.e.  the  value  of  the  angle  |3;  LAMBE  (1963,  Fig.  10), 

LO  (1966,  Fig.  17)  .  Which  of  the  above  stress  variables 
to  use  in  defining  c  and  $,  in  connection  with  a  particular 
field  problem  depends  on  the  expected  pore  pressure  response 
and  the  maximum  desirable  deformation,  as  well  as  the 
strength  equation  in  which  the  results  are  to  be  employed. 
Relations  Between  Principal  Effective  Stresses  at  Failure 

This  section  contains  several  frequently  used  mathe¬ 
matical  relationships.  It  may  be  skipped  without  loss  of 
continuity,  and  is  included  only  for  convenience  in  reading 
subsequent  portions  of  the  thesis. 

It  is  frequently  convenient  to  express  the  Revised 
Coulomb  equation  in  terms  of  the  principal  effective  stresses 
at  failure.  Referring  to  Figure  2.1,  it  is  easily  seen 
that 
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(2.9) 


) 


CTlf  "  CT3f 

Tff  =  l  - - — J  cos  *  =  qf  cos  $ 


ff 


°lf  +  ^°lf  ~  °3f ^ 


sin 


=  Pf  -  qf  sin  * 


(2.10) 


and  therefore  Equation  (2.5)  can  be  written  in  the  form 


qf  cos  $  =  c  +  (pf  -  qf  sin  $)  tan  $ 


so  that,  after  multiplying  both  sides  by  cos  $  ,  the  result 


is 


qf  *  c  cos  ♦  +  pf  sin  4 


(2.11) 


=  (pf  +  d)  sin  4 


(2.12) 


A  plot  of  Equation  (2.11)  is  shown  in  Figure  2.2. 

If  Equation  (2.11)  is  expanded,  using  the  definitions 


of  Pf  and  q^,  the  result  is 


qlf  ~  q3f 


M- 


If  +  ff3f 


sin  $  +  c  cos  ^ 


(2.13) 
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Equation  (2.13)  leads  to  the  following  linear  relations 
between  the  major  and  minor  principal  effective  stresses 
at  failure: 


a 


If 


a 


3f 


2c  cos  ft 
1  -  sin  4 


2d  sin  $ 
1  -  sin  $ 


2c  cos 
1  -  sin 


) 


2c  cos  $ 
1  +  sin  $ 


2d  sin  $ 
1  +  sin  $ 


(2.14) 


(2.15) 


Notice  that  Equation  (2.15)  can  be  obtained  from  Equation 


(2.14)  by  interchanging  and  cr^  #  and  replacing 

$  by  A  plot  of  Equations  (2.14)  and  (2.15)  is  shown 


in  Figure  2.3.  The  intercepts  on  the  two  principal  stress 


axes  are  necessarily  equal,  and  the  slopes  are  the  reciprocal 
of  one  another.  Equations  (2.14)  and  (2.15)  are  particularly 
convenient  for  treating  idealized  earth  pressure  problems. 
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Thesis  Structure 


This  thesis  can  be  viewed  as  an  examination  of  each 
of  the  terms  of  the  Revised  Coulomb  Equation,  as  written 
in  Equation  2.11,  when  only  the  direction  of  the  inter¬ 
mediate  principal  stress  axis  remains  fixed. 

Whether  or  not  c  and  5  ,  the  effective  stress  shear 
strength  parameters,  are  really  constants  has  been  the  subject 
of  numerous  investigations;  HVORSLEV  (1960)  .  The  possibility 
of  their  variation  with  failure  plane  orientation  is  discussed 
in  Chapter  3. 

Chapters  4  and  5  are  devoted  to  an  investigation  of 
the  relation  between  applied  total  stresses  and  the  result¬ 
ing  pore  water  pressure,  and  to  an  exploration  of  the 
consequences  of  that  relationship  for  undrained  shear 
strength. 

With  the  aid  of  Mohr's  graphical  representation  of  a 
state  of  triaxial  stress,  it  is  easily  seen  that  Coulomb's 
failure  hypothesis  assumes  the  intermediate  principal  stress 
has  no  influence  on  failure;  WESTERGAARD  (1924).  This  is 
shown  in  Figure  2.4.  The  possible  influence  of  the  inter¬ 
mediate  principal  stress  on  c  and  $,  and  the  limits  of 
applicability  of  the  Revised  Coulomb  Equation  are  examined 
in  Chapter  6. 
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Information  on  the  effective  stress  mechanics  of 


undrained  shear  strength  of  saturated  clay,  developed  in 
Chapters  2  through  6,  is  focused  on  the  interpretation  of 
model  footing  test  results  in  Chapter  7.  It  was  the 
difficulty  of  interpreting  test  results  of  model  footings 
on  clay  that  originally  prompted  the  Author  to  undertake  this 
investigation  of  the  effective  stress  mechanics  of  undrained 
shear  strength. 


4 
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P» - 2 - 


FIGURE  2.1 

GEOMETRY  OF  THE  REVISED  COULOMB 
FAILURE  CRITERION 


FIGURE  2.2 

REVISED  COULOMB  FAILURE 
CRITERION  IN  (?tq)  SPACE 


* 


FIGURE  2.3 

REVISED  COULOMB  FAILURE 
CRITERION  IN  fcr.Oj;  )  SPACE 

(RENDULIC  PLOT) 
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FIGURE  2.4 

INDEPENDENCE  OF  ^  IN  THE  REVISED 
COUUOMB  FAILURE  CRITERION 


-»,.v 


*?  r 


CHAPTER  3 

ANISOTROPY  OF  SHEAR  STRENGTH  PARAMETERS 


Purpose 

This  chapter  examines  the  influence  of  anisotropy  with 
respect  to  the  effective  stress  shear  strength  parameters, 
c  and  $  in  the  Revised  Coulomb  Equation,  on  the  directional 
dependence  of  shear  strength  in  terms  of  effective  stress. 
The  concept  of  a  three  -  dimensional  failure  surface  is 
introduced,  which  completely  describes  the  shear  strength 
of  a  soil,  within  the  framework  of  a  Revised  Coulomb 
Equation  with  anisotropic  parameters,  provided  the  direction 
of  the  intermediate  principal  stress  axis  remains  fixed. 

The  influence  of  pore  pressure  response  on  the  directional 
dependence  of  undrained  shear  strength  is  discussed  in  the 
following  two  chapters,  but  is  not  explicitly  considered 
in  this  chapter. 
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Clay  Structure 


Clays  which  have  been  one-dimensionally  consolidated 
from  an  initial  water  content  at  or  above  the  liquid  limit 
are  known  to  possess  a  structure  in  which  the  clay  platelets 
tend  to  be  oriented  parallel  to  the  plane  of  maximum  prin¬ 
cipal  stress  during  consolidation;  LAMBE  (1953) ,  MARTIN 
(1962) .  The  stress  -  strain  and  shear  strength  properties 
of  these  clays  can  therefore  be  suspected  of  possessing 
inherent  cross  anisotropy,  characterized  by  an  axis  of 
anisotropic  symmetry,  called  the  material  axis,  parallel 
to  the  major  principal  stress  axis  during  consolidation.* 
This  type  of  anisotropy  results  in  a  variation  of 
effective  stress  shear  strength  parameters  with  the  angle 
between  the  normal  to  the  failure  plane  and  the  axis  of 
anisotropic  symmetry. 

Basic  Questions  of  Anisotropy 

Two  main  questions  arise  in  dealing  with  a  ..;oti  py  jE 
s  r  e  a  r  o  • —  —  i  i . .  j  l  *  ■  t  l  x  ^ . 


♦Another  material  known  to  possess  cross  anisotropy  is 
graphite,  used  in  the  cores  of  nuclear  reactors; 
MERKLE,  J.G .  (1967,  54). 


1.  Given  an  assumed  variation  of  effective  stress 


shear  strength  parameters  with  failure  plane 
orientation,  and  the  orientation  of  the  principal 
stresses  at  failure:  on  what  plane  will  failure 
occur,  and  what  will  be  the  corresponding  shear 
strength? 

2.  What  is  the  actual  variation  of  effective  stress 
shear  strength  parameters  with  failure  plane 
orientation? 

The  above  two  questions  closely  parallel  the  two  more 
general  questions  which  naturally  arise  in  the  investigation 
of  the  load  -  deformation  response  of  any  material  whose 
stress  -  strain  behavior  is  not  precisely  defined,  viz. : 

A.  What  are  the  consequences  of  an  assumed  stress  - 
strain  realtion? 

B.  What  is  the  actual  stress  -  strain  relation? 

The  approach  guided  by  Question  A  can  be  termed  the  Axiomatic 
Approach  because  it  assumes  a  material  characterization, 
and  the  consequencies  of  that  assumption  are  then  sought. 

The  approach  guided  by  Question  B  is  the  Experimental 
Approach,  because  it  attempts  to  measure  the  actual  stress  - 
strain  behavior,  rather  than  assume  it.  Any  comprehensive 


investigation  of  load  -  deformation  behavior  must  employ 
both  the  Axiomatic  and  the  Experimental  Approaches,  with 
constant  feedback  between  the  two.  The  Axiomatic  Approach 
requires  information  about  the  general  physical  mechanisms 
which  must  be  reflected  in  an  assumed  material  characteriz¬ 
ation,  while  the  Experimental  Approach  requires  a  general 
framework  within  which  to  interpret  observed  behavior. 

Each  approach  is  therefore  dependent  on  the  other  for  vital 
information,  without  which  it  cannot  yield  meaningful 
results . 

Review  of  Early  Work 

In  this  section  the  work  of  Casagrande  and  Carrillo, 
and  Hank  and  McCarty  will  be  reviewed  in  detail,  as  a 
preliminary  step  toward  the  treatment  of  more  general 
problems  of  shear  strength  anisotropy.  The  reason  for 
discussing  their  work  in  such  detail  is  that  it  has  fre¬ 
quently  been  misinterpreted.  In  particular,  Casagrande 
and  Carrillo  did  not  make  any  assumption  concerning  the 
variation  of  undrained  shear  strength  with  orientation  of 
the  major  principal  stress  at  failure.  In  fact  the  bulk 
of  their  analysis  assumed  the  principal  stress  planes  to 
remain  fixed,  coincident  with  the  planes  of  maximum  and 


minimum  shear  strength.  Only  a  brief  qualitiative  discussion 
was  devoted  to  the  case  in  which  the  principal  stress  planes 
do  not  coincide  with  the  planes  of  maximum  and  minimum  shear 
strength.  Their  analytical  results  were  based,  instead, 
on  an  assumed  variation  of  shear  strength  parameters  with 
fa: lure  plane  orientation. 

Referring  to  Figure  3.1,  the  following  preliminary 
geometrical  relationships  can  be  established: 


AH 


(AF) (AB) 


KF  HD  GB  ,  - 

■ -  ■  —  ■  tan  9 

AF  AH  AB 


HD  -  lj  (KF)  (GB) 


KF  AF  ,  2  ^  «  2 

GB  "  AB  *  tan  (45  +  2  ]  m  tan  “f 


HC 

HD 


HD 

ID 


cos 


$ 


HC 


(HD)  =  2 (KF) (GB) 
ID  KF  +  GB 


(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 


(3.6) 


Figure  3.2  shows  the  cases  solved  analytically  by 
CASAGRANDE  AND  CARRILLO  (1944),  and  Figure  3.3(a)  shows 
the  case  solved  analytically  by  HANK  AND  McCARTY  (1948). 

While  Casagrande  and  Carrillo  posed  separate  problems  for 
purely  cohesive  and  purely  frictional  materials.  Hank 
and  McCarty  treated  a  material  possessing  both  cohesion 
and  internal  friction.  Therefore  Hank  and  McCarty's 

*  v 

solution  can  be  reduced  to  either  one  of  those  obtained  ■%> 

by  Casagrande  and  Carrillo,  and  so  Hank  and  McCarty's 
analysis  will  be  discussed  here.  Emphasis  will  be  placed 
on  the  graphical  significance  of  their  solution,  since 
it  has  not  been  fully  appreciated;  BARBER  (1948) . 
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Hank  and  McCarty  made  the  assumption  that,  at  failure, 
the  shear  strengths  in  the  major  and  minor  principal  planes, 
shown  in  Figure  3.3(a)  are 


T 


T 


1 

3 


+  (T 


If 


+  <7 


3f 


tan 

tan 


(3.9) 


The  effective  stress  shear  strength  parameters,  c^ ,  c^, 
and  5  are  assumed  known,  but  n..  and  cr  _  are  not  both 
known.  The  shear  strength  in  any  plane,  inclined  at  an 
angle  a  to  the  material  axis,  is  denoted  by  Tf(«)  in 
Figure  3.3(a),  and  is  assumed  to  be  given  by  a  straight 
line  connecting  the  points  (olf,  T  ^)  and  (<r3f,  T3)  .  The 
Mohr  circle  at  failure  is  then  tangent  to  this  line  which, 
according  to  Equation  (3.8)  has  the  equation 


Tf  (a) 


cos  2a 


(3.10) 


Referring  to  Figure  3.1,  it  follows  that 
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(3.11) 


KF  =  Ti  -  si  +  ;if  tan  *i 

=  C1  +  ( rr3f  +  2qf )  tan  ^ 

GB  =  r3  .  53  +  ;3f  tan  *3 
Therefore,  according  to  Equation  (3.3) 


flf  *  VT1T 3  (3 

Since  is  a  function  of  q^,  for  a  given  a  ,  according 
to  Equation  (3.11),  Equation  (3.12)  yields  a  quadratic 
equation  for  qc,  the  solution  to  which  can  be  expressed 
in  the  form 


^  =  tan  5,  + 

T3  1 

where 

^  +  cr3f  tan  ^  (3.14) 

Equation  (3.13)  gives  the  radius  of  the  Mohr  circle  at 
failure  when  the  minor  principal  effective  stress, 
and  the  strength  parameters  c^,  c^/  ^  and  ^  are  known. 

The  quantity  is  the  value  which  would  assume  if 


1 


r  • 

2  x  ,  i 
tan  9  + 

1  T3 


(3.13) 


4  * 
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were  replaced  by  cr^.  The  graphical  significance  of 
the  quantities  and  is  easily  seen  Figure  3.3(a).  A 
numerical  example  is  given  below  to  illustrate  the  ease 
of  using  Equation  (3.13). 

GIVEN: 

c^  =  100  psi 
c^  =  250  psi 
\  =  25° 

*3  -  30° 

°3f  =  50  PSi 
REQUIRED: 


lf'  *f'  ulf 


tt. 


SOLUTION: 


r '  a  c.  +  a  tan  5  =  100  +  (50) (0.466)  =  100.0 

23.3 


123.3  psi 


T  =  c  +  <7  tan  $  =  250  +  (50)  (0.578)  =  250.0 

3  3  3f  3  28.9 


^  =  tan  4l  + 


278.9  psi 


=  0.466  +  *fo  .218  +  0.442 


qf  =  1.279  r3  =  (  1.279M278.9) 


=  1.279 
=  356.1  psi 
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The  above  solution  is  represented  graphically  in  Figure  3.3(b). 

The  solutions  obtained  by  Casagrande  and  Carrillo  are 
easily  recovered  from  Equation  (3.13).  For  a  purely  cohesive 
material. 
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a  *  *  jLy*-  * 


For  an  isotropic  material, 


ft  s  i  -  J 

1  3 

and  therefore 


There  seems  to  be  some  misunderstanding  in  the  current 
literature,  not  only  about  the  ease  of  obtaining  numerical 
values  using  the  above  analytical  solution,  but  also  about 
the  physical  implications  of  its  formulation.  It  has  been 
stated  that  in  Hank  and  McCarty's  solution,  both  c  and 
®  were  assumed  to  vary  elliptically  between  extreme  values. 
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This  is  not  true,  as  can  easily  be  duduced  from  Equation 
(3.10).  Rather,  the  shear  strength,  T^(a),  is  the 
elliptically  varying  quantity,  as  shown  in  Figure  3.4. 

Even  if  c  and  tan  $  (not  $)  both  varied  elliptically, 

Tf(a)  would  still  not  vary  elliptically,  because  the 
normal  effective  stress  on  a  potential  failure  plane  also 
varies  elliptically.  The  way  to  obtain  an  elliptical 
variation  of  shear  strength  is  to  have  $  remain  constant, 
c  vary  elliptically  and  the  principal  planes  at  failure 
coincide  with  the  planes  of  maximum  and  minimum  cohesion. 
General  Concepts  of  Anisotropic  Shear  Strength  Analysis 
There  is  no  guarantee  that  the  anisotropic  shear 
strength  in  a  clay  will  vary  precisely  as  prescribed  by 
Equation  (3.10)  and  Figure  3.4.  In  general,  both  the 
cohesion  and  angle  of  internal  friction  may  vary  with  the 
angle  between  the  normal  to  a  potential  failure  plane 
and  the  material  axis.  These  two  axes  are  shown  in 
Figure  3.5,  and  it  will  be  assumed  that  the  shear  strength 
in  any  potential  failure  plane  is  given  by  the  equation 


4i 


where 

Tf (a)  »  shear  strength  in  a  potential  failure  plane, 
with  normal  inclined  at  an  angle  ot  to  the 
material  axis. 

a £  *  normal  effective  stress  acting  on  the  potential 

failure  plane 

c(a)  =  scalar  function  of  the  angle  a,  called 
cohesion 

$(a)  =  scalar  function  of  the  angle  ot,  called  angle 
of  internal  friction 

The  key  concept  of  anisotropic  shear  strength  analysis, 

using  Equation  (3.15),  is  the  idea  of  when  failure  occurs, 

and  on  what  plane  it  occurs.  Equation  (3.15)  in  effect 

specifies  all  limiting  combinations  of  shear  and  effective 

normal  stress  which  produce  failure,  when  acting  on  any 

plane  whose  normal  is  inclined  at  an  angle  ot  to  the  material 

axis.  Any  straight  -  line  plot  of  Tf( a)  VERSUS  af,  found 

by  setting  ot  equal  to  a  constant  in  Equation  (3.15),  is 

called  an  a  strength  contour.  The  complete  family  of  a 

o  o 

strength  contours  for  0  <  ot  <  90  ,  which  can  be  thought  of 

as  defining  an  ot  strength  surface  in  a  three  -  dimensional 
space  of  (a,  T,  a),  constitutes  one  of  the  two  basic 
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elements  in  the  shear  strength  analysis  of  a  cross 
anisotropic  clay.  The  other  element  is  the  family  of  a 
stress  contours,  any  one  of  which  specifies  all  combinations 
of  shear  and  effective  normal  stress  which  actually  act  on 
all  planes  whose  normal  is  inclined  at  an  angle  a  to  the 
material  axis.  The  a  stress  contours  can  be  superimposed 
upon  a  three  -  dimensional  Mohr  stress  circle  plot,  and 
can  be  thought  of  as  defining  an  a  stress  surface  in  the 
above  three  -  dimensional  space.  Failure  occurs  when  the 
a  stress  surface  first  contacts  the  a  strength  surface, 
i.e.  when  an  ot  stress  contour  first  contacts  its  correspond¬ 
ing  a  strength  contour.  The  details  of  this  process  are 
discussed  below. 

All  of  the  analyses  to  follow  are  restricted  to  the 
case  in  which  the  material  axis  remains  in  the  plane  of  the 
major  and  minor  principal  stress  axes,  which  includes  both 
axial  symmetry  and  plane  strain. 

When  shear  failure  occurs  in  a  cross  anisotropic  clay 
under  the  above  restriction,  three  directions  are  of 
interest: 

1.  the  direction  of  the  material  axis  (the  axis  of 
strength  symmetry) , 
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2.  the  direction  of  the  major  principal  stress  axis, 
and 

3.  the  direction  of  the  normal  to  the  failure  plane. 

The  geometric  relationships  between  these  directions  are 
shown  in  Figure  3.6.  The  X2  and  X3  axes  are  the  principal 
stress  axes,  and  the  material  axis  lies  in  the  first  quandrant 
of  the  X^X^  plane.  P  is  the  angle  between  the  material 
axis  and  the  major  principal  stress  axis,  and  6  is  the  angle 
between  the  normal  to  the  failure  plane  and  the  major 
principal  stress  axis.  V  is  the  angle  between  the  horizontal 
projection  of  the  normal  to  the  failure  plane  and  the  minor 
principal  stress  axis.  The  angle  a  between  the  normal  to 
the  failure  plane  and  the  material  axis  can  be  determined 
from  the  condition  shown  in  Figure  3.6, 

cos  «  *  cos  P  cos  6  +  cos  ¥  sin  ?  sin  0  (3.16) 

Using  Equation  (3.16)  one  can  construct  contrours  of 
constant  for  a  given  value  of  P,  using  the  curvilinear 
coordinates  6  and  ¥  of  a  three-dimensional  Mohr  circle  mapping. 
(See  Appendix  B  for  a  discussion  of  the  three-dimensional 
Mohr  circle.)  These  contours  of  constant  n  are  the  a  stress 


contours  referred  to  previously.  Each  is  the  Mohr  mapping 

l 

of  the  intersection  of  a  cone  with  central  angle  a  with  a 
unit  sphere,  when  the  cone  apex  lies  at  the  sphere  center. 

Hence  the  o?  =  0  contour  is  always  a  single  point.  Several 
sets  of  a  stress  contours  are  shown  in  Figure  3.7,  and  a 
hypothetical  family  of  strength  contours  is  shown  in 
Figure  3.8.  As  stated  previously,  failure  occurs  when  the 
surfaces  defined  by  these  two  families  of  contours  first 
come  in  contact,  and  the  orientation  of  the  failure  plane 
is  defined  by  the  coordinates  (6,  Y)  of  the  contact  point, 
in  the  Mohr  circle  mapping. 

Inspection  of  the  four  sets  of  a  stress  contours  in 

Figure  3.7  shows  that  as  the  angle  0  increases  from  0°  to 

o  > 

90  ,  the  n  stress  contours  progress  from  circles  concentric 

about  the  center  of  the  <7^3  circle  to  circles  concentric 

about  the  center  of  the  c^rc^e*  The  points  at  which 

these  contours  intersect  the  circie  remain  equally 

spaced,  and  rotate  counterclockwise  by  an  amount  equal  to 

twice  the  increase  in  the  angle  0.  The  result  is  that  the 

minimum  value  of  the  angle  a  along  any  vertical  line  (i.e. 

for  any  given  value  of  normal  stress)  lies  on  the  upper  half 

of  the  {J^cr3  circle,  where  the  angle  Y  is  0°.  The  maximum 

4  fr 
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value  of  the  angle  Ct  along  a  vertical  line  generally  lies 
somewhere  in  the  interior  of  the  Mohr  mapping. 

Therefore,  provided: 

1.  the  material  axis  remains  in  the  plane  of  the  major 
and  minor  principal  stress  axes,  and 

2.  both  c  and  5  increase  steadily  with  the  angle  between 
the  normal  to  the  failure  plane  and  the  material  axis, 

the  point  of  contact  between  the  a?  stress  and  a  strength 
iiUt laces  will  always  occur  on  the  upper  half  of  the  cr1cr3 
circle,  where  the  angle  Y  is  0°,  and  therefore  failure  will  be 
independent  of  the  intermediate  principal  stress. 

The  assumption  regarding  the  variation  of  c  and  $ 
with  a  is  based  on  the  following  argument.  If  clay  platelets 
tend  to  be  oriented  parallel  to  a  plane  on  which  the  maximum 
principal  stress  acts  during  consolidation,  then  despite 
the  fact  that  this  is  the  plane  of  maximum  normal  stress 
during  consolidation,  it  seems  reasonable  to  expect  the 
shear  strength  parameters  c(«)  and  tan  to  be 

minimum  for  sliding  in  such  a  plane.  This  is  because  the 
degree  of  interlocking  mobilized  against  shearing  in  this 
plane  would  probably  be  a  minimum,  as  compared  to  that 
mobilized  against  shearing  in  any  other  plane.  Hence  the 


( 
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second  assumption  made  above.  DUNCAN  AND  SEED  (1966a,  45) 
showed  that  ip  was  equal  to  0°  for  all  of  18  UU  triaxial 
compression  test  specimens  (16  with  0  =  90°  and  2  with 
8  =  45°) ,  trimmed  from  overconsolidated  block  samples  of 
kaolinite,  which  had  been  anisotropically  consolidated 

to  cr^  =  9.0  kg/cm  and  a ^  =  5.5  kg/cm  ,  then  isotropically 

_  2 
rebounded  to  a  =  1.0  kg/cm  . 

An  important  consequence  of  the  fact  that  failure  will 

occur  on  a  plane  for  which  0  =  0°  is  that  the  angle  a  will 

be  a  minimum,  and  Equation  (3.16)  reduces  to 

cos  a.  =  cos  |  6  -  )3|  (3.17) 

In  view  of  the  fact  that  the  functions  c(a)  and 
$(a)  must  be  even  functions  of  a,  there  will  be  no  loss 
of  generality  in  writing 

a  =  6  -  0  (3.18) 

in  the  analyses  to  follow,  and  this  will  be  done  consistently. 
The  angle  a  will  be  considered  positive  when  measured  in 
the  opposite  direction  from  0  in  the  plane,  i.e.  in 

the  second  quadrant. 


42 


4  4 


An  equally  important  consequence  of  the  fact  that 
failure  will  occur  on  a  plane  for  which  i|)  =  0°  is  that 
only  the  two  -  dimensional  Mohr  circle  determined  by  the 
major  and  minor  principal  stresses  need  be  considered  in  a 
theoretical  analysis,  since  that  circle  is  the  ip  =  0° 
contour. 

Basic  Equations  of  Anisotropic  Shear  Strength  Analysis 

Consider  now  the  problem  of  determining  the  failure 
plane  orientation  and  the  shear  strength  of  a  sample  when 
c  and  ♦  are  known  functions  of  a,  for  any  desired  value  of 
p  and  0.  Assuming  failure  will  occur  on  a  plane  for  which 
ip  =  0°,  then  for  any  given  0,  the  strength  parameters 
c  and  &  become  functions  of  6,  according  to  Equation  (3.18). 
The  state  of  stress  at  failure  in  a  triaxial  sample  is 
shown  in  Figure  3.9,  from  which,  using  the  Law  of  Sines, 
it  can  be  seen  that 


qf  _  sin  $ 

c  cot  5  +  p^  sin(26  -  $) 

so  that 

c  cos  $  +  p^  sin  5 
qf  =  sin  (26  -  9) 


(3.19) 
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where 


c  =  c(a) 

4  =  4(a) 


(3.20) 

(3.21) 


Not  only  must  Equation  (3.19)  be  satisfied,  but  for  given 
values  of  6  and  p^,  failure  will  occur  on  the  plane 
corresponding  to  the  value  of  6  for  which  Equation  (3.19) 
is  first  satisfied,  as  q  increases  from  zero.  Mathematically, 
this  requires  that  the  condition 


(3.22) 


be  satisfied,  in  addition  to  Equation  (3.19) 

In  summary,  the  governing  equations  of  anisotropic 
shear  strength  analysis,  subject  to  the  two  restrictions 
explained  previously,  are  the  following: 


a  =  6  -  3 


qf  = 


c  cos  $  +  pf  sin  4 
sin  (26  -  4) 


c  =  c(a) 

4  =  ^(a) 


(3.18) 

(3.19) 

(3.20) 

(3.21) 


*  \ 

t  A 
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<> 

O’ 


0 


(3.22) 


When  Equations  (3.18),  (3.20)  and  (3.21)  have  been 
introduced  into  Equation  (3.19),  Equations  (3.19)  and 
(3.22)  then  constitute  a  set  of  two  simultaneous  equations 
for  the  variables  q^  and  6 . 

If  the  functions  c(a)  and  *(«)  have  been  obtained 
experimentally  and  are  not  easily  expressible  in  closed 
form,  or  if  a  theoretical  analysis  becomes  excessively 
tedious,  the  simultaneous  solution  of  Equations  (3.19) 
and  (3.22)  can  be  accomplished  graphically  or  numerically. 
This  will  be  done  for  the  case  of  anisotropic  friction, 
as  illustrated  in  Figure  3.16. 

Three-Dimensional  Failure  Surface 

The  function  q^(p^,/3)  can  be  interpreted  as  a  surface 
in  a  space  of  three  dimensions.  However,  rather  than  use 
the  angle  P  as  a  rectangular  Cartesian  coordinate.  Figure 
3.10  shows  that  if  one  uses  as  rectangular  Cartesian 

i 

coordinates  the  variables 

a  -a  a  -a 

h  _  —ZZ—  ££  _  —ZZ— — —  (3.2: 
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T 


(3.24) 


CT 

rz 


P  = 


cr _ +  a 

zz  rr 


(3.25) 


which  are  convenient  for  computer  applications,  then 
the  polar  coordinates  associated  with  h  and  r  are  q 
and  2d,  because 


+  T 


and 


(3.26) 


tan  20  =  ~ 
n 


(3.27) 


Therefore  the  three-dimensional  failure  surface  which 
characterizes  the  shear  strength  of  a  cross  anisotropic 
clay,  in  terms  of  effective  stress,  and  under  the  same 
two  previous  assumptions  (that  the  material  axis  remains 
in  the  plane  of  the  major  and  minor  principal  stress  axes 
and  that  c  and  $  increase  steadily  with  increasing 
inclination  of  the  normal  to  the  failure  plane  from  the 
material  axis) ,  can  be  expressed  by  the  functional 
relation 


F  (h,  T,  p  )  =  0 


(3.28) 
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The  failure  surface  defined  by  Equation  (3.28)  has  the 
general  shape  of  an  aircraft  fuselage  pointed  in  the  -p 
direction,  as  shown  in  Figure  3.11.  The  ribs  of  the 
fuselage  are  closed  durves,  which  define  the  relation  between 
and  j8  for  a  particular  value  of  p^,  by  a  polar  plot  which 
is  symmetric  about  the  line  P  ■  0.  The  intersection  of 
a  radial  plane  with  the  failure  surface  is  a  curve  defining 
the  relation  between  p^  and  qf  for  a  particular  value  of 
0. 

The  above  failure  surface  is  one  of  the  two  key 
elements  required  to  define  the  variation  of  undrained 
shear  strength  with  0.  The  other  element  is  a  pore  pressure 
surface,  which  is  discussed  in  the  following  two  chapters. 

The  remainder  of  this  chapter  is  devoted  to  consideration 
of  the  relation  between  the  assumed  form  of  Equations  (3.20) 
and  (3.21)  and  the  geometry  of  the  resulting  failure  surface 
in  Figure  3.11,  then  to  the  problem  of  determining  experimentally 
the  actual  form  of  the  relations  represented  by  Equations 
(3.20)  and  (3.21),  and  lastly  to  a  discussion  of  test  data. 


Isotropy  as  a  Limiting  Case  of  Anisotropy 

When  c  and  $  are  independent  of  a,  the  failure  surface 
in  Figure  3.11  becomes  a  surface  of  revolution,  so  that 
all  cross  -  sections  normal  to  the  p  axis  are  circles. 

If,  in  addition,  c  and  $  are  constant,  i.e.  independent 
of  p,  then  the  failure  surface  is  a  right  circular  cone. 
This  is  because  the  value  of  qf  in  Equation  (3.19)  will 
be  a  minimum  with  respect  to  6  when  the  denominator  reaches 
its  maximum  value,  since  the  numerator  is  assumed  constant 
with  respect  to  5 .  This  condition  will  occur  when 

2  5  -  *-f 

which  leads  to  the  well  known  results 


qf  =  c  cos  $  +  pf  sin  ♦ 

The  second  expression  is  the  equation  of  a  right  circular 
cone  in  (h,T,p)  space  when  c  and  $  are  independent  of  p. 


4  V 
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Anisotropic  Cohesion  Assumed  bv  Jaeger 

A  close  examination  of  Figures  3.2  and  3.3  shows  that 
Casagrande  and  Carrillo,  and  Hank  and  McCarty  both  solved 
the  same  problem,  but  used  different  expressions  for 
and  •  The  reason  the  problems  they  solved  were  the 
same  is  that  Equation  (3.15)  was  not  used  explicitly,  but 
Equation  (3.10)  was  implied  in  each  case.  Their  problem  is 
a  special  case  of  that  solved  by  JEAGER  (1960) ,  who  did  use 
Equation  (3.15),  as  will  be  shown  by  Equation  (3.33). 

Jaeger  assumed  that  $(a)  and  c(a)  are  given  by  the 
equations 


$(a)  =  $  =  constant 

-  •  (^)  -Cv*) 

=  r  -  s  cos  2a  (3.30) 

where 


(3.29) 

cos  2a 
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The  assumed  variation  of  c(tt)  with  a  is  shown  in  Figure  3.12. 
The  minimum  value  of  c(a)  occurs  in  the  plane  normal  to  the 
material  axis,  because  of  the  tendency  of  the  clay  plate¬ 
lets  to  allign  themselves  parallel  to  that  plane.  (fJote 
that  Jaeger's  original  analysis  was  for  rock.) 

The  shear  strength  in  a  plane  inclined  at  an  angle  6 
to  the  plane  of  maximum  principal  stress,  when  the  maximum 
principal  stress  axis  makes  an  angle  0  with  the  material 
axis,  is 

rf(a)  =  c(a)  +  crf  tan  & 

=  r  -  s  cos (26  -  20)  +  (p  +  q  cos  26) tan  ♦ 

(3.32) 

When  0  »  0°,  6  and  a  are  equal,  so  that  Equation  (3.32) 
reduces  to 

Tf(a)  =  (r  +  p  tan  $)  +  (q  tan  $  -  s)  cos  2a 

(3.33) 

Equation  (3.33)  is  of  the  same  form  as  Equation  (3.10), 
hence  the  previous  statement  that  Jaeger's  problem  includes 
that  of  Casagrande,  Carrillo,  Hank  and  McCarty  as  a  special 
case. 
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The  solution  to  Jaeger ' s  problem  proceeds  according  to  the 
general  method  outlined  previously.  Substitution  of 
Equations  (3.29)  and  (3.30)  into  Equation  (3.19)  yields 


(s  cos  ♦  sin  20  +  q^  cos  $)  sin  26 


+  (s  cos  $  cos  20  -  q ^  sin  $)  cos  26 
=  r  cos  ®  +  pf  sin  $ 


(3.34) 


Differentiating  Equation  (3.34)  with  respect  to  6  and  setting 


dqx 

equal  to  zero  yields 


s  cos  5  sin  20  +  q^  cos  $ 

tan  26  =  - jr - T5 - r  1  'X 

s  cos  »  cos  26  -  q_^  sin  v 


(3.35) 


The  simultaneous  solution  of  Equations  (3.34)  and  (3.35) 
can  be  accomplished  by  obtaining  expressions  for  sin  26 
and  cos  26  from  Equation  (3.35),  then  eliminating  6 
from  Equation  (3.34)  to  find  qf.  Once  qf  is  known,  6 
can  then  be  found  from  one  of  the  expressions  for  sin  26, 
cos  26  or  tan  26 . 


Thus, 


sin  26  = 


cos  26  * 


s  cos  $  sin  20  +  q^  cos  » 


s  cos  4  cos  20  -  q^  sin  ? 


(3.36) 
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where 


-1 


2  2 

+  (2s  cos  $  sin  2cn)q  +  s  cos  5 


(3.37) 


and 


2a)  =  20  -  $ 


(3.38) 


Substitution  of  Equations  (3.36)  back  into  Equation  (3.34) 
and  squaring  both  sides  of  that  result  yields 


l 


R  =  qf  +  (2  s  cos  ^  sin  2o>)qf  +  s  cos  # 


(3.39) 


=  (r  cos  $  +  pf  sin  ♦) 2 


If  the  following  substitution  is  made  in  Equation  (3.39), 


=  qf  cos  2 0) 


y  =  qf  sin  2oo 


(3.40) 


the  result  is 


x1  +  (y  +  s  cos  $) 2  =  (r  cos  ^  +  p  sin  3>) 


(3.41) 


Equation  (3.41)  is  the  equation  of  a  right  circular  cone, 
with  its  axis  parallel  to  the  p  axis  along  the  line 
(x  =  0,  y  =  -s  cos  $) .  Consequently,  sections  normal  to  the 
p  axis  will  be  circular,  and  intersections  with  planes  containing 
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the  p  axis  will  be  hyperbolic.  Since  the  failure  surface 
must  be  symmetric  with  respect  to  0,  Jaeger's  failure  surface 
is  composed  of  portions  of  two  right  circular  cones,  with 
their  axes  parallel  to  but  displaced  symmetrically  from 
the  p  axis.  Cross-sections  of  this  surface,  for  constant 
pf  and  for  constant  B,  are  shown  in  Figures  3.13  and  3.14. 

For  computer  applications,  it  is  convenient  to  solve 

Equation  (3.39)  for  q,  in  terms  of  0  and  p_.  This  is  done 

1 

by  replotting  part  of  Figure  3.13  in  Figure  3c  13 
Anisotropic  Angle  of  Internal  Friction 

When  the  shear  strength  of  a  normally  consolidated 
clay  is  expressed  in  terms  of  effective  stress,  the 
contribution  of  the  cohesion  term  is  generally  small  and 
often  negligible.  Therefore  the  consequences  of  anisotropic 
cohesion  discussed  above,  while  certainly  of  academic 
interest  because  they  are  expressable  in  closed  form,  may 
not  be  as  significant  in  most  practical  problems  as  are 
the  consequences  of  anisotropic  friction. 

LIVNEH  AND  SHKLARSKY  (1964)  discussed  the  problem  of 
anisotropic  friction  in  general  terms,  but  did  not  arrive 
at  a  complete  numerical  solution.  Also,  their  choice  of 
orientation  of  the  material  axis  is  open  to  criticism,  and 
therefore  their  approach  will  not  be  discussed  further. 


Let  it  be  assumed  that  Equations  (3.20)  and  (3.21) 


take  the  form 


d  =  c  cot  $  =  constant 
tan  ♦  =  A  -  B  cos  2a 


(3.42) 

(3.43) 


Upon  expanding  Equation  (3.19),  substituting  Equations 
(3.42)  and  (3.43)  and  setting 


d  +  pf 


m 


the  result  is 


(3.44) 


m  |  sin  26  -  cos  26  J^A  -  B  cos  (26  -  20)  Jj- 
=  A  -  B  cos  (26  -  2)3) 


(3.45) 


However,  the  transcendental  equation  for  6  obtained  by 
differentiating  Equation  (3.45)  with  respect  to  6, 
setting 

=  0 

S/Pf 

and  then  eliminating  m  between  the  resulting  expression 
and  Equation  (3.45)  does  not  appear  to  be  easily  solved 
in  closed  form.  Therefore  a  new  general  numerical  method, 
capable  of  handling  any  arbitrary  variation  of  c  and  $ 
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with  a  will  be  used.  This  new  method  is  described  in  the 


next  section,  and  an  example  solution  for  a  particular  case 
of  anisotropic  friction  is  then  presented. 

New  General  Method  for  Anisotropic  Shear  Strength  Analysis 
In  1935  Casagrande  developed  a  graphical  method  for 
anisotropic  shear  strength  analysis,  which  proceeds  as 
follows : 


1.  Assume  (T^  to  be  fixed. 

2.  Assume  a  trial  value  of  ar^,  and  draw  a  tentative 
Mohr  stress  circle  at  failure,  corresponding  to 

53f  and  ®lf 

3.  Above  and  below  the  tentative  Mohr  stress  circle 
at  failure  construct  a  plot  of  shear  strength 
VERSUS  normal  stress. 

4.  Repeat  Steps  2  and  3  to  find  the  smallest  value  of 

for  which  the  Mohr  stress  circle  is  tangent 
to  at  least  one  strength  curve.  When  this 
happens,  the  orientation  of  the  failure  plane  is 
determined  by  the  point  of  tangency  on  the  Mohr 
stress  circle. 

Casagrande 's  method  requires  a  new  set  of  strength 
curves  for  each  new  trial  Mohr  stress  circle.  The  new 
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method,  believed  to  be  presented  here  for  the  first  time, 
requires  only  one  strength  curve,  of  a  slightly  different 
kind  from  that  used  by  Casagrande. 

Referring  to  Figure  3.9,  assume  8  and  to  be  fixed. 
Then  a  and  6  are  uniquely  related  by  the  condition 

6  =  0  +  ot  (3.46) 

Call  line  AC  an  a  strength  line  and  line  BC  a  6  stress  ray. 
Then  do  the  following. 

1.  Draw  a  strength  lines  for  several  value  of  a, 

say  a  =  0°,  15°,  20°,  25°,  30°,  35°,  40°,  45°, 

50°,  55°,  60°,  65°,  70°,  75°,  90°. 

o  o  o 

2.  Draw  6  stress  rays  for  6=0  to  90  at  5 
intervals. 

3.  Draw  a  smooth  curve  through  the  points  of 
intersection  of  corresponding  strength  lines  and 
stress  rays,  taking  account  of  Equation  (3.46). 

Call  this  the  strength  curve.  The  strength  curve 
is  a  polar  plot  of  Equation  (3.19),  with  26  as 
the  polar  angle. 

4.  Draw  the  smaller  of  two  circles,  with  center  at  B, 
which  are  tangent  to  the  strength  curve.  (The 
larger  circle  has  no  physical  significance.) 
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5.  The  radius  of  the  above  circle  is  qf(0,pf)  and 

the  orientation  of  the  failure  plane  is  determined 
by  the  point  of  tangency  on  the  Mohr  stress 
circle. 

In  order  to  construct  a  plot  of  VERSUS  8  for  a 
fixed  pf,  it  is  suggested  that  one  set  of  a  strength  lines 
be  drawn,  then  a  new  set  of  6  stress  rays  be  drawn  on 
tracing  paper  for  each  desired  value  of  0. 

It  is  obvious  that  the  above  graphical  method  has  a 
numerical  counterpart,  suitable  for  tabular  or  machine 
calculation.  Details  of  such  a  procedure  will  not  be 
discussed. 

Figure  3.16  shows  the  essential  features  of  a  graphical 
shear  strength  analysis  for  a  clay  possessing  anisotropic 
friction.  The  assumed  frictional  variation  is 


tan  $ 


where 


/ tan  $  „  +  tan  $ 

I  _ MAX _ I 

V 


COS  2  OL 


MIN 

4MAX 


24.0° 

36.0° 
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The  above  expression  results  in  the  following  values  of 
tan  $  and 

a  DEG.  tan  »  »  -DEG_. 


0 

0.445 

24.0 

15 

0.464 

24.9 

20 

0.478 

25.6 

25 

0*495 

26.4 

30 

0.515 

27.3 

35 

0.537 

28.3 

40 

0.561 

29.3 

45 

0.585 

30.4 

50 

0.609 

31.4 

55 

0.633 

32.4 

60 

0.655 

33.2 

65 

0.675 

34.0 

70 

0.692 

34.7 

75 

0.706 

35.2 

90 

0.725 

36.0 

Several  features  of  Figures  3.16(c)  and  3.16(d)  are 
of  interest. 

o 

1.  m  does  not  appear  to  be  stationary  at  p  =  0  . 

2.  The  variation  of  ra  with  8  is  far  less  than  that 
of  tan  $  with  ne. 
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The  reason  for  Feature  2  is  that  the  material 


always  fails  along  the  plane  of  least  resistance, 
as  shown  by  Figure  3.16(d).  The  maximum 
strength  of  the  material  is  never  utilized, 
because  |a|<  57°  for  all  values  of  j3. 

4.  The  least  value  of  m  occurs  when  ci  is  0°,  i.e. 
when  jS  =  57°. 

5.  If  triaxial  tests  were  conducted  on  samples  of 

a  O  O  O 

this  material  with  p  =  0  ,  45  and  90  ,  and  the 
orientation  of  the  failure  plane  were  ignored, 
the  measured  friction  angles, 

.  -1 

<p  =  sin  ra 


would  be  as  follows: 


<pQ  =  33.0 


*45  =  24.8 


*90  =  27.2 


6.  The  variation  of  m  (or  q^)  with  $  depicted  in  a 
plot  such  as  Figure  3.16(c)  is  not,  by  itself,  a 
good  indication  of  the  IN-SITU  variation  of  with 
0.  This  is  because  the  influence  of  pore  pressure 
response  is  not  reflected. 


59 


Experimental  Determination  of  c(g)  and  *(«) 

Figure  3.16(d)  shows  that  it  may  be  impossible  to 
cause  failure  to  occur  on  a  plane  for  which  the  angle  a 
exceeds  a  certain  maximum  value,  in  the  triaxial  test. 

In  order  to  cause  failure  to  occur  on  a  predetermined 
plane,  some  kinematic  constraints  may  have  to  be  intro¬ 
duced,  such  as  exist  in  the  direct  shear  test.  A  suggested 
program  for  measuring  and  checking  c(a)  and  5(a)  in  the 
laboratory  is  as  follows. 

1.  Determine  c(a)  and  5(a)  by  means  of  direct  shear 
tests,  assuming  the  inherent  cross  anisotropy 

to  be  preserved  (which  may  well  be  an  incorrect 
assumption) . 

2.  Using  the  variation  of  c(a)  and  5(a)  obtained 
from  direct  shear  tests,  predict  the  variation 
of  qf  with  8  and  pf,  by  means  of  the  general 
graphical  (or  numerical)  procedure  described 
previously. 

3.  Check  the  predicted  variation  of  with  0  and 

pf  by  means  of  isotropically  consolidated  triaxial 
tests,  again  assuming  the  inherent  cross  anisotropy 
to  be  preserved. 
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SOVERI  AND  HYYI^A*  (1967)  report  having  run  both  test 
series  suggested  above  on  a  Finnish  varved  clay,  but  do  not 
mention  any  attempt  to  correlate  the  results.  It  is 
interesting  to  note  that  their  data  indicate  the  clay  to 
be  anisotropic  with  respect  to  cohesion,  but  isotropic 
with  respect  to  friction.  The  values  of  cohesion  reported 
are  shown  below. 


a  COHESION 

DEG  KG/CM2 


0  0.15 
50 ( ? )  0.17 
90  0 . 20 


The  reported  cohesion  does  increase  with  the  angle  a,  which 
is  consistent  with  the  previous  assumption  to  that  effect, 
but  the  friction  angle  reported  is  only  6°. 


i  i 
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Discussion  of  Test  Data 


It  has  already  been  stated  that  there  are  three  possible 
causes  of  undrained  shear  strength  anisotropy: 

1.  anisotropy  with  respect  to  the  effective  stress 
shear  strength  parameters  in  the  Revised  Coulomb 
Equation, 

2.  anisotropy  with  respect  to  pore  pressure  response, 
and 

3.  the  q  effect. 

o 

The  purpose  of  this  section  is  to  present  data  to  substantiate 
the  claim  that  many  clays  do  exhibit  anisotropic  undrained 
shear  strength  behavior,  and  to  examine  in  detail  what  little 
data  exist  on  shear  strength  anisotropy  in  terms  of  effective 
stress . 

Excluded  from  this  discussion  are  the  vane  shear  test 
and  the  simple  shear  test.  The  vane  shear  test  is  excluded 
because : 

1.  The  material  axis  does  not  remain  in  the  plane  of 
the  maximum  and  minimum  principal  stress  axes. 

2.  Failure  is  forced  to  occur  on  a  plane  on  which 
failure  will  generally  not  occur  in  a  triaxial 
shear  test. 
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3.  The  state  of  stress  at  failure  is  uncertain. 

The  simple  shear  test  is  excluded  because: 

1.  The  state  of  stress  at  failure  is  uncertain. 

2.  The  state  of  stress  in  the  sample  cannot  possibly 

be  homogeneous,  and  therefore  progressive  failure 
must  play  a  major  role  in  mobilization  of  total 
sample  strength.  Thus,  the  soil  stress  -  strain 
relations  are  needed  to  interpret  simple  shear 
test  strength  data,  but  they  are  generally  unknown. 
Incremental  plastic  stress  -  strain  relations 
presently  require  knowledge  of  a  yield  function, 
but  very  little  is  known  about  yield  functions 
appropriate  for  real  soils;  J.G.  MERKLE  (1966; 
1968a;  1968b);  CHRISTIAN  (1966). 

The  fact  that  clays  are  composed  chiefly  of  plate¬ 
shaped  mineral  particles  has  been  known  for  a  long  time; 
TERZAGHI  (1925;  1960;  47);  GRIM  (1953,  Ch.  2).  The 
hypothesis  that  the  compressibility  and  elastic  rebound  of 
soils  are  controlled  by  the  percentage  of  scale  -  like 
particles  was  advanced  by  TERZAGHI  (1927,  42)  and 
thoroughly  investigated  at  M.I.T.  by  GILBOY  (1928). 
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By  the  early  1930 1 s  foundation  engineers  had  begun 
to  expect  that  the  compressibility  of  clays  might  depend 
on  the  direction  of  the  applied  loading.  MARSTON  (1932) 
inquired  of  Casagrande  whether  he  had  found  a  difference 
in  the  compressibility  of  Laurentian  clay  when  the  major 
principal  stress  in  an  oedometer  test  was  applied  parallel, 
rather  than  normal  to  the  bedding  plane.  CASAGRANDE  (1932) 
replied  that  he  had  attempted  to  investigate  this  question, 
but  that  samples  trimmed  with  the  angle  0  equal  to  90° 
always  broke  along  planes  of  stratification  and  could 
not  be  tested.  In  the  same  paper  Casagrande  also  discussed 
the  influence  of  fine  layers  of  cohesionless  soil  on  the 
compression  characteristics  of  a  varved  clay.  Two  years 
later  he  presented  a  more  detailed  discussion  of  the 
lateral  restraint  provided  by  thin  layers  of  sand  or 
silt;  CASAGRANDE  (1934) . 

The  possibility  that  stratification  in  clays  might 
lead  to  anisotropic  stress  -  strain  properties  was  studied 
experimentally  at  about  the  same  time  by  Mason,  working 
under  Casagrande  at  Harvard  University  and  by  Hvorslev, 
working  under  Terzaghi  at  the  Technical  University  of 
Vienna.  MASON  (1936;  1939;  1940)  was  concerned  primarily 
with  anisotropic  deformation  characteristics,  while 

! 
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HVORSLEV ( 1936  ?  1937;  1938?  1960)  was  concerned  primarily 
with  shear  strength.  Mason  conducted  model  footing  tests 
and  unconfined  compression  tests,  both  normal  and  parallel 
to  the  planes  of  stratification  of  an  undisturbed  clay, 
and  found  the  clay  to  be  stiffer  in  the  horizontal  than  in 
the  vertical  direction.  However,  he  did  not  publish  the 
numerical  results  of  these  tests;  see  pp.  232-235  of  his 
1940  paper. 

In  his  1936  paper,  Hvorslev  called  attention  to  "the 
influence  of  the  stratification,  arising  from  a  definite 
orientation  of  the  flaky  mineral  particles  during  the  re¬ 
consolidation  process  of  a  remoulded  soil".  He  then  explained 
that,  "To  investigate  a  possible  variation  of  the  friction 
and  cohesion  with  respect  to  the  direction  of  the  planes  of 
stratification,  simple  unconfined  compression  tests  were 
made  on  test  specimens  with  various  angles  between  the  axis 
or  direction  of  the  compressive  force  and  the  planes  of 
stratification.  However,  on  account  of  undeterminable 
changes  in  the  capillary  pressure  during  the  tests  it  was 
not  possible  to  arrive  at  definite  conclusions  in  regard 
to  the  variations  of  friction  and  cohesion."  In  his  1938 
paper  he  stated  that  in  addition  to  investigating  whether 
the  true  angle  of  internal  friction,  determined  from 


direct  shear  tests,  is  in  agreement  with  the  angle  of 
internal  friction  obtained  by  means  of  simple  unconfined 
compression  tests  and  measurements  of  the  angle  of  in¬ 
clination  of  the  plane  of  failure,  "...it  should  be 
determined  if  the  direction  of  the  principal  orientation 
of  the  flaky  particles  in  the  clay  has  any  influence  on 
the  friction  and  cohesion."  To  this  end  Hvorslev  re¬ 
consolidated  large  samples  of  remolded  Vienna  and  Little 

Belt  clays  one-dimensionally  in  a  shear  box,  to  a  vertical 

2 

effective  stress  of  5.0  kg. /cm  .  Unconfined  compression 
test  specimens  with  dimensions  2  cm.  by  2  cm.  by  4  cm. 
were  trimmed  from  the  reconsolidated  blocks,  with  6  values 
of  0°,  45°  and  90°.  Partial  drying  during  sample  pre¬ 
paration  raised  the  equivalent  vertical  consolidation 
stress,  <7^,  to  about  6.0  kg. /cm  .  The  actual  equivalent 
vertical  consolidation  stress  for  each  specimen  was 
determined  from  its  measured  water  content  after  the  un¬ 
confined  compression  test.  Results  of  Hvorslev' s  tests 
are  tabulated  in  Table  3.1  and  plotted  in  Figure  3.17. 

In  order  to  present  test  data  from  the  literature  in 
parallel  form,  the  anisotropic  strength  ratio,  R,  will  be 
defined  as 
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R 


(3.47) 


qf(0> 


Lqf  (9)  ■'max 


The  symbols  and  will  be  used  to  denote  anisotropic 
strength  ratios  for  undrained  loading  and  constant  pf, 
respectively. 

Each  figure  in  Table  3.1  is  the  average  result  of  the 
three  tests  in  best  agreement  out  of  four.  The  ratio  of 
horizontal  (0  -  90°)  to  vertical  (0  *  0°)  strengths  for 
the  two  clays  exhibited  opposite  tendencies.  Hvorslev  was 
not  able  to  offer  a  conclusive  explanation  for  these 
results,  but  there  is  a  good  possibility  that  the  mechanism 
primarily  responsible  was  pore  pressure  response.  However, 
he  did  clearly  recognize  the  basic  causes  of  undrained  shear 
strength  anisotropy.  In  his  1936  paper,  he  observed  that, 

"...the  compressive  strength  depends  on  the  value  of  the  co¬ 
efficient  of  internal  friction,  the  cohesion,  and  the  capillary 
pressure.  During  the  test  the  capillary  pressure  decreases,  but 
in  the  case  of  anisotropic  materials  this  decrease  may  vary  with 
the  angle  between  the  direction  of  the  compressive  force  and 
the  planes  of  stratification."  Obviously,  Hvorslev  fully 
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appreciated  the  desirability  of  obtaining  pore  pressure 
measurements  in  tests  aimed  at  studying  shear  strength 
anisotropy.  Again  in  1938  he  stated,  "The  compressive 
strength  q  is  a  function  of  the  friction  and  cohesion  in 
the  plane  of  failure  and  of  the  capillary  pressure  Pk»" 
and  once  again  in  1960  he  stated,  "The  variations  in 
compressive  strength  may  be  caused  in  part  by  differences 
in  cohesion  and  friction  parameters  and  in  part  by  differ¬ 
ences  in  pore-water  pressures  developed  during  tests 
on  the  three  types  of  specimens."  Any  of  these  state¬ 
ments  can  be  viewed  as  the  philosophical  foundation  of 
this  thesis.  In  1960  he  also  observed,  "Difference  in 
friction  and  cohesion  parameters  for  the  test  specimens 
. . .  cannot  be  definitely  determined  by  means  of  the 
abovementioned  theories,  since  the  influence  of  anisotropy 
on  changes  in  pore  -  water  pressures  is  not  considered 
in  these  theories  and  was  not  determined  during  the 
tests."  He  concluded  by  stating  that,  "Much  more  detailed 
investigations  of  the  influence  of  orientation  of  clay 
particles  and  of  anisotropy  in  general  are  needed.  Triaxial 
tests  should  be  performed  on  specimens  with  horizontal. 
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inclined,  vertical,  and  random  orientation  of  the  clay  par¬ 
ticles.  The  deformation  characteristics,  inclination  of 
failure  planes,  pore  -  water  pressures,  strength,  and  the 
effective  cohesion  and  friction  parameters  should  be  deter¬ 
mined  for  each  type  of  orientation  of  the  clay  particles." 

By  1948,  the  technique  of  conducting  undrained  tri- 
axial  compression  tests  with  pore  pressure  measurements  was 
well  known,  even  if  not  completely  perfected;  RENDULIC 
(1937),  TAYLOR  (1948),  LAMBE  (1951,  Ch.  XIII).  However, 
it  was  some  time  before  the  first  triaxial  tests  with  pore 
pressure  measurements  were  conducted  on  an  anisotropic 
clay,  for  the  purpose  of  separating  the  effects  of  anisotropic 
effective  stress  shear  strength  parameters  and  anisotropic 
pore  pressure  response.  Unconfined  compression  tests 
remained  popular  as  a  means  of  demonstrating  the  existence 
of  anisotropy,  but  there  was  little  progress  made  toward 
investigating  its  basic  causes.  Perhaps  this  was  partly 
because  the  concept  of  pore  pressure  parameters  was  still 
new,  and  not  universally  accepted,  due  to  their  basically 
empirical  nature. 

BISHOP  (1948)  reported  results  of  a  series  of  uncon¬ 
fined  compression  tests  on  London  Clay,  which  was  to  serve 
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as  the  foundation  for  a  large  earth  dam  to  retain  Walton 

Reservoir  No.  1  in  the  Thames  Valley.  Preliminary 

stability  analyses  disclosed  that  an  important  slopfe 

failure  mode  was  one  in  which  the  failure  surface  consited 

largely  of  a  horizontal  plane  in  the  overconsolidated 

London  Clay.  Consequently  the  undrained  shear  strength 

associated  with  failure  along  a  horizontal  (a  =  0°) 

♦ 

plane  was  of  interest.  Since  samples  near  the  top  of  the 
clay  bed  exhibited  unconfined  compressive  strengths  as 
low  as  10-20  p.s.i.,  it  was  proposed  to  construct  the 
dam  slowly,  in  order  to  take  advantage  of  the  increase  in 
undrained  shear  strength  caused  by  consolidation  under  the 
partial  weight  of  the  earth  embankment.  Both  vertical 
and  inclined  samples,  4  inches  in  diameter  and  1.25  inches 
in  thickness,  were  therefore  consolidated  one-dimensionally 
in  a  large  oedometer  under  vertical  effective  stresses  of 
1.5  and  3  tons  per  square  foot,  and  standard  3  inch  by 
1.5  inch  diameter  unconfined  compression  test  specimens 
were  then  built  up  of  three  layers  cut  from  the  fully 
consolidated  samples.  For  the  vertical  samples,  the  t 
average  value  of  6  was  56°.  The  inclined  samples  were, 
taken  (presumably  with  $  *  60°,  but  this  is  not  stated) 


( 
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in  an  effort  to  cause  failure  along  a  horizontal  plane  in 
the  unconfined  compression  test.  No  average  value  of  6 
was  given  for  the  inclined  samples,  but  the  ratio  of  inclined 
strength  to  vertical  strength  was  reported  as 


inclined  strength  (p  60 
vertical  strength (0  *  0°) 


=  0.72 


Varved  clays  have  provided  an  incentive  for  several 
investigations  of  shear  strength  anisotropy.  Doubts  as 
to  whether  unconfined  compression  tests  are  suitable  for 
determining  the  shear  strength  of  varved  clays  were  raised 
by  TSCHEBOTARIOFF  (1943),  and  in  reply  by  TERZAGHI  (1943). 
In  order  to  investigate  the  matter  further  TSCHEBOTARIOFF 
AND  BAYLISS  (1948)  performed  unconfined  compression  tests 
on  tube  samples  of  a  plastic  glacial  varved  clay,  some  of 
which  were  obtained  and  trimmed  with  a  value  of  0  as  high 
as  35°  (see  their  Figure  5,  p.  205) .  However,  the  authors 
apparently  took  no  special  notice  of  the  value  of  j8,  or 
of  any  relationship  between  unconfined  compressive  strength 
and  /3.  They  were  primarily  concerned  with  the  influence 
of  the  type  of  sampler  on  the  degree  of  disturbance,  as 
reflected  by  the  entire  stress  -  strain  curve,  and  with 
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whether  the  failure  plane  intersected  rather  than  followed 
the  planes  of  stratification.  The  first  failure  mode 
was  generally  observed. 

On  September  29,  1950  a  huge  landslide  occurred  in 
varved  clay  at  Surte,  Sweden,  about  15  kilometers  north  of 
Gothenburg  on  the  Gota  River.  The  results  of  an  extensive 
post-slide  geological  and  soils  investigation,  performed 
by  the  Swedish  Geotechnical  Institute,  are  contained  in  a 
report  by  JAKOBSON  (1952) .  In  most  landslides  the  slip 
surface  is  difficult  to  locate,  being  covered  by  earth 
masses.  However,  in  this  particular  instance  the  slip 
surface  was  laid  bare  in  the  upper  part  of  the  slide  area; 
see  Figures  9  and  49  of  JAKOBSON  (1952)  ,  and  also  Figure  11 
of  JAKOBSON  (1955)  .  A  similar  situation  resulted  from 
the  First  Avenue  Slide  in  Anchorage,  Alaska  which  occurred 
during  the  1964  Good  Friday  Earthquake;  FISHER  AND  MERKLE 
(1965,  Figs.  114  to  117).  In  the  case  of  the  Surte  land¬ 
slide  a  number  of  superficial  samples  were  taken  from  the 
exposed  convex  slip  surface  in  the  upper  part  of  the 
slide  area,  simply  by  driving  open  brass  tubes  (such  as 
those  used  as  liners  in  the  piston  sampler  employed  at 
other  locations)  into  the  ground  at  right  angles  to  the 
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slip  surface.  When  stored  in  the  air  and  allowed  to  dry, 
the  samples  clearly  showed  that  the  planes  of  stratification 
had  been  parallel  to  the  slip  surface?  see  Figure  40  of 
JAKOBSON  (1952) .  In  an  attempt  to  explain  why  this  was 
so,  three  additional  series* of  superficial  samples  were 
taken:  one  series  with  the  angle  P  equal  to  0°,  the 
second  with  the.  angle  P  equal  to  45°,  and  the  third 
with  the  angle  P  equal  to  90°.  The  undrained  shear 
strength  of  the  samples  was  determined  by  both  the  un¬ 
confined  compression  test  and  the  cone  test;  BJERRUM  AND 
FLODIN  (1960,  7).  The  test  results  are  tabulated  in  Table 
3.2  and  plotted  in  Figure  3.18.  Although  the  shear  strengths 
for  P  equal  to  0°  and  90°  showed  opposite  trends  in  the  two 
tests,  the  differences  were  slight  and  of  the  same  general 
magnitude  as  the  standard  deviation.  The  shear  strength 
for  P  equal  to  45°  was,  however,  consistently  the  lowest 
of  the  three  values . 

An  attempt  was  made  to  determine  the  Hvorslev  shear 
strength  parameters  for  each  of  the  three  values  of  P , 
by  means  of  drained  direct  shear  tests.  However,  variations 
in  void  ratio  within  individual  samples  made  the  deter¬ 
minations  impossible.  Jakobson' s  proposed  method  of  calculating 
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the  Hvorslev  parameters  is  also  open  to  question, 
since  it  employed  an  assumed  linear  relation  between  true 
cohesion  and  void  ratio.  In  effect  Jakobson  was 
attempting  to  solve  for  four  independent  variables,  using 
only  three  equations. 

Following  his  investigation  of  the  Surte  landslide, 
Jakobson  became  interested  in  whether  homogeneous  sediment¬ 
ary  clays  are  anisotropic  because  of  the  tendency  of  the 
clay  platelets  to  achieve  parallel  orientation;  JAKOBSON 
(1955) .  He  therefore  performed  three  series  of  unconfined 
compression  tests  on  a  homogeneous  post  glacial  clay  obtained 
from  a  slope  at  the  Sala  brickyard,  about  75  miles  north¬ 
west  of  Stockholm.  The  same  three  values  of  the  angle  0 
were  used  for  the  three  test  series  as  had  been  used  for 
the  Surte  varved  clay,  viz.  0°,  45°  and  90°.  The  samples 
were  taken  at  a  depth  of  3  meters  below  ground  surface, 
in  a  line  and  about  0.4  meters  apart,  with  every  third 
sample  having  the  same  value  of  B.  Results  of  the  un¬ 
confined  compression  tests  are  tabulated  in  Table  3.3 
and  plotted  in  Figure  3.19.  Because  each  of  the  above  means 
lies  within  one  standard  deviation  of  each  of  the  other 
two,  Jakobson  did  not  feel  the  data  conclusively  showed 
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the  Sala  clay  to  be  anisotropic,  hence  the  title  of  the 
paper,  "Isotropy  of  Clays."  The  scatter,  he  felt,  was 
due  to  inhomogeneity.  This  paper  also  contains  measure¬ 
ments  of  permeability  and  one-dimensional  compressibility, 
in  both  the  vertical  and  horizontal  directions,  for  a 
clay  from  Enkoping,  and  of  permeability  in  both  directions 
for  a  clay  from  Vasby.  The  Enkoping  clay  was  also  investigated 
extensively  by  Jakobson  in  the  course  of  a  study  of  sampling 
effects,  in  which  the  g  effect  was  discussed. 

Shortly  after  Jakobson 's  1955  paper  appeared,  W.J.  Eden 
published  a  study  of  the  engineering  properties  of  a 
varved  glacial  lake  clay  from  Steep  Rock,  Ontario?  EDEN 
(1955).  See  also  MILLIGAN,  SODERMAN  AND  RUTKA  (1962) 
and  LAMBE  AND  WHITMAN  (1969,  Table  7.5,  p.79)  for  discussion 
of  and  additional  references  to  publications  on  Canadian 
varved  clays,  steep  Rock  Lake  is  located  in  Ontario, 

Canada,  about  130  miles  north  of  Duluth,  Minnesota.  The 
lake  was  drained  in  1943-44  by  means  of  a  large  pumping 
operation,  in  order  to  permit  iron  ore  to  be  removed  by 
open  pit  methods  by  Steep  Rock  Iron  Mines  Limited.  As  the 
dewatering  progressed,  serious  movements  of  the  exposed 
soil  occurred,  which  led  to  detailed  geological  and  soils 
investigations,  some  of  which  are  discussed  by  Eden. 
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The  thickest  deposits  encountered  in  the  vicinity 
of  Steep  Rock  Lake  are  the  well  laminated  varved  silts 
and  clays  of  glacio-lacustrine  origin,  characterized  by 
their  regular  bedding.  They  vary  in  thickness  from  a  few 
feet  to  at  least  200  feet.  This  is  the  material  discussed 
by  Eden,  as  well  as  in  a  previous  paper  by  LEGGET  AND 
BARTLEY  (1953) ,  and  in  a  subsequent  paper  by  LEGGET  (1958) . 
One  of  the  many  interesting  features  of  the  Steep  Rock 
varved  clay  is  that  the  material  does  not  exhibit  "light 
and  dark"  bands  until  dried.  This  same  feature  is  also 
characteristic  of  varved  clay  in  Hartford,  Connecticut; 

LANE  (1963,  148) .  However,  the  most  unusual  and  trouble¬ 
some  feature  of  the  Steep  Rock  clay  is  its  sensitivity; 
LEGGET  AND  BARTLEY  (1953,  526),  TERZAGHI  (1944).  The 
clay  was  difficult  to  excavate  with  a  drag  line  bucket, 
difficult  to  shake  out  of  the  bucket,  but  once  dropped 
(and  thereby  thoroughly  remolded)  it  flowed  easily.  The 
same  transformation  occurred  throughout  large  masses  of  the 
clay  above  points  of  initially  small  slides,  thus  trigger¬ 
ing  widespread  "mud  runs."  It  was  the  mud  runs  that  led 
to  the  detailed  soils  investigations  described  in  the  above 


76 


references.  Samples  were  obtained  and  laboratory  tests 
begun  at  both  the  Mine  and  the  University  of  Toronto. 

At  first  the  significance  of  the  varves  was  not  apparent 
and  all  the  early  tests  were  therefore  conducted  on  com¬ 
posite  samples,  cut  indiscriminately  through  several 
varves.  It  was  the  results  of  these  early  tests  which 
revealed  the  great  extent  of  the  varves,  and  which  led 
to  a  more  sophisticated  test  program.  As  the  soil  investi¬ 
gation  progressed,  the  method  of  obtaining  soil  samples 
also  progressed,  from  the  use  of  a  split  tube  sampler  at 
the  bottom  of  a  cased  hole  sunk  by  wash  boring,  to  the  care¬ 
ful  extraction  of  block  samples.  Block  samples  were  shipped 
to  laboratories  in  the  United  States  and  Great  Britain 
as  well  as  in  Canada. 

Early  index  tests  on  composite  samples  revealed  that 
the  liquidity  index  varied  randomly  with  depth  about  an 
average  value  of  150%,  which  would  account  for  the 
material's  sensitivity.  Engineers  at  the  Mine  quickly 
learned  that  it  was  desirable  to  minimize  the  disturbance 
suffered  by  the  clay  in  its  natural  state.  This  basic 
principle  had  been  stated  previously  by  CASAGRANDE  '1932) . 
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Early  soil  tests  were  aimed  at  obtaining  satisfactory 
answers  to  immediately  pressing  practical  engineering 
problems,  such  as  the  design  of  stable  slopes  and  berms 
which  would  permit  the  open  pit  mining  operation  to  proceed 
safely.  As  these  practical  problems  were  solved,  attention 
turned  to  some  of  the  more  fundamental  properties  of  the 
varved  material,  such  as  the  difference  in  particle  grad¬ 
ation  and  Atterberg  limits  between  light  and  dark  layers, 
then  to  variations  of  soil  properties  within  individual 
layers  and  finally  to  shear  strength  anisotropy  of  composite 
specimens.  The  results  of  unconfined  compression  tests  on 
specimens  trimmed  at  various  values  of  the  angle  8  from  two 
block  samples  are  tabulated  in  Table  3.4  and  plotted  in 
Figure  3.20.  The  difference  in  the  two  variations  may, 
as  suggested  by  Eden,  be  attributable  to  the  relative 
thicknesses  of  dark  and  light  varves.  The  dark  layers  were 
about  twice  as  thick  as  the  light  layers  in  Sample  2-62 
(Figure  3.20a),  whereas  the  reverse  was  true  for  Sample 
2-68  (Figure  3.20b)  Eden  ran  direct  shear  tests  on 
separate  samples  of  dark  and  light  material,  but  did  not 
report  values  of  effective  stress  shear  strength  parameters 
for  either.  However,  if  the  Steep  Rock  clay  is  similar  to  the 
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varved  clay  at  Huntsville,  Ontario,  it  possesses  little  or 
no  cohesion  in  either  layer,  with  a  considerably  higher 
angle  of  internal  friction  in  the  light  layer;  MILLIGAN, 
SODERMAN  AND  RUTKA  (1962,  40). 

About  this  time  tunnel  construction  for  subway  and 
water  supply  purposes  was  going  on  in  the  heavily  over¬ 
consolidated  and  highly  laminated  London  clay.  The  British 
Building  Research  Station  and  Imperial  College  of  the 
University  of  London  took  the  opportunity  to  perform  extensive 
and  intensive  studies  of  the  engineering  properties  of 
London  clay.  WARD  (1957)  reported  a  series  of  unconsolidated 
undrained  triaxial  tests  on  specimens  trimmed  from  block 
samples,  with  values  of  the  angle  0  equal  to  0°  and  90°. 

The  stress-strain  curves  for  specimens  from  Site  L,  using 
a  confining  pressure  of  50  p.s.i.,  showed  the  following 
results : 


0 

Average  Unconfined 
Compression  Strength 

R 

u 

Average  Strain 
at  Failure 

DEG 

PS  I 

% 

0 

160 

0.76 

3.50 

90 

210 

1.00 

2.75 
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Some  of  the  tests  were  not  quite  carried  to  failure, 
because  the  principal  interest  was  in  the  soil-structure 
interaction  problem  at  low  strains.  Ward's  data  showed 
that  the  strain  corresponding  to  any  given  stress  can 
be  100%  greater  for  a  specimen  trimmed  from  a  tube  sample 
than  for  one  trimmed  from  a  block  sample  with  the  same 
value  of  &.  This  influence  of  sample  disturbance  on 
strains  measured  in  a  laboratory  triaxial  test  is  one 
of  at  least  two  reasons  why  the  stress  path  method  is  so 
difficult  to  apply  reliably  in  engineering  practice. 

The  other  reason  is  the  difficulty  in  determining  what 
stresses  should  be  applied  to  the  sample  to  simulate  IN- 
SITU  conditions;  MERKLE  (1969) ,LAMBE  (1969).  See  also 
CASBARIAN  (1964,  41) . 

The  effect  of  sample  disturbance  on  strains  measured 
in  unconsolidated  undrained  triaxial  tests  on  London 
clay  is  even  more  apparent  in  data  published  in  a  sub¬ 
sequent  paper  by  WARD,  SAMUELS  AND  BUTLER  (1959)  .  The 
authors  identified  three  principal  structural  features 
of  London  clay; 
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laminations, 


fissures,  and 

"backs",  which  are  surfaces  of  bedding  discontinuity, 
presumably  caused  by  tectonic  movement,  rather  than 
by  the  same  tensile  stresses  which  cause  fissures. 

The  London  clay  is  described  as  possessing  "orthotropy  with 
one  axis  of  symmetry",  which  is  synonymous  with  the  terms 
"transverse  isotropy"  and  "cross  -  anisotropy"  used  through¬ 
out  this  thesis.  Shear  strength  data  for  all  tests  in 
which  the  angle  0  was  recorded  or  can  be  inferred  are  tab¬ 
ulated  in  Table  3.5,  and  average  values  are  plotted  in 
Figure  3.21.  Because  of  interest  in  the  structure  - 
medium  interaction  problem  at  low  strains,  all  specimens 
were  subjected  to  cyclic  loading  prior  to  failure,  using  a 
maximum  stress  value  of  about  40%  of  the  unconfined  com¬ 
pression  strength.*  There  appears  to  be  no  systematic 

variation  of  the  shear  strength  ratio,  R  ,  with  depth 

u 

below  ground  level,  natural  water  content  or  any  of  the 
Atterberg  limits.  However,  extensive  fissuring  appears  to 


♦Specimens  for  sites  A  and  H  were  not  subjected  to  cyclic 
loading,  but  neither  were  the  values  of  $  recorded. 
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significantly  lower  the  ratio,  e.g.  at  site  G.  On  the 

basis  of  the  data  shown  in  Table  3.  5b,  ward  et.al.  concluded 

qf (90) 

that,  except  for  site  G,  - rrr-  #  1.3  +  0.1.  The  total 

qf(0) 

number  of  tests  in  which  the  angle  0  was  measured  was  150. 

Four  of  these  tests  were  run  with  the  angle  0  equal  to  60°, 

and  produced  failure  surfaces  approximately  parallel  to 

the  planes  of  lamination.  No  tests  were  reported  in  which 

the  angle  0  was  45°.  DUNCAN  AND  SEED  (1966a,  53)  have 

suggested  that  the  difference  between  the  value  of  the 
qf  (60) 

ratio  ^  —  reported  by  Ward,  et.  al.  from  that  reported 

by  SKEMPTON  (1948)  may  be  due  to  variation  in  the  ratio  of 

horizontal  effective  to  vertical  effective  stress  with 

depth,  as  discussed  by  SKEMPTON  (1961)  .  This  may  well  be 

true,  but  the  occurrence  of  numerous  fissures  and  "backs” 

also  suggests  that  some  horizontal  strain  has  occurred  in 

the  London  clay  as  a  result  of  tectonic  movement,  so  that 

the  ratio  of  horizontal  effective  to  vertical  effective 

stress  IN-SITU  has  not  been  determined  under  K  conditions 

o 

at  all  locations. 

Ward  et.al.  conclude  that  opening  of  laminations 
caused  by  disturbance  during  sampling  is  unlikely  to  have 
much  effect  on  shear  strength  unless  the  angle  a  is  small. 
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in  which  case  the  shear  strength  could  be  appreciably  reduced. 
However,  the  decrease  in  shear  strength  due  to  overall 
sample  disturbance  is  unmistakable.  In  effect.  Ward  et.al. 
have  shown  that  the  structure  of  the  soil  prior  to  shear 
does  influence  undrained  shear  strength,  i.e.  the  influence 
of  pre-shear  structure  is  not  entirely  obliterated  by  the 
time  failure  occurs.  The  question  is,  how  does  the  pre¬ 
shear  structure  make  its  influence  felt?  Available 
evidence,  although  sparce,  suggests  that  the  principal 
influence  of  pre-shear  structure  is  through  pore  pressure 
response,  rather  than  through  the  effective  stress  shear 
strength  parameters.  At  any  rate,  the  concept  of  inherent 
anisotropy  does  have  a  logical  basis. 

At  about  the  same  time,  papers  on  shear  strength 
anisotropy  in  rocks  began  to  appear  in  the  literature  of 
geology  and  rock  mechanics.  WILLIAMS  (1958)  discussed  two 
possible  causes  of  oblique  slip  faulting,  in  which  the 
direction  of  relative  movement  does  not  coincide  with 
either  the  dip  or  strike  directions  of  the  fault  plane. 

Such  faults  are  common  in  the  southwestern  part  of  the 
Midland  Valley  of  Scotland.  The  two  explanations  for 
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oblique  slip  faulting  which  he  advanced  were  shear  strength 
anisotropy,  i.e.  preferred  planes  of  failure  created 
by  previous  faulting,  and  rotation  of  principal  stessses. 

BOTT  (1959)  reviewed  the  two  mechanisms  of  oblique 
slip  faulting  proposed  by  Williams,  and  then  investigated 
theoretically  the  influence  of  preferred  planes  of 
fracture  of  arbitrary  orientation.  He  obtained  an  expression 
for  the  first  direction  of  slip  within  the  failure  plane,  under 
the  influence  of  an  arbitrary  stress  system.  Although  this 
paper  contains  no  test  data,  the  results  are  of  fundamental 
importance  for  a  clear  understanding  of  both  shear  strength 
and  the  general  nature  of  stress. 

Bott  reasoned  that  if  slip  occured  in  a  preferred 
plane  of  fracture,  the  direction  of  initial  movement  would 
be  that  of  the  shear  stress  vector  acting  on  the  failure 
plane.  He  therefore  set  out  to  calculate  the  direction 
of  the  shear  stress  vector  acting  on  a  plane  having 
an  arbitrary  orientation  with  respect  to  the  principal 
stress  axes.  Using  the  notation  of  Figure  3.22,  Bott's 
results  can  be  summarized  as  follows. 
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If 


■**v 

al'  a2'  a3  =  Pr^nc^Pa^  stresses 

a  a  a  _  =  direction  cosines  of  the  unit  normal 
nl  n2  n3 

to  plane  ABC,  with  respect  to  the 
principal  stress  axes 

Tg  =  a  •  s  =  strike  component  of  the  shear  stress 

vector  acting  on  plane  ABC 

T,  s  a  •  d  *  kip  component  of  the  shear  stress 
d 

vector  acting  on  plane  ABC 

then 


(3.49) 
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T  J 

—  =  tan  ip 
T 


a 


h2 


2a  ,  a  . 

nl  n3 


«2,) 

nl 


+  (a 


n3 


*nl} 


(3.50) 

Notice  from  Equation  (3.48)  that  the  angle  ip  will  lie  in 
quadrants  1  or  4  provided  a ^  The  direction  of  the 

unit  vector  s  in  Figure  3.22  has  been  taken  opposite  to 
that  assumed  by  Bott,  in  order  to  be  consistent  with  other 
results  derived  in  Appendix  B  for  the  octahedral  plane. 

The  expression  for  the  orientation  of  the  octahedral  shear 
stress  vector  derived  in  Appendix  B  can  be  obtained  from 
the  above  equations  by  setting 


1 

a.  =  a_  =  a,=7T 

nl  n2  n3  /3 

Bott  thus  showed  that  by  unrestricted  variation  of  the 
relative  values  of  the  three  principal  stresses,  assuming 
that  the  directions  of  the  principal  stress  axes  remain 
fixed,  the  direction  of  maximum  shearing  stress  within  a 
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preferred  plane  of  fracture  can  be  made  to  lie  in  any 
direction  provided  the  plane  is  not  normal  to  a  principal 
stress  axis.  He  then  related  an  angle  9,  which  is  equal 
to  7T  -  i/),  to  the  tectonic  stress  regimes  defined  by 
HARLAND  AND  BAYLY  (1958) . 

JAEGER  (1959)  conducted  triaxial  tests  on  rock 
cylinders  with  artificial  joints,  to  measure  the  coefficient 
of  friction  for  sliding  along  a  preferred  plane  of  fracture 
as  a  function  of  the  angle  6 .  The  value  of  the  angle 
/ 3  for  his  specimens  was  probably  0°  but  was  not  reported. 
Model  joints  were  cut  with  a  diamond  saw,  with  values  of 
tne  angle  6  at  5°  intervals  between  25°  and  65°.  Three 
joint  types  were  tested: 

1.  a  layer  of  patching  plaster  about  1  millimeter 
thick, 

2.  bare  sawed  surfaces,  lightly  ground  and  flat  to 
better  than  0.05  millimeter,  and 

3.  previous,  reasonably  flat  natural  shear  surfaces. 

Variation  of  the  angles  of  internal  friction  for  all  joint 
types  and  all  values  of  the  angle  6  was  between  about  22° 
and  41°,  but  no  clear  trend  was  evident.  Because  of 
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scatter  of  the  test  results  and  curvature  of  the  shear 
strength  lines,  Jaeger  could  not  determine  cohesion  values. 

As  a  matter  of  interest,  Jaeger  made  extensive  use  of  the 
maximum  shear  stress  loci  in  this  paper,  and  developed  an 
expression  for  the  shear  strength  in  a  single  plane  of 
weakness  similar  to  Equation  (3.19).  The  maximum  shear 
stress  loci  had  previously  been  used  in  the  treatment  of 
shear  strength  of  geologic  materials  by  ANDERSON  (1951) . 

A  year  later  JAEGER  (1960)  published  results  con¬ 
cerning  anisotropic  cohesion,  the  theoretical  aspects  of 
which  have  already  been  examined  earlier  in  this  Chapter. 

In  this  paper  Jaeger  also  presented  results  of  unconfined 
compression  tests  on  slate  cylinders,  cut  with  values  of 
the  angle  fi  between  0°  and  60°.  The  test  results  are  tabulated 
in  Table  3.6  and  plotted  in  Figure  3.23.  The  most  dis¬ 
tinctive  feature  of  this  data  is  the  strong  anisotropy, 
reflected  by  an  90%  decrease  in  unconfined  compressive 
strength  as  the  angle  #  increases  from  0°  to  90°.  This  is 
much  stronger  anisotropy  than  reported  for  any  of  14  anisotropic 
rocks,  including  Pennsylvania  slate,  by  OBERT  AND  DUVALL 
(1967,  Table  15.7.1) . 
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In  the  same  year  DONATH  AND  COHEN  (1960)  presented 
preliminary  results  for  triaxial  compression  tests  on  several 
rocks,  including  the  Longwood  shale  from  Highland  Mills, 

New  York,  which  indicated  that  anisotropy  had  no  appreciable 
effect  on  shear  fracture  for  values  of  the  angle  8  less 
than  60°.  For  values  of  the  angle  8  less  than  60°  the 
angle  6  was  very  nearly  constant  and  equal  to  60°,  increasing 
to  about  70°  as  the  angle  8  varied  between  60°  and  90°. 

The  following  year,  however,  DONATH  (1961)  presented 

triaxial  compression  data  for  the  foliated  Martinsburg 

slate  from  Bangor,  Pennsylvania,  which  showed  a  marked 

variation  in  compressive  strength  with  the  angle  8,  in 

addition  to  a  general  increase  in  compressive  strength  with 

confining  pressure.  The  slope,  (j,*,  and  intercept,  t  *, 

of  the  Mohr  envelope,  for  values  of  the  angle  8  at  15° 

degree  intervals,  and  confining  pressures  between  35  and 

350  bars,  are  tabulated  in  Table  3.7(a).  However,  despite 

the  fact  that  Donath  referred  to  ll*  and  r  *  as  the 

^  o 

"coefficient  of  internal  friction"  and  "cohesive  resistance," 
they  are  not  the  Mohr-Coulomb  shear  strength  parameters. 

In  addition,  the  data  for  values  of  the  angle  8  greater 
than  60°  must  be  considered  suspect,  due  to  the  probability 
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of  end  restraint.  End  restraint  must  be  suspected  whenever 


tan  6  approaches  or  exceeds  the  specimen  height  to  diameter 
ratio,  which  in  this  case  was  2.5  inches/1.0  inch.  Had 
Donath's  data  allowed  him  to  construct  curves  of  a.  VERSUS 
0  for  each  of  the  confining  pressures  employed,  it  would 
have  been  possible  for  him  to  calculate  the  Mohr  -  Coulomb 
shear  strength  parameters  as  functions  of  failure  plane 
orientation.  Apparently  scatter  prevented  such  an  approach. 
The  values  of  and  ol„„  in  Table  3.7  have  been  scaled 

from  a  curve  drawn  by  eye  through  Donath's  plotted  data 
points,  and  are  not  intended  as  a  statement  that  the  relation 
between  the  angles  a,  and  0  is  independent  of  confining 
pressure. 

DONATH  (1964)  reviewed  his  data  for  Martinsburg  slate, 
and  supplemented  it  with  the  results  of  additional  traixial 
tests  on  0.5  inch  diameter  by  1.0  inch  length  specimens 
at  confining  pressures  of  500,  1000  and  2000  bars.  Specimen 
size  did  not  appear  to  influence  test  results.  However, 
at  confining  pressures  of  1000  and  2000  bars,  failure  tended 
to  be  by  plastic  flow  in  a  restricted  zone  (ductile  faulting) , 
rather  than  by  brittle  fracture,  and  the  Mohr  envelopes 
exhibited  substantial  curvature.  These  two  phenomena. 
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i.e.  plastic  flow  and  nonlinearity  of  the  Mohr  envelope 
could  well  be  related.  The  data  are  tabulated  in  Table  3.7(b) 
and  plotted  in  Figure  3.24.  Figure  3.24  completely  defines 
the  three-dimensional  failure  surface  shown  in  Figure  3.11. 

CASBARIAN  (1964,  3)  intended  to  study  the  effect  of 

rotation  of  the  principal  stress  axes  and  variation  of 

the  intermediate  principal  stress  on  the  shear  strengt1 

of  a  remolded  kaolinite,  and  to  exclude  the  effects  of 

anisotropy.  In  fact,  however,  because  his  hollow  cylinder 

test  specimens  were  isotropically  consolidated,  he  actually 

excluded  the  q  effect.  Furthermore,  he  could  not  exclude 
o 

the  effects  of  anisotropy.  At  present  there  is  also  some 
concern  about  the  degree  of  homogeneity  of  stresses  in 
hollow  cylindrical  soil  test  specimens,  and  so  the  follow¬ 
ing  data  must  be  viewed  with  caution. 

The  soil  used  in  Casbarian's  investigation  was  a 
commercial  kaolinite  clay,  mined  in  Bath,  South  Carol ir a, 
and  having  the  following  index  properties: 


Liquid  Limit 

57% 

Plastic  Limit 

32% 

Plasticity  Index 

25% 

Clay  Fraction 

41% 

(<0. 002mm) 
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Activity 


0.61 


Specific  Gravity  2.69 
of  Solids 

This  clay  has  essentially  the  same  activity  as  Weald  clay? 
LAMBE  AND  WHITMAN  (1969,  34).  The  clay  powder  was  mixed 
with  tap  water  by  a  mechanical  mixer  to  a  water  content  of 
48-49%,  then  stored  in  a  steel  container  and  covered  by  a 
plastic  sheet,  with  water  poured  on  top  to  prevent  evaporation. 
The  hollow  cylindrical  test  specimens  were  formed  in  a  humid 
room  by  hand  tamping  the  clay  into  a  mold,  using  a  0.75 
inch  diameter  rod.  The  test  specimens  were  10  inches  high, 
with  an  outside  diameter  of  5  inches  and  a  wall  thickness 
of  1  inch.  Thus  the  tamper  was  3/4  the  thickness  of  the 
cylinder  wall  being  molded.  The  resulting  particle  structure 
was  probably  dispersed  (i.e.  particles  oriented  parallel 
to  one  another) ,  but  whether  the  orientation  was  predominatly 
vertical  or  horizontal  is  not  clear. 

All  samples  were  initially  isotropically  and  normally 
consolidated.  Test  letter  designations  indicated  the 
consolidation  pressure,  as  shown  below 
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TEST 

LETTER 

DESIGNATION 

CONSOLIDATION 

PRESSURE 

PSI 

A 

7.0 

B 

25.0 

C 

70.0 

Three  series  of  tests  were  run,  reflecting  the  influence 
of  two  variables  on  shear  strength: 


P>  the  angle  between  the  major  principal  stress 
axis  at  failure  and  the  vertical  (designated 
a  by  Casbarian*) 

N,  the  intermediate  principal  stress  ratio,  equal 


*It  is  not  clear  what  Casbarian  meant  by  the  term  rotation 
of  principal  stress  axes.  Although  he  intended  to  exclude 
consideration  of  inherent  anisotropy,  he  may  have  intended 
to  study  developed  anisotropy.  The  ambiguity  arises  because 
when  the  angle  P  exceeded  45°,  Casbarian  reported  it  as 
P  -  90°  in  one  place  and  P  in  another,  using  the  same 
symbol,  a,  for  both  values. 
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The  intermediate  principal  stress  ratio,  N,  which  BISHOP 
(1966)  denoted  by  the  symbol  b,  and  HABIB  (1953)  denoted 
by  the  symbol  X,  is  related  to  Lode's  parameter  p,,  which 
is  used  throughout  this  thesis,  by  the  relation 


N  =  b  =  X 


U,  +.  k 
2 


The  radial  stress  arr  was  always  equal  to  the  intermediate 

principal  stress.  As  shown  in  Figure  3.25,  when  the  vertical 

normal  stress  a  exceeded  the  tangential  normal  stress 

zz 


Cgg  the  test  was  called  a  compression  test.  When  ct 
exceeded  a 


ee 


the  test  was  called  an  extension  test. 


zz 

Rotation  of  the  major  and  minor  principal  stress  axes 
in  the  tangential  plane  was  induced  by  applying  a  torque 
to  the  sample.  Table  3.8(a)  shows  the  values  of  P  and  N 
corresponding  to  each  test. 

In  Series  I  the  value  of  N  was  held  constant,  equal  to 
^1  +  a3 

0.5  (a2  »  — ~ — *•  ),  while  the  angle  P  was  varied  between 

0°  and  90°.  In  Series  II  N  was  supposed  to  be  the  only 
variable,  but  Table  3.8(a)  shows  that  the  angle  P  varied 
also.  In  Series  III  both  the  angle  8  and  the  parameter  N 
were  varied  intentionally.  Only  the  results  of  Series  I 
are  of  interest  here,  because  variation  in  undrained  shear 
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strength  with  the  angle  P  could  only  have  resulted  from 
anisotropy.  The  Series  I  data  are  tabulated  in  Tables  3.8(b) 
and  (c) ,  and  plotted  in  Figures  3.26  and  3.27.  The  symmetry 
of  the  relationship  between  and  the  angle  0  at  constant 
p^  is  remarkable,  almost  to  the  point  of  being  incredulous. 
However,  if  the  test  procedure  was  as  Casbarian  described 
it,  then  there  is  little  doubt  that  those  values  of  the 
angle  P  which  he  reported  as  being  greater  than  45°  were 
not  actually  equal  to  the  complement  of  the  reported  values. 
In  place  of  the  smooth  ourves  in  Figures  3.26(a)  through  (e) 
Casbarian  drew  straight  lines,  the  slopes  of  which  he  inter¬ 
preted  as  sin  $.  Thus  he  constructed  a  symmetrical 
relation 


•  =  *0)  =  *(90°  -  jS) 

Such  a  relation  is  not  in  agreement  with  any  theoretical 
treatment  of  inherent  shear  strength  anisotropy  of  which 
the  Author  is  aware,  and  is  certainly  not  in  agreement  with 
the  concept  of  inherent  anisotropy  upon  which  this  thesis 
is  based.  Moreover,  since  Casbarian  was  apparently  unable 
to  measure  the  orientation  of  a  distinct  failure  surface, 


it  is  not  possible  to  use  his  data  to  construct  the  actual 
relationship  between  the  effective  stress  shear  strength 
parameters  and  failure  plane  orientation. 

An  alternative  interpretation  of  Casbarian's  data  is 
that  his  samples  were  inherently  isotropic  prior  to  shear, 
and  the  variation  of  undrained  shear  strength  with  the  angle 
of  rotation  of  the  major  principal  stress  axis  during  shear 
was  due  entirely  to  developed  anisotropy,  i.e.  to  particle 
reorientation  during  shear.  If  this  were  true,  then  his 
compression  and  extension  tests  were  in  fact  duplicates 
of  one  another,  and  the  fact  that  they  yielded  essentially 
identical  results  should  be  extremely  gratifying.  One 
would  then  plot  shear  strength  against  the  change  in  the 
angle  P  during  shear  (i.e.  \P^  -  /3q1),  rather  than  against 
the  angle  P  itself,  and  the  previous  suspicious  symmetry 
would  vanish,  since  one  half  of  each  curve  in  Figure  3.27 
would  be  superimposed  on  the  other.  In  addition,  N  would 
then  have  been  the  only  variable  in  Series  II.  However, 
this  interpretation  leads  to  an  inconsistency.  The  value 
of  |/3  -  j3Q|  for  tests  to  which  Casbarian  assigned  a  value 

of  45°  to  P  is  actually  zero,  because  no  rotation  of  the 
principal  stress  axes  took  place  during  these  tests. 
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Therefore,  according  to  the  above  argument,  the  results 
of  these  tests  should  have  coincided  with  those  for  simple 
compression  and  simple  extension  (without  any  applied 
torque),  when  in  fact  Figure  3.27  shows  they  were  at 
opposite  extremes.  It  seems  probable,  therefore,  that 
although  Casbarian's  material  may  have  developed  some 
additional  anisotropy  as  a  result  of  shearing  strain  and 
rotation  of  principal  stress  axes,  it  also  possessed 
considerable  inherent  anisotropy  prior  to  shear,  as  a 
result  of  the  compaction  procedure  used  to  form  the  test 
specimens.  See  also  LADD  AND  VARALLYAY  (1965,  56). 

GIBSON  AND  MORGENSTERN  (1962)  calculated  the  factor 
of  safety  of  slopes  in  which  the  undrained  shear  strength 
of  the  soil  is  independent  of  the  orientation  of  the 
failure  plane  at  any  depth,  is  zero  at  the  top  of  the 
slope,  and  varies  linearly  with  depth  beneath  the  top  of 
the .slope. 

Their  investigation  was  extended  by  KENNEY  (1963), 
in  a  discussion  of  which  SCHMERTMANN  (1964)  suggested  that 
slope  stability  calculations  be  further  refined  by  con¬ 
sidering  the  variation  of  undrained  shear  strength  at  a 


point  with  failure  plane  orientation.  Schmertmann  suggested 

a  type  of  undrained  shear  strength  anisotropy  in  which 

undrained  shear  strength  is  proportional  to  the  effective 

normal  stress  acting  on  the  failure  plane  prior  to  shear, 

and  plotted  values  of  an  anisotropic  slope  stability  correction 

factor  based  on  this  assumption.  When  the  coefficient  of 

earth  pressure  at  rest  equals  unity,  Schmertmann ' s  correction 

factor  reduces  to  unity,  thus  verifying  the  fact  that 

Schmertmann' s  hypothetical  undrained  shear  strength 

variation  is  related  to  the  q  effect,  and  is  not  the 

o 

result  of  true  anisotropy  with  respect  to  either  the 
effective  stress  shear  strength  parameters  or  pore  pressure 
response.  In  his  closure,  Kenney  made  several  remarks 
concerning  undrained  shear  strength  anisotropy: 

1.  Anisotropic  behavior  of  soil  is  seldom  considered 
in  undrained  stability  analyses,  because  estimating 
average  undrained  shear  strength  by  means  of 
simple  tests  (unconfined  compression,  cone,  vane) 
and  using  this  strength  in  a  static  stability 
analysis  appears  to  yield  results  which  check  well 


with  field  experience 


2 


Undrained  shear  strength  is  a  behavior,  not  a 


property,  which  can  be  influenced  by  stress  environ¬ 
ment  and  testing  method. 

3.  Soils  exhibit  not  only  anisotropic  strength 
characteristics,  but  also  anisotropic  general 
stress  -  strain  behavior. 

4.  It  would  be  unwise  to  begin  making  corrections  to 
measured  shear  strengths  to  account  for  anisotropy, 
if  the  only  basis  for  such  corrections  were 
theoretical.  An  integrated  program  of  theoretical 
and  experimental  studies  is  required  to  assess 

the  importance  of  anisotropy  in  soil  mechanics 
practice. 

LO  (1965a)  extended  the  above  slope  stability  calculations 
by  considering  variation  of  undrained  shear  strength  with 
the  angle  0  (which  he  denoted  by  the  symbol  i) .  Although 
his  approach  was  general  enough  to  accommodate  any  arbitrary 
variation  of  shear  strength  with  the  angle  0,  he  concentrated 
on  variations  in  which  the  largest  and  smallest  strengths 
result  when  the  angle  0  is  either  0°  or  90°.  The  assumption 
that  the  undrained  shear  strength  attains  its  limiting  values 
when  the  angle  P  is  0°  and  90°  was  based  on  the  results  of 


more  than  500  unconfined  compression  tests  on  2  inch  Shelby 
tube  samples,  3  inch  piston  samples,  and  1*$  inch  diameter 
by  3  inch  length  specimens  trimmed  from  block  samples,  of 
lightly  overconsolidated  (O.C.R.  z  2.0)  glacio-lacustrine 
clays  from  the  Welland  Canal  Tunnel  site  at  Welland  Ontario; 

L0  (1965a)  LO  AND  MILLIGAN  (1967).  To  obtain  the  block  samples 
a  5  foot  diameter  shaft  was  sunk  to  a  depth  of  77  feet,  and 
1  foot  cube  block  samples  were  extracted  at  every  4  foot 
interval  of  depth.  Some  of  the  samples  were  homogeneous 
and  some  stratified,  as  shown  in  the  tabulation  below. 


BLOCK 

DESCRIPTION 

DEPTH 

HOMOGENEOUS  STRATIFIED 

FT. 

A 

X 

30 

B 

X 

34 

C 

X 

38 

D 

X 

42 

E 

X 

46 

F 

X 

51 

G 

X 

55 

H 

X 

60 

I 

X 

65 

K 

X 

74 

100 


Variation  of  undrained  shear  strength  with  the  angle  P  for 
blocks  D,  H,  F  and  K  is  tabulated  in  Tables  3.9  and  3.10 
and  plotted  in  Figures  3.28  and  3.29.  For  all  block  samples 
tested,  the  value  of  R^(90)  ranged  between  0.64  and  0.80, 
i .  e . 

qf(90) 

0.64  <  R  (90)  ■  — rrr-  <  0.80 

“  u  qf (0)  - 

Variation  of  the  angle  a  with  the  angle  P  is  also  tabulated 

in  Tables  3.9  and  3.10  and  plotted  in  Figures  3.28  and  3.29. 

From  this  data,  Lo  concluded  that  the  angle  6  is  approximately 

o 

constant  and  equal  to  56  .  This  fact  indicates  that  the  clay 
may  be  isotropic  with  respect  to  the  effective  stress  shear 
strength  parameters,  so  that  the  anisotropy  of  undrained 
shear  strength  is  due  entirely  to  anisotropic  pore  pressure 
response. 

Lo  proposed  a  variation  of  undrained  shear  strength 
with  the  angle  P  which  can  be  written  in  the  form 

1  +  R  (90)  1  -  R  (90) 

HU(S)  =  - ^ -  +  - 2 -  cos 
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To  test  the  validity  of  the  above  proposal  he  constructed 
a  polar  plot  of  Ru  VERSUS  0  for  blocks  A,  B,  C,  D,  E,  G,  H, 
and  i,  i.e.  for  all  the  homogeneous  block  samples.  His  data 
are  tabulated  in  Table  3.11  and  plotted  in  Figure  3.30. 
Differences  between  values  for  blocks  D  and  H  in  Tables 
3.9(b)  and  3.11  could  be  explained  if  it  were  known  that 
values  in  Table  3.11  were  read  off  smooth  curves,  rather 
than  being  averages  of  raw  data,  as  are  the  values  in 
Tables  3.9  and  3.10.  An  important  feature  of  Lo's  proposed 
Mohr-circle  type  strength  variation  is  that  it  predicts  Ru 
to  be  stationary  when  the  angle  is  0°  and  90°,  whereas 
most  published  data  do  not  exhibit  this  feature.  In  fact, 

Lo's  own  data  do  not  exhibit  this  feature  either,  as  shown 
in  Figure  3.30  and  also  in  Figure  3.31,  where  an  attempt  has 
been  made  to  construct  a  Mohr  circle  using  the  data  from 
Table  3.11.  Although  departure  of  the  measured  curve  from 
a  circle  is  everywhere  less  than  10  percent,  the  shape  of 
the  measured  curve  does  not  suggest  that  a  circle  is  necessarily 
the  best  form  of  approximation  to  test  data. 
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In  a  discussion  of  the  results  of  Lo's  stability 
calculations  MEYERHOF  (1965)  pointed  out  that  Lo's  results 
can  be  approximated  by  using  the  average  of  qf(0)  and  qf(90) 
in  previously  developed  solutions  for  isotropic  soils. 

He  also  pointed  out  that  the  orientation  of  the  true  failure 
surface  in  anisotropic  material  tends  toward  the  direction 
of  minimum  strength#  a  factor  which  becomes  increasingly 
important  as  the  slope  angle  decreases. 

In  his  discussion#  SCHMERTMANN  (1966)  repeated  Hvorslev’s 
earlier  request  for  investigations  of  shear  strength  anisotropy 
to  be  reported  in  terms  of  effective  stresses,  which  means 
obtaining  pore  pressure  measurements.  He  also  noted  that 
the  material  axis  does  not  remain  in  the  plane  of  the  major 
and  minor  principal  stress  axes  for  the  cylindrical  portion 
of  a  vane  failure  surface,  and  reasoned  that  the  influence 
of  shear  stress  direction  was  probably  reflected  mainly  in 
pore  pressure  response. 

In  his  closure#  LO  (1966)  supplied  anisotropic  shear 
strength  data  for  block  I  in  terms  of  effective  stress. 

His  stress  -  strain  data  are  tabulated  in  Table  3.12  and 
plotted  in  Figure  3.32  in  the  form  of  effective  stress 
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paths.  Lo  also  gave  data  at  failure,  but  they  were  not 
entirely  consistent  with  his  stress  -  strain  data  and 
therefore  have  been  omitted.  In  three  out  of  four  cases, 
the  stated  strain  at  failure  did  not  correspond  to  either 
maximum  deviator  stress  or  maximum  obliquity.  No  criterion 
for  failure  was  given.  Lo  found  the  excess  pore  pressure 
to  be  an  unique  function  of  the  axial  strain,  for  all  values 
of  the  angle  |3.  Figure  3.32  therefore  has  the  property 
that  strain  contours  are  lines  of  constant  cr Anisotropy 
of  both  stress  -  strain  behavior  and  pore  pressure  response 
(in  terms  of  applied  total  stress)  is  apparent.  Why  the 
excess  pore  pressure  should  be  determined  solely  by  the 
axial  strain  is  a  question  which  requires  more  study.  See 
also  LO  (1965b). 

HANNA ( 1967) ,  in  his  discussion  of  LO  AND  MILLIGAN 
(1967) ,  presented  data  from  unconsolidated  undrained  triaxial 
tests  on  a  homogeneous  glacial  lake  clay  near  Sarnia, 

Ontario.  The  test  specimens  were  trimmed  from  two  1  foot 
cube  block  samples,  cut  from  the  side  of  a  deep  excavation 
at  a  depth  of  about  40  feet.  Values  of  the  angle  j8  were 
0°,  45°  and  90°.  See  also  HANNA  (1966) .  His  data  are 
tabulated  in  Table  3.13  and  plotted  in  Figure  3.33.  In 
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his  discussion,  Hanna  observed  that  the  influence  of  the  q 
effect  is  not  reflected  by  an  isotropically  consolidated 
laboratory  shear  test. 

In  their  discussion  of  LO  AND  MILLIGAN  (1967),  SOVERI 
AND  HYYPPa  presented  results  of  both  direct  shear  tests 
and  triaxial  tests  (presumably  undrained)  on  a  Finnish 
varved  clay  of  Pleistocene  (glacial)  origin.  Few  details 
of  the  tests  were  given,  and  it  appears  that  the  results 
of  the  direct  shear  tests  were  reported  in  terms  of  total, 
rather  than  effective  stress,  because  of  the  low  reported 
friction  angle. 


a 

c 

DEG 

KG/CM 

0 

0.15 

45 

0.17 

90 

0.20 

* 

T 
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6 

6 

6 


Data  from  the  triaxial  tests  are  tabulated  in  Table  3.14 
and  plotted  in  Figure  3.34.  This  work  was  apparently 
accomplished  in  1959;  SOVERI  AND  HYYPPA  (1959) .  The 
authors  concluded  that  the  problem  of  shear  strength  anisotropy 
"is  more  geological  and  mineralogical  than  mechanical  or 
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mathematical  and  it  must  and  can  be  solved  in  each  country 
only  by  close  collaboration  between  geologists  and 
engineers . " 

Consolidated  undrained  triaxial  tests  with  pore  pressure 
measurements  were  conducted  on  homogeneous  Black  Cotton  clay 
from  India,  and  the  results  were  described  briefly  by 
MATTHAI  (1967)  in  his  discussion  of  LO  AND  MILLIGAN  (1967). 
The  soil  was  reconsolidated  from  a  slurry  in  the  laboratory 
(presumably  one-dimensionally) ,  and  triaxial  samples  were 
obtained  by  a  sampling  operation,  using  brass  tubes  1  1/2 
inches  in  diameter  by  3  inches  high,  at  values  of  the  angle 
&  of  0°,  45°  and  90°.  Data  for  samples  normally  consolidated 
(presumably  isotropically)  to  22.5  PSI  are  tabulated  in 
Table  3.15  and  plotted  in  Figure  3.35. 

Following  Hvorslev's  advice,  DUNCAN  AND  SEED  (1965), 
under  the  sponsorship  of  the  U.S.  Army  Engineer  Waterways 
Experiment  Station,  set  out  to  separate  the  contributions 
to  undrained  shear  strength  anisotropy,  of  anisotropy  with 
respect  to  the  effective  stress  shear  strength  parameters, 
anisotropy  with  respect  to  pore  pressure  response  and  the  qQ 


effect. 


i 


To  determine  the  cause  of  undrained  shear  strength 
anisotropy,  they  conducted  both  isotropically  consolidated 
and  unconsolidated  triaxial  tests  on  kaolinite  samples  which 
had  previously  been  consolidated  one-dimensionally  from  a 
slurry.  Index  properties  of  the  commercial  kaolinite, 
known  as  ASP-900,  were 


Liquid  Limit 

Plastic  Limit 

Plasticity  Index 

Percent  by  Weight  of 
Particles  Smaller  than 
2  Microns 

Activity 

Consolidation 

Coefficient 

Compression  Index 

Swelling  Index 


45.0% 

34.8% 

10.2% 

48.0% 

0.212 

0.01  CM2 /SEC 

0.33 

0.06 


For  a  thorough  discussion  of  the  index  properties  of  this 
material,  see  SEED,  WOODWARD  AND  LUNDGREN  (1964) .  The 
triaxial  samples  were  prepared  by  first  mixing  dry  kaolinite 
powder  with  deaired  tap  water,  to  form  a  slurry  with  a  water 
content  of  66.2  percent  (liquidity  index  *  3.08) .  Three 
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batches  of  the  slurry  were  then  each  consolidated  one- 

dimensionally  in  a  6  inch  diameter  mold,  under  a  maximum 

2 

vertical  effective  stress  of  1.5  KG/CM  ,  to  form  cakes  about 

5  inches  high.  Next  the  three  cakes  were  unloaded,  removed 

from  the  molds,  stacked  one  on  top  of  the  other,  and  the 

composite  sample,  measuring  6  inches  in  diameter  and  about 

15  inches  high,  was  then  further  consolidated  anisotropically 

under  a  maximum  vertical  effective  stress  of  9.0  KG/CM2 

and  a  corresponding  maximum  horizontal  effective  stress  of 
2 

5.5  KG/CM  (K  -  0.611).  The  sample  was  then  rebounded  to 
c 

an  isotropic  effective  stress  of  1.0  KG/CM2,  and  finally 
completely  unloaded  at  constant  volume  from  this  last 
isotropic  stress  state.  The  three  original  cakes  were  then 
separated,  stored  under  controlled  conditions,  and  from 
them  triaxial  specimens  were  subsequently  trimmed  with 
values  of  the  angle  8  equal  to  0°  and  90°  (for  the  con¬ 
solidated  undrained  tests  with  pore  pressure  measurements) , 
and  0°,  45°,  and  90°  (for  the  unconsolidated  undrained 
tests) .  No  explanation  was  given  for  not  conducting 
consolidated  undrained  tests  with  pore  pressure  measure¬ 
ments  on  samples  with  the  angle  P  equal  to  45°  when  the 
need  for  such  tests  became  apparent.  Data  from  the  un¬ 
consolidated  undrained  tests  are  tabulated  in  Table  3.16 


v  1 


I  f 
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and  plotted  in  Figure  3.36.  Notice  that  the  slope  of  the 
"  j(j8)  curve  in  Figure  3.36  is  not  zero  at  the  ends.  The 
cell  pressure  for  these  tests  was  1.0  kg/cm2. 

Data  for  the  consolidated  undrained  tests  with  pore 
pressure  measurements  are  tabulated  in  Table  3.17  and 
plotted  in  Figure  3.37.  Because  the  samples  were  not  com¬ 
pletely  saturated  when  tested,  these  data  may  not  be  en¬ 
tirely  accurate.  They  do,  however,  indicate  three  signif¬ 
icant  trends: 

1.  All  samples  exhibited  overconsolidated  behavior, 
as  would  be  expected. 

2.  The  effective  stress  strength  line  for  vertical 
samples  appears  to  be  slightly  higher  than  that 
for  horizontal  samples. 

3.  Excess  pore  pressures  at  failure  were  consistently 
higher  (less  negative)  for  horizontal  than  for 
vertical  samples.  The  authors  cite  this  as  the 
most  distinctive  feature  of  the  tests  on  ASP-900 
kaolinite. 

_  2 

The  results  of  four  isotropically  consolidated  (p  -  1.0  KG/CM  ) 

o 

drained  triaxial  tests  (with  <r  ■  constant  -  p  )  gave 

3  o 
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strength  results  consistent  with  Figure  3.37,  but  these 
four  drained  tests  were  too  few,  and  the  scatter  in  the 
undrained  test  results  too  great  to  permit  a  quantitative 
estimate  of  the  variation  in  position  of  the  effective 
stress  strength  lines  with  the  angle  P. 

To  study  the  influence  of  strain  conditions  on  un¬ 
drained  shear  strength  anisotropy,  Duncan  and  Seed  ran  con¬ 
solidated  undrained  plane  strain,  unconsolidated  undrained 
triaxial,  and  both  isotropically  and  anisotropically 
consolidated  undrained  triaxial  tests  on  undisturbed 
San  Francisco  Bay  Mud  from  the  University  of  California 
Field  Test  Site  at  Hamilton  Air  Force  Base.  Bay  Mud  is  a 
marine  clay  deposited  in  drowned  valleys  and  on  drowned 
sedimentary  flats  in  the  San  Francisco  Bay  area.  For  details 
concerning  the  engineering  geology  of  that  area,  see  TRASK 
AND  ROLSTON  (1951)  .  At  the  Hamilton  Air  Force  Base  site. 

Bay  Mud  is  a  soft  to  very  soft,  grey,  slightly  organic 
silty  marine  clay  with  isolated  silt  lenses  and  a  few 
roots  and  shells.  It  has  a  natural  water  content  of  about 
90%,  a  sensitivity  of  about  8,  and  the  pore  water  has  an 
electrolyte  concentration  of  about  17  grams  per  liter  total 
dissolved  solids  taken  as  equivalent  NaCl.  The  vertical 
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effective  overburden  pressure  at  the  15  to  25  foot  depths 
from  which  samples  were  obtained  varies  from  about  0.4 
to  0.6  KG/CM2,  and  at  these  depths  the  material  is  approx¬ 
imately  normally  consolidated.  Index  properties  of  Bay 
Mud  which  has  not  been  allowed  to  dry  are: 


Liquid  Limit 

Plastic  Limit 

Plasticity  Index 

Percent  by  Weight  of 
Particles  Finer  than 
2  Microns 

Activity 

Consolidation  coefficient 
Compression  Index 
Swelling  Index 


88.0% 


43.0% 


45.0% 


60.0% 


0.75 

2.0  x  10~4  CM2 /SEC 


1.1 


0.028 


Undisturbed  samples  for  all  tests  were  taken  by  hand 
sampling  with  a  5  inch  diameter  fixed  -  piston  sampler. 
After  transportation  to  the  laboratory  the  sealed  brass 
sample  tubes  were  stored  in  a  68°F  humid  room.  As  the 
material  was  needed  for  testing  it  was  extruded  from  the 
tube,  after  which  the  tube  was  resealed.  The  outer  1/2 
inch  of  soil  was  not  used  for  strength  or  consolidation 
tests,  due  to  the  possibility  of  excessive  disturbance. 


Ill 


Three  types  of  plane  strain  tests  were  conducted, 
called  vertical  plane  strain  (VPS),  horizontal  plane  strain 
(HPS)  and  vertical  plane  strain  "perfect  sampling"  (VPS-UU) 
tests.  In  the  VPS  and  VPS-UU  tests  the  material  axis  coin¬ 
cided  with  the  axial  (vertical)  direction  of  the  plane 
strain  device.  In  the  HPS  tests  the  material  axis  coincided 
with  the  short  lateral  (horizontal)  direction  of  the  plane 
strain  device.  The  axial  and  the  short  lateral  directions 
are  the  two  directions  in  which  controlled  stresses  could 
be  applied  to  the  specimen,  the  trimmed  dimensions  of  which 
were: 

axial  dimension  (height)  2.80  IN 

long  lateral  dimension  (width)  2.80  IN 

short  lateral  dimension  (thickness)  1.10  IN 


Strain  was  prevented  in  the  long  lateral  direction  by  end 
plates.  The  principal  features  of  the  three  plane  strain 
tests  are  summarized  below: 
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TEST 

TYPE 

MATERIAL 

AXIS 

CONSOLIDATION 

*lc 

0 

c 

DEG 

FAILURE 

<7 

If 

DEG 

VPS 

axial 

axial 

0 

axial 

0 

HPS 

lateral 

lateral 

0 

axial 

90 

VPS-UU 

axial 

axial 

0 

axial 

0 

The  results  of  the  VPS  and  HPS  plane  strain  tests  are 
tabulated  in  Table  3.18  and  plotted  in  Figure  3.38.  The 
VPS  and  HPS  tests  were  called  "in-situ"  tests  by  Duncan 
and  Seed,  because  they  were  intended  to  simulate  stress 
conditions  at  the  head  and  toe,  respectively,  of  a  slope 
which  fails  under  undrained  conditions.  The  stress  path 
for  an  HPS  test  passed  through  an  isotropic  (q  ■  0)  point; 
the  stress  path  for  a  VPS  test  did  not.  In  a  VPS  test  the 
value  of  q  was  increased  continuously  to  failure.  For 
comparison  with  the  HPS  tests,  VPS-UU  tests  were  conducted, 
differing  from  VPS  tests  only  in  that  q  was  first  decreased 
from  qc  to  zero,  to  simulate  perfect  sampling,  then  increased 
to  failure.  The  VPS-UU  test  results  are  also  shown  in 
Table  3.18  and  Figure  3.38.  The  difference  between  the 
HPS  and  VPS-UU  test  results  is  apparently  due  to  character¬ 
istics  of  the  plane  strain  device,  as  well  as  the  angle  0 


at  failure.  The  authors  recognized  that  disagreement  between 

K  values  for  axial  and  laterial  consolidation  shed  doubt 
c 

on  the  assumption  that  strain  normal  to  the  material  axis 
was  completely  prevented  during  consolidation. 

Figure  3.38  yields  the  following  parameters: 


TEST 

SLOPE  OF  K 

SLOPE  o: 

TYPE 

LINE 

LINE 

V 

0.34 

0.62 

H 

0.41 

0.57 

When  interpreting  the  results  of  soil  shear  strength  tests, 
it  must  be  remembered  that  unless  the  material  is  proven 

0 

isotropic  with  respect  to  the  effective  stress  shear 
strength  parameters,  the  slope  of  the  Kf  line  is  not 
necessarily  equal  to  sin  $.  Failure  points  for  both  the 
VPS  and  VPS-UU  tests  (df  ■  0°)  appear  to  lie  on  the  same 
line  in  Figue  3.38,  while  failure  points  for  the  HPS  tests 
(0f  ■  90°)  lie  on  another.  Both  failure  lines  appear  to 
pass  through  the  orgin.  Although  Figure  3.38  does  not 
contain  enough  information  to  permit  the  determination  of 
*  for  any  value  of  a,  it  did  enable  Duncan  and  Seed  to 

{  i 
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conclude  that  anisotropy  with  respect  to  c  and  ♦  is  the 
least  important  of  the  three  causes  of  undrained  shear 
strength  anisotropy  for- Bay  Mud. 

The  results  of  27  unconsolidated  undrained  triaxial 
tests  on  undisturbed  samples  of  Bay  Mud,  trimmed  with  the 
angle  0  equal  to  0°,  45°,  60°  and  90°  are  tabulated  in 
Table  3.19  and  plotted  in  Figure  3.39.  This  data  permits 
a  direct  comparison  of  the  anisotropic  undrained  shear 
strength  characteristics  of  Bay  Mud  with  those  of  other 
soils. 

As  a  means  of  comparing  plane  strain  and  triaxial  test 
results,  three  types  of  consolidated  undrained  triaxial  tests 
were  conducted  on  undisturbed  Bay  Mud.  The  principal  features 
of  the  three  tests  are  summarized  below. 


TEST 

TYPE 

MATERIAL 

AXIS 

CONSOLIDATION 

5lo 

J8 

c 

DEG 

FAILURE 

5 

If 

sf 

DEG 

AC-U-1 

vertical 

vertical 

0 

vertical 

0 

AC-U-2 

radial 

radial 

0 

vertical 

90 

IC-U 

vertical 

isotropic 

0 

vertical 

0 
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In  test  AC-U-1  an  attempt  was  made  to  prevent  radial  strain 

during  consolidation,  in  test  AC-U-2  an  attempt  was  made 

to  prevent  axial  strain  during  consolidation.  Test  AC-U-2 

was  similar  in  some  respects  to  tests  designated  C(~")URC 

o 

by  LADD  AND  VARALLYAY  (1965)  /  except  that  the  material  axis 

was  vertical  in  the  C(~)URC  tests,  so  that  P  was  equal  to 

K  c 

o 

90°  and  equal  to  0°.  Ladd  and  Varallyay  did  not  report 
any  triaxial  tests  in  which  the  angle  was  equal  to  90°  and 
<r  was  equal  to  and  therefore  discussion  of  their 

results  is  contained  in  Chapter  6,  dealing  with  the  influence 
of  the  intermediate  principal  stress.  Data  from  the  con¬ 
solidated  undrained  triaxial  tests  are  tabulated  in  Table 
3.20  and  plotted  in  Figure  3.40.  All  failure  points  appear 
to  lie  on  the  same  straight  line,  but  the  data  are  too 
few  to  draw  firm  conclusions.  The  slope  of  the  line  is 
0.565,  less  than  the  slope  of  either  line  obtained  in 
the  plane  strain  "in-situ"  tests.  The  fact  that  consolidation 
conditions  for  the  IC-U  tests  were  not  ideally  isotropic  was 
caused  by  some  of  the  axial  load  being  resisted  by  filter 
paper  drains. 

The  principal  observation  made  by  Duncan  and  Seed  was 
that  undrained  shear  strength  anisotropy  in  both  the  over¬ 
consolidated  kaolinite  and  undisturbed  Bay  Mud  which  they 
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tested  was  due  mainly  to  anisotropy  with  respect  to  excess 
pore  pressure  development.  Both  soils  proved  to  be  ,j.y 
slightly  anisotropic  with  respect  to  the  effective  stress 
shear  strength  parameters. 

The  sinking  of  a  shaft  144  feet  deep  and  25  feet  in 
diameter  at  Ashford  Common,  Middlesex  by  the  London  Metro¬ 
politan  Water  Board  in  1961  afforded  Imperial  College  of 
the  University  of  London  and  the  British  Building  Research 
Station  a  rare  opportunity  for  an  extensive  study  of  the 
stress-strain  and  strength  properties  of  the  overconsolidated, 
fissured  London  clay;  BISHOP,  WEBB  AND  LEWIN  (1965);  WARD, 
MARSLAND  AND  SAMUELS  (1965).  Work  at  the  Building  Research 
Station  was  aimed  primarily  at  obtaining  a  correlation 
between  laboratory  and  IN-SITU  measurements  of  undrained 
shear  strength  and  deformation  characteristics,  and  at 
explaining  differences  between  field  and  laboratory  water 
content  measurements.  Work  at  Imperial  College  centered 
around  the  measurement  of  effective  stress  -  strain  relation¬ 
ships  . 

The  site  of  the  Ashford  Common  shaft  is  adjacent  to 
site  A  of  WARD,  SAMUELS  AND  BUTLER  (1959) .  Strength  data 
from  this  site  do  not  appear  in  Table  3.5a  because  the  value 


of  0  was  not  reported  by  Ward  et.  al.,  but  they  can  be 
found  in  the  original  paper.  For  a  geological  history  of 
the  London  Clay  in  the  Thames  Valley,  see  SKEMPTON  AND 
HENKEL  (1957) . 

Average  index  properties  of  the  London  Clay  at  the 
Ashford  Common  site  are 


Liquid  Limit 

Plastic  Limit 

Plasticity  Index 

Percent  by  Weight  of 
Particles  Finer  than 
2  Microns 

Activity 

Consolidation  Coefficient 
Compression  index 
Swelling  Index 


67% 

27% 

40% 

54% 

0.76 

1.0  x  io"4  cm2/sec 

0.13 

0.03 


Values  of  index  properties  at  each  of  six  levels  at  the 
Ashford  common  site,  as  well  as  at  Bradwell  and  Waterloo 
Bridge  appear  in  Tables  1  and  2  of  the  paper  by  Bishop 
et.  al.  The  average  water  content  at  Ashford  Common  is 
about  3  percent  below  the  plastic  limit. 
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Laboratory  triaxial  tests  were  performed  at  both 
Imperial  College  and  the  Building  Research  Station,  on 
cylindrical  specimens  1  1/2  inches  in  diameter  by  3  inches 
high,  trimmed  from  1  foot  cube  block  samples  with  the  angle 
P  equal  to  either  0  or  90  .  Unfortunately  lack  of  time 
prevented  testing  specimens  with  intermediate  values  of 
the  angle  P. 

Both  undrained  and  drained  specimens  exhibited  a  marked 
transition  from  brittle  to  plastic  stress  -  strain  behavior 
with  increase  in  the  value  of  the  minor  principal  effective 
stress  at  failure.  This  brittle  to  plastic  transition 
appears  to  be  characteristic  of  many  naturally  -  formed 
geologic  materials,  and  has  long  been  associated  with  rocks 
such  as  marble;  NADAI  (1950,  Vol.  I,  Ch.  17)  . 

Triaxial  test  data  for  vertical  (P  -  0°)  and  horizontal 
(P  -  90°)  samples  from  level  E  are  tabulated  in  Tables  3.21 
and  3.22  and  plotted  in  Figures  3.41  and  3.42.  Data  pertinent 
to  samples  taken  at  level  E  are 

depth  below  present  ground  level  114  Feet 

estimated  present  vertical  effective  56  PSI 

overburden  stress 

estimated  present  coefficient  of  2.1 

lateral  earth  pressure  at  rest 
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Figures  3.41(a)  and  3.41(b)  show  data  for  isotropically 
consolidated  undrained  and  drained  triaxial  compression 
tests  on  vertical  and  horizontal  samples,  respectively, 
in  which  the  average  of  the  major  and  minor  principal  effective 
stresses  at  failure  was  less  than  300  PSI.  At  these 
effective  stresses  the  shear  strength  envelope  shows  dis¬ 
tinct  curvature,  but  there  is  no  significant  difference 
between  the  results  of  undrained  and  drained  tests,  or  between 
the  results  of  tests  on  vertical  and  horizontal  samples. 

Figure  3.42  shows  all  test  data  for  samples  from  level  E 
for  which  the  average  of  the  major  and  minor  principal 
effective  stresses  at  failure  fell  between  300  and  1300  PSI. 
Again,  there  is  no  significant  difference  between  the  results 
for  vertical  and  horizontal  samples,  although  there  appears 
to  be  a  tendency  for  horizontal  samples  to  give  slightly 
higher  strengths.  The  maximum  past  vertical  effective 
stress  at  level  E  has  been  estimated  to  be  about  800  PSI, 
which,  assuming  the  value  of  Kq  for  normally  consolidated 
London  clay  at  that  depth  to  be  0.70,  yields  a  value  of 
Pr.hit  *  (800)  ( — 70  )  -  680  PSI.  If  the  strength  line 
in  Figure  3.42  has  been  drawn  correctly,  then  intact  London 
clay  does  not  exhibit  normally  consolidated  behavior  until 


the  average  of  the  maximum  and  minimum  principal  effective 
stresses  at  failure  exceeds  about  130%  of  the  value  which 
existed  when  the  clay  was  under  its  estimated  maximum  past 
vertical  effective  stress. 

If  one  interprets  Figure  3.42  as  indicating  the  shear 
strength  of  intact  London  clay  from  level  E  to  be  isotropic, 
in  terms  of  effective  stress,  then  the  value  of  $  for  the 
normally  consolidated  material  is  found  to  be  16°,  which 
agrees  with  the  result  obtained  by  SKEMPTON  (1964)  from 
direct  shear  tests  employing  very  large  displacements.  The 
above  data  represent  primarily  the  behavior  of  intact 
London  clay,  rather  than  that  of  large  masses  of  the 
fissured  clay  IN-SITU. 

It  would  be  convenient  for  stability  analyses  if  the 
variation  of  undrained  shear  strength  with  the  angle  P 
were  constant  throughout  a  soil  mass.  However,  data  from 
the  paper  by  Ward  et.  al.  show  that  such  is  not  the  case 
for  London  clay  at  Ashford  Common.  Table  3.23  contains 
values  of  index  properties  at  depths  below  ground  level  of 
30,  50,  66,  91,  114  and  138  feet,  and  these  values,  together 
with  the  undrained  shear  strengths  for  vertical  (V:  P ■  0°) , 
diagonal  (D:  P ■  45°)  and  horl  ontal  (H:  P -  90°)  specimens 


are  plotted  in  Figure  3.43.  There  does  not  appear  to  be  any 
strong  correlation  between  the  variation  of  an  index  property 
and  the  variation  of  the  directional  strengths.  The  directional 
strength  data  have  been  tabulated  in  Table  3.24  and  reploted 
in  Figures  3 .44  and  3.45. 

The  decision  as  to  whether  a  clay  exhibits  shear  strength 

anisotropy  involves  determining  whether  shear  strength  results 

for  two  different  value  of  the  angle  $  differ  to  a  degree 

which  is  statistically  significant.  The  decision  is  difficult 

to  make  on  a  completely  rational  basis,  because  rarely  do 

we  know  what  constitutes  normal  scatter  in  soil  shear  strength 

data.  The  answer  to  this  question  requires  more  samples  of 

good  quality  than  can  generally  be  afforded.  The  data 

presented  by  Ward  et.  al.  therefore  present  an  unusual 

opportunity  for  a  probabilistic  analysis,  which  has  been 

performed  in  Table  3.45  using  standard  methods;  MERKLE  (1959) . 

The  results  are  plotted  in  Figure  3.46.  The  key  assumption 

in  the  analysis  is  that  values  of  q  /q  from  each  of  the 

u  u, AVG 

six  levels  belong  to  the  sampe  population.  This  assumption 
is  certainly  open  to  question,  and  therefore  the  results  of 
the  analysis  should  be  interpreted  primarily  qualitatively. 

The  cumulative  distribution  curve  indicates  that  27%  of  the 
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test  results  fell  below  80%  of  the  mean,  and  19%  fell  above 


120%  of  the  mean.  In  other  words,  46%  of  the  test  results 
differed  from  the  mean  by  more  than  +20%.  Ward  et.  al. 
attributed  the  high  degree  of  scatter  in  their  results  to 


the  fissured  nature  of  the  clay. 

If  this  were  the  cause. 

one  might  expect  the 

coefficient 

of  variation  to  decrease 

with  depth,  due  to  the  increase 

in  spacing  of  fissures  with 

depth.  However,  this 

is  not  the 

case,  as  shown  below. 

LEVEL 

DEPTH 

VARIATION 

COEFFICIENT 

FT 

A 

30 

0.156 

B 

50 

0.264 

C 

66 

0.226 

D 

91 

0.214 

E 

114 

0.338 

F 

138 

0.241 

AVERAGE 

0.240 

It  was,  in  fact,  only  because  the  coefficient  of  variation 
shows  no  consistent  trend  with  depth  that  it  was  considered 
perhaps  justifiable  to  treat  the  data  from  all  six  depths 
as  belonging  to  the  same  population. 
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Ward  et.  al.  noted  almost  an  order  of  magnitude 
difference  between  the  secant  moduli  at  q  /2  of  standard 
open-drive  borehole  and  block  samples,  which  would  cause 
some  uncertainty  in  a  stress  path  settlement  estimate, 
depending  upon  the  sample  type.  Cored  samples,  however, 
give  results  close  to  those  of  block  samples. 

The  above  data  on  London  clay  have  been  summarized 
by  BISHOP  (1966) ,  BISHOP  AND  LITTLE  (1967) ,  and  SKEMPTON 
AND  HUTCHINSON  (1969),  together  with  a  few  additional  test 
results  obtained  by  AGARWAL  (1967)  which  are  consistent 
with  those  obtained  previously. 

D'APPOLONIA  (1968)  used  undrained  shear  strength  as  the 
criterion  for  change  of  element  elastic  properties  in  finite 
element  analyses  of  deformation  and  progressive  yield  of 
saturated  clay  masses.  The  undrained  shear  strength  was  ( 
specified  to  vary  with  the  angle  based  on  results  of 
unconsolidated  undrained  triaxial  tests  on  both  artificially 
resedimented  and  undisturbed  Boston  blue  clay.  Pore  water 
pressures  were  measured  in  all  65  test  specimens  prior  to 
shear,  but  in  only  9  specimens  during  shear.  The  stress 
history  of  the  UU  triaxial  samples  is  shown  in  Figtire  3.47, 
in  which  the  following  stages  are  identified: 
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1  -  one-dimensional  consolidation  to  the  maximum 

vertical  effective  stress  o 

vm 

2  -  one-dimensional  rebound  to  the  vertical  effective 

stress  crvc  • 

3  -  release  of  anisotropic  stresses  without  disturbance 

of  soil  structure  (perfect  sampling) ,  resulting 
in  the  isotropic  effective  stress  ff  . 

4  -  disturbance  of  the  soil  structure,  resulting  in  a 

decrease  in  capillary  pore  water  tension  and  con¬ 
sequent  decrease  in  isotropic  effective  stress 

to  a  . 
r 

5  -  increase  in  isotropic  effective  stress,  due  to 

application  of  confining  cell  pressure  required 

to  dissolve  entrapped  air  and  produce  a  saturated 

sample,  resulting  in  the  preshear  isotropic 

effective  stress  o  . 

s 

6  -  undrained  shear,  resulting  in  the  undrained  shear 

strength  q^. 

Two  overconsolidation  ratios  were  defined,  one  at  the  end  of 

one-dimensional  rebound,  equal  to  a  /o  -  (OCR)  ,  and 

rm  rc  c 

the  other  immediately  prior  to  undrained  shear,  equal  to 


125 


a  A r  -  (OCR)  .  The  latter  value  has  been  suggested  by 
vm  s  s 

LADD  AND  LAMBE  (1963)  as  a  means  of  accounting  for  the 
effect  of  sample  disturbance  on  the  results  of  laboratory 
shear  tests  The  artificially  resedimented  specimens  were 
trimmed  from  block  samples  10  inches  in  diameter  and  pre¬ 
sumably  about  4  inches  high,  with  values  of  the  angle  0  of 
0°,  30°,  45°,  60°  and  90°.  The  undisturbed  specimens  were 
trimmed  from  5  inch  diameter  thin-walled  tube  samples, 
with  values  of  the  angle  $  of  0°,  45°  and  90°.  Test 
specimens  were  1  41  inches  in  diameter  and  3  inches  high, 
and  although  frequently  referred  to  by  D'Appolonia  as 
unconfined  compression  specimens,  the  tests  were  not 
conducted  as  such  but  rather  as  unconsolidated  undrained 
triaxial  tests  with  positive  cell  pressure  to  insure  a  pore 
pressure  response  of  unity.  Data  for  the  artificially 
resedimented  samples  are  tabulated  in  Tables  3 <26,  3.27, 

3.28  and  3  29  and  plotted  in  Figures  3  48,  3.49,  350  and 
3.51.  Data  for  the  undisturbed  samples  are  tabulated  in 
Tables  3.30  and  3.31  and  plotted  in  Figures  3  52  and  3.53. 
The  Author  prefers  an  arithemtic  plot  over  a  semilogarithmic 
plot,  for  relating  undrained  shear  strength  to  preshear 
overconsolidation  ratio,  hence  the  form  of  Figures  3  48 
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and  3.52.  Figue  3.51  shows  that  the  artificially  resedimented 
Boston  blue  clay  was  essentially  isotropic  in  terms  of 
effective  stress,  so  that  any  undrained  shear  strength 
anisotropy  must  have  been  due  to  anisotropy  with  respect 
to  pore  pressure  response.  This  result  is  consistent  with 
earlier  results  obtained  by  Duncan  and  Seed  and  by  Bishop 
et.  al.,  and  again  underscores  Hvorslev's  early  advice 
concerning  the  necessity  of  obtaining  pore  pressure  measurements 
in  studies  of  undrained  shear  strength  anisotropy. 

SUMMARY 

The  purpose  of  this  chapter  has  been  to  examine  the  in¬ 
fluence  of  anisotropy  with  respect  to  the  effective  stress 
shear  strength  parameters  on  undrained  shear  strength 
anisotropy. 

The  most  important  points  which  have  been  brought  to 
light  are  the  following: 

1.  Despite  persistent  advice  from  Hvorslev  over  a  period 
of  some  20  years,  disappointingly  few  investigators 
have  obtained  pore  pressure  measurements  during  shear 
throughout  studies  of  undrained  shear  strength 
anisotropy,  and  thus  been  able  to  report  their 
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results  in  terns  of  effective  stress.  Thus, 
although  the  principal  intent  of  this  chapter 
was  to  examine  anisotropy  with  respect  to 
the  effective  stress  strength  parameters,  it 
was  not  possible  to  do  so,  for  two  reasons: 

a.  The  majority  of  investigators  have  not  re¬ 
ported  their  data  in  terms  of  effective 
stress. 

b.  None  of  the  data  which  have  been  reported  in 
terms  of  effective  stress  is  adequate  to  deter¬ 
mine  the  variation  of  effective  stress  shear 
strength  parameters  with  failure  plane 
orientation.  This  is  basically  because  no 
investigation  of  which  the  Author  is  aware 

has  yet  been  specifically  designed  to  do  so. 

An  investigation  designed  specifically  to  measure 
the  variation  of  effective  stress  shear  strength 
parameters  with  failure  plane  orientation  would 
materially  add  to  existing  knowledge  of  the  shear 
strength  behavior  of  clay.  An  approach  by  means 
of  which  this  might  be  accomplished  has  been 
suggested. 


3.  Every  investigator  who  has  measured  pore  pressure 
in  a  significant  number  of  tests  has  concluded 
that  anisotropy  with  respect  to  pore  pressure 
response  is  much  more  important  than  anisotropy 
with  respect  to  the  effective  stress  shear  strength 
parameters  in  producing  anisotropy  of  undrained 
shear  strength. 

4.  An  improved  understanding  of  the  fundamental 
relationship  between  a  general  set  of  applied  total 
stress  increments  and  the  resulting  excess  pore 
water  pressure  should  therefore  be  given  a  high, 

if  not  the  highest  priority  in  any  future  study 
of  the  shear  strength  behavior  of  saturated  clay. 

o 

5.  The  three-dimensional  failure  surface,  believed  to 
be  shown  in  Figure  3.11  for  the  first  time,  is 
essential  to  a  clear  understanding  of  undrained 
sher  r  strength  anisotropy.  It  will  be  demonstrated 

K 

in  Chapter  5  that  the  variation  of  undrained  shear 
strength  due  to  principal  stress  rotation  is  defined 
by  the  intersection  of  the  above  failure  surface 
with  a  pore  pressure  surface  which  will  be  described 
in  Chapter  4.  A  simple  graphical  technique  will  be 

U 
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explained  for  constructing  this  intersecting  curve, 
using  contours  of  both  surfaces. 

Additional,  more  technical  points  which  merit  emphasis 
are  as  follows. 

6.  The  predominant  role  played  by  pore  pressure 
reponse  in  undrained  shear  strength  anisotropy 
strengthens  the  effective  stress  strength  hypothesis. 
As  a  matter  of  interest,  there  is  no  necessary 
conflict  between  the  so-called  rheological  strength 
theories  and  effective  stress  strength  theories, 
because  it  is  quite  possible  to  incorporate 
effective  stress  considerations  into  a  general 
rheological  theory. 

7  The  assumption  that  the  horizontal  plane  is  the 

weakest  and  any  vertical  plane  the  strongest  leads 
to  the  conclusion  that  failure  will  never  occur 
on  a  vertical  plane  in  an  unconstrained  specimen. 

The  fact  that  no  investigator  has  reported  the 
occurrence  of  failure  on  a  vertical  plane,  even 
in  the  highly  overconsolidated  London  clay,  lends 
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support  to  the  above  assumed  distribution  of 
effective  stress  shear  strength  parameters  with 
failure  plane  orientation. 

Examination  of  the  more  than  30  plots  of  shear 
strength  variation  with  principal  stress  rotation 
in  this  chapter  shows  that  they  have  little  in 
common,  except  that  as  the  overconsolidation  ratio 
increases  the  ratio  of  the  strength  of  a  horizontal 
specimen  (8  -  90°)  to  that  of  a  vertical  specimen 
(8  ■  0°)  tends  to  increase.  This  appears  to  be 
mainly  a  pore  pressure  phenomenon.  Shear  strength 
is  generally  not  stationary  when  the  angle  8  is 
0°  or  90°,  and  the  use  of  an  ellipse  to  describe 
the  variation  of  shear  strength  with  principal 
stress  rotation  must  be  considered  more  a  mathematical 
expedient  than  an  accurate  representation  of  physical 
behavior.  A  generally  applicable  method  for  des¬ 
cribing  the  variation  of  shear  strength  with  the 
angle  8  would  be  by  a  finite  Fourier  series. 

When  the  effective  stress  shear  strength  parameters 
are  minimum  in  a  horizontal  plane,  the  shear 
strength,  expressed  in  terms  of  effective  stress, 


will  be  a  minimum  when  the  principal  stress  rotation 
is  such  as  to  cause  failure  to  occur  in  a  horizontal 
plane . 

10.  A  general  method  has  been  devised,  and  presented 
here  for  the  first  time,  for  predicting  directly 
the  shear  strength  and  failure  plane  orientation  in 
a  cross  anisotropic  soil  for  any  desired  orientation 
of  the  principal  stresses,  provided: 

a.  The  intermediate  principal  stress  axis  remains 
perpendicular  to  the  axis  of  cross-anistropic 
symmetry,  and 

b.  The  effective  stress  shear  strength  parameters 
increase  steadily  with  increase  in  the  angle 
between  the  normal  to  the  failure  plane  and  the 
axis  of  cross-anisotropic  symmetry.  The  method 
accommodates  any  arbitrary  variation  of 
effective  stress  shear  strength  parameters, 
both  cohesion  and/or  friction,  subject  only 

to  the  above  restrictions.  The  method  was 
developed  independently  by  the  Author,  and 
does  not  require  a  shear  strength  calculation 
for  any  principal  stress  orientation  other 
than  the  one  desired;  c.f.  BAKER  AND  KRIZEK 
(1970) . 
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14. 


Soils  and  artificial  graphite  appear  to  have  some 
similar  stress-strain  characteristics.  Both 
exhibit  cross-anisotropy,  and  both  undergo  appreciable 
plastic  volume  changes. 

A  concise  summary  has  been  presented  of  early 
theoretical  works  on  shear  strength  anisotropy  by 
Casagrande  and  Carrillo,  and  Hank  and  McCarty, 
and  the  analytical  results  of  both  have  been  shown 
to  be  included  in  more  recent  work  by  Jaeger.  The 
results  of  all  three  papers  have  been  simplified 
to  the  point  where  they  can  easily  be  used  for  hand 
or  machine  calculation.  Casagrande  and  Carrillo's 
assumptions  regarding  shear  strength  variation  have 
been  precisely  defined. 

Recent  work  in  the  field  of  geology,  not  discussed 
above,  has  shown  that  the  effective  stress  shear 
strength  parameters  may  vary  with  direction  in  any 
given  plane;  UFF  AND  NASH  (1967) . 

The  effect  of  kinematic  restraints  is  to  increase 
the  effective  stress  shear  strength  parameters  in 
certain  planes . 
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15.  There  is  no  reason  why  the  variation  of  undrained 
shear  strength  with  principal  stress  rotation, 
obtained  from  laboratory  unconsolidated  or  isotrop¬ 
ically  consolidated  undrained  triaxial  tests,  should 
be  a  good  representation  of  the  same  behavior  IN- 
SITU,  for  at  least  two  reasons: 

a.  Sample  disturbance  alters  the  pore  pressure 
response  characteristics  of  the  material. 

b.  The  influence  of  the  q  effect  is  not  reflected 

o 

in  any  unconsolidated  or  isotropically  con¬ 
solidated  test. 

16.  The  slope  and  intercept  of  a  plot  of  1/2  (or^  -  cr ^ ) 
VERSUS  1/2  (<r^  +  a3)  at  failure  are  not  sufficient, 
by  themselves,  to  calculate  the  effective  stress 
shear  strength  parameters,  c  and  $  ,  unless  the 
material  is  proven  to  possess  isotropic  shear 
strength  characteristics  in  terms  of  effective 
stress.  The  intercept  and  slope  of  such  a  plot, 
for  an  anisotropic  material,  are  sometimes  called 
apparent  effective  stress  shear  strength  parameters, 
to  indicate  that  they  are  not  associated  with  a 
single  failure  plane,  but  rather  with  a  single 
principal  stress  orientation. 
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If  one  takes  the  Axiomatic  Approach  and  assumes 
the  variation  of  effective  stress  shear  strength 
parameters  with  failure  plane  orientation,  the 
fact  that  the  parameters  defining  such  variation 
can  be  numerically  evaluated  from  test  data  does 
not  necessarily  verify  the  assumed  variation, 
unless  the  effective  stress  shear  strength  parameters 
have  been  measured  directly.  For  example,  fitting 
an  hyperbola  to  plotted  points  of  1/2  (o^  -  cr^ ) 

VERSUS  1/2  (cr^  +  cr^)  at  failure  may  enable  one  to 
calculate  the  parameters  defining  the  variation 
of  cohesion  assumed  by  Jaeger.  However,  this  does 
not,  by  itself,  verify  that  the  material  actually 
obeys  Jaeger's  hypothesis.  On  the  other  hand  it 
may  still  enable  one  to  make  extremely  useful 
predictions,  in  the  same  manner  as  one  might  make 
useful  predictions  of  the  load-deformation  behavior 
of  a  nonlinear  soil  mass  by  using  linear  elastic 
equations  and  a  carefully  chosen  secant  modulus, 
appropriate  to  a  particular  range  of  loading;  see, 


e.g.  D'APPOLONIA  (1968). 


TABLE  3.1 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION 


TESTS 

ON  VIENNA 

AND 

LITTLE  BELT 

CLAYS 

CLAY 

3 

f) 

O! 

2q/°e 

R 

u 

DEG 

DEG 

DEG 

Vienna  IX 

0 

(51) 

51 

0.48 

1.00 

II 

45 

53 

8 

0.44 

0.92 

it 

90 

54 

-36 

0.42 

0.88 

Little  Belt  III 

0 

(47) 

47 

0.38 

0.83 

il 

45 

50 

5 

0.41 

0.89 

li 

90 

(48) 

-42 

0.46 

1.00 

Values  in  parentheses  could  not  be  determined  accurately; 
HVORSLEV  (1938,  E-14) . 

rr^  is  the  equivalent  vertical  consolidation  stress,  as 

defined  by  Hvorslev,  corresponding  to  the  water  content  at 
failure . 

Data  from  HVORSLEV  (1960) . 
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TABLE  3.2(a) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION 
AND  SWEDISH  CONE  TESTS  ON  VARVED  CLAY  FROM  SURTE,  SWEDEN 


SAMPLE 

NUMBER 

UNIT 

WEIGHT 

t/m2 

0 

DEG 

SHEAR 

UNC.  COMP. 

KG/CM2 

STRENGTH* 

CONE 

KG/CM2 

2649** 

1.60 

0 

0.164 

0.145 

2443 

1.63 

0 

0.223 

0.305 

2303 

1.63 

0 

0.211 

0.255 

3433 

1.62 

0 

0.244 

0.345 

980 

1.63 

0 

0.219 

0.310 

3777** 

1.63 

0 

0.164 

0.335*** 

3275 

1.63 

0 

0.234 

0.385 

2924 

1.61 

45 

0.220 

0.320 

1978 

1.64 

45 

0.194 

0.295 

19 

1.61 

45 

0.194 

0.255 

2480 

1.63 

45 

- 

0.320 

974 

1.63 

45 

0.179 

0.280 

259 

1.65 

45 

0.165 

0.335 

1123 

1.64 

45 

0.164 

0.375 

3472 

1.61 

90 

0.225 

0.310 

1863 

1.64 

90 

0.208 

0.280 

3463 

1.62 

90 

0.228 

0.325 

1755 

1.68 

90 

0.224 

0.335 
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TABLE  3.2(a) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION 
AND  SWEDISH  CONE  TESTS  ON  VARVED  CLAY  FROM  SURTE,  SWEDEN 


SAMPLE 

UNIT 

0 

SHEAR 

STRENGTH* 

NUMBER 

WEIGHT 

UNC.  COMP. 

CONE 

T/M2 

DEG 

KG/CM2 

KG/CM 

2788 

1.66 

90 

0.200 

0.310 

1028 

1.64 

90 

0.196 

0.345 

1447 

1.67 

90 

0.196 

0.395 

Data  from  JAKOBSON  (1952)  . 

*  shear  strength  -  *5<<rlf  -  <*3f)  =  qf 
**  excluded  in  calculating  average  shear  strength 
***  disturbed 


{ 
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TABLE  3.2(b) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION 
AND  SWEDISH  CONE  TESTS  ON  VARVED  CLAY  FROM  SURTE,  SWEDEN 


J8 

TEST 

V 

KG/CM2 

R 

u 

MEAN 

STD.  DEV. 

0 

UNC.COMP. 

0.226 

0.012 

1.00 

45 

tl 

0.186 

0.019 

0.82 

90 

II 

0.211 

0.013 

0.93 

0 

CONE 

0.320 

0.043 

0.97 

45 

It 

0.311 

0.036 

0.95 

90 

II 

0.329 

0.033 

1.00 

Data  from  JAKOBSON  (1952) 


TABLE  3.3 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION 
TESTS  ON  HOMOGENEOUS  POST  GLACIAL  CLAY  FROM  SALA,  SWEDEN 


8  - 

0° 

8  * 

o 

in 

0  - 

90° 

SAMPLE 

NUMBER 

SHEAR 

STRENGTH 

KG/CM2 

SAMPLE 

NUMBER 

SHEAR 

STRENGTH 

KG  /CM2 

SAMPLE 

NUMBER 

SHEAR 

STRENGTH 

KG/CM2 

5515 

0.259 

4343 

0.256 

5512 

0.218 

5542 

0.225 

5544 

0.221 

5528 

0.255 

5556 

0.183 

5561 

0.207 

5529 

0.227 

5557 

0.218 

5574 

0.245 

5530 

0.209 

5572 

0.184 

5575 

0.249 

5531 

0.265 

5759* 

0.187 

5629 

0.273 

5532 

0.225 

5676 

0.229 

5630 

0.261 

5533 

0.191 

5689 

0.251 

5675 

0.260 

5546 

0.240 

5690 

0.202 

5677 

0.263 

5560 

0.262 

5792* 

0.294 

5691 

0.242 

5661 

0.267 

5704 

0.208 

5721 

0.166 

5719 

0.243 

5543* 

0.301 

♦These  numbers  may  be  misprints  in  the  original  paper,  since 
the  remaining  sample  numbers  appear  in  ascending  numerical 
order. 
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Continued  TABLE  3 . 3 

ANISOTROPIC  STRENGTH  DATA  PROM  UNCONFINED  COMPRESSION 
TESTS  ON  HOMOGENEOUS  POST  GLACIAL  CLAY  FROM  SALA,  SWEDEN 

0  qf ,  KG/CM2  Ru 


MEAN 

STD.  DEV. 

0 

0.224 

0.033 

0.92 

45 

0.245* 

0.034 

1.00 

90 

0.236 

0.025 

0.96 

*shown  as  0.254  in  the  original  paper 


Data  from  JAKOBSON  (1955) 


TABLE  3.4 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED 
TESTS  ON  VARVED  CLAY  FROM  STEEP  ROCK  LAKE 


COMPRESSION 
,  ONTARIO 


SAMPLE  0  2  Sf 

DEG  PS I 


R 


u 


2-62  0 
10 
20 
30 
40 
45 
50 
60 
70 
80 
90 

2-68  0 
10 
20 
30 
40 
45 
50 
60 
70 
80 
90 


19.0 

0.85 

18.0 

0.80 

16.7 

0.75 

14.7 

0.66 

11.0 

0.49 

9.6 

0.43 

9.5 

0.42 

10.0 

0.45 

16.2 

0.72 

20.7 

0.92 

22.4 

1.00 

12.3 

1.00 

12.0 

0.98 

11.8 

0.96 

11.7 

0.95 

11.6 

0.94 

11.3 

0.92 

10.6 

0.86 

9.1 

0.74 

00 

• 

i-* 

0.66 

7.3 

0.59 

6.8 

0.55 

Data  from  EDEN  (1955) 
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TABLE  3.5(a) 

ANISOTROPIC  STRENGTH  DATA  FROM  UNCONSOLIDATED  UNDRAINED  TRIAXIAL  TESTS  ON 


r^aoO'OHO'CMO'CNio'too 

vo  in  vo 


h  in  h  r*  o  h  o  in  «  «  ®  cm  *o 

COCMCnHCMrOCMCMCMTj-CM'tCM 


^  O  O'  GO  O  00  O 

r»  o  p*  p»  o  t"  o 

•  ••••*• 
O  H  O  O  H  O  H 


in  t-~ 
O'  00 


CM  O 

p*  o 

t  • 

O  H 


a  in 

QfflO 


02 

75 

76 

70 

.34 

.18 

.38 

.16 

66’ 

91* 

00 

• 

.54 

.54 

• 

in 

• 

vO 

• 

in 

in 

't 

in 

ro 

M 

CM 

CM 

CM 

CO 

QOOOOOO  in  in  o  o  o  o 

SSSSinminr-^inininin 


C0  O'  ^  00  H 


o  co  oo  id  O'  <t 


ooooooooooooo 
VO  CD  0^  CD  & 
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TABLE  3.5(b) 

*  ANISOTROPIC  STRENGTH  DATA  FROM  UNCONSOLIDATED  UNDRAINED 

TRIAXIAL  TESTS  ON  OVERCONSOLIDATED  LONDON  CLAY 


$ 

<Ru>‘avg 

DEG 

0 

0.78 

60 

0.78 

90 

1.00 

♦Sites  G  and  P  excluded 

Data  from  WARD,  SAMUELS  AND  BUTLER  (1959) 
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TABLE  3.6 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION  TESTS 

ON  SLATE 


0 

R 

0 

6 

« 

DEG 

DEG 

DEG 

DEG 

0 

1.029 

0 

61.0 

61.0 

0 

0.971 

0 

63.0 

63.0 

15 

0.741 

15 

61.0 

46.0 

15 

0.659 

15 

61.5 

46.5 

30 

0.535 

30 

56.0 

26.0 

30 

0.499 

30 

62.0 

32.0 

40 

0.430 

40 

61.5 

21.5 

40 

0.351 

40 

69.0 

29.0 

45 

0.385 

45 

60.5 

15.5 

45 

0.370 

45 

64.0 

19.0 

50 

0.342 

50 

61.0 

11.0 

50 

0.288 

50 

62.5 

12.5 

60 

0.242 

60 

69.0 

9.0 

60 

0.197 

Data  from  JAEGER  (1960) 
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TABLE  3.7(a) 


ANISOTROPIC  STRENGTH  DATA  FROM  TRIAXIAL  COMPRESSION  TESTS 

ON  MARTINSBURG  SLATE 


0 

6avg 

“avg 

p.*(2) 

* 

o 

*- 

DEG 

DEG 

DEG 

BARS 

0 

60 

60 

0.622 

630 

15 

40 

25 

0.538 

420 

30 

43 

13 

0.530 

240 

45 

49 

4 

0.512 

120 

60 

60 

0 

0.534 

40 

75(1) 

75 

0 

0.445 

150 

90(1) 

90 

0 

0.820 

300 

^ These  data  are  of  questionable  reliability,  owing  to  the 
possible  restraining  effect  of  the  test  device. 

(2) 

The  parameters  (jl*  and  r*  are  the  slope  and  intercept  of 

the  Mohr  envelope.  They  are  not  necessarily  equal  to  the 
Mohr  -  Coulomb  shear  strength  parameters. 

(3)  ? 

1  bar  equals  14.5  PSI  or  1.02  KG/CM 


Data  from  DONATH  (1961) 


TABLE  3.7(b) 


ANISOTROPIC  STRENGTH  DATA  FROM  TRIAXIAL  COMPRESSION  TESTS 

ON  MARTINSBURG  SLATE 


KBARS  DEG 

KBARS 

1.0  0 

0.98 

1.00 

15 

0.80 

0.82 

30 

0.64 

0.65 

45 

0.51 

0.52 

60 

0.41 

0.42 

75 

0.56 

0.57 

90 

0.87 

0.89 

2.0  0 

1.62 

1.00 

15 

1.38 

0.85 

30 

1.07 

0.66 

45 

0.88 

0.54 

60 

0.77 

0.48 

75 

0.97 

0.60 

90 

1.50 

0.93 

3.0  0 

2.22 

1.00 

15 

1.86 

0.84 

30 

1.43 

0.64 

45 

1.14 

0.51 

60 

1.05 

0.47 

75 

1.32 

0.59 

90 

2.08 

0.94 

from  DONATH  (1964) 
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TABLE  3.8(a) 

STRESS  SYSTEM  PARAMETERS  AT  FAILURE  IN  CIU  HOLLOW  CYLINDER 
TESTS  ON  COMMERCIAL  KAOLINITE 


TEST 

SERIES 


I 


II 


TEST 

NUMBER 

TEST 

LETTER 

N 

0 

DEG 

1 

A,  B,  C 

0.500 

0 

2 

A 

0.500 

19.0 

B 

0.500 

23.0 

C 

0.500 

17.0 

3 

A 

0.500 

30.0 

B 

0.500 

32.5 

C 

0.500 

29.5 

4 

A,B,C 

0.500 

45 

5 

A 

0.500 

61.0 

B 

0.500 

57.0 

C 

0.500 

61.0 

6 

A 

0.500 

70.0 

B 

0.500 

71.0 

C 

0.500 

73.0 

7 

A,  B,  C 

0.500 

90 

21 

A,B,C 

0 

0 

22 

A 

0.254 

0 

B 

0.210 

0 

C 

0.250 

0 

24 

A 

0.730 

90 

B 

0.735 

90 

C 

0.680 

90 

25 

A,B,C 

1 

90 

i 


} 
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TABLE  3.8(a) 


STRESS  SYSTEM  PARAMETERS  AT  FAILURE  IN  CIU  HOLLOW  CYLINDER 
TESTS  ON  COMMERCIAL  KAOLINITE 


TEST 

TEST 

TEST 

N 

0 

SERIES 

NUMBER 

LETTER 

DEG 

III 

32 

A 

0.240 

29.0 

B 

0.190 

17.0 

C 

0.153 

23.0 

34 

A 

0.833 

70.0 

B 

0.725 

58.0 

C 

0.900 

74.0 

Total  number 

of  tests: 

39 

Data  from  CASBARIAN  (1964) 
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TABLE  3.8(b) 


ANISOTROPIC 

STRENGTH 

ON 

DATA  FROM 
COMMERCIAL 

CIU  HOLLOW 
KAOLINITE 

CYLINER 

a 

c 

TEST 

8 

Pf 

qf 

PSI 

DEG 

PSI 

PSI 

7.0 

A  ( 1) 

0.0 

5.30 

4.10 

A(2) 

19.0 

5.50 

3.95 

A(3) 

30.0 

5.00 

3.25 

A  (4) 

45.0 

4.94 

3.10 

A(5) 

61.0 

4.80 

3.40 

A  (6) 

70.0 

4.25 

4.25 

A  (7) 

90.0 

5.00 

3.90 

25.0 

B  (1) 

0.0 

18.20 

12.80 

B  (2) 

23.0 

18.10 

11.50 

B(3) 

32.5 

18.30 

9.50 

B  (4) 

45.0 

16.40 

10.00 

B  (5 ) 

57.0 

17.20 

9.60 

B  (6) 

71.0 

16.90 

10.15 

B  (7) 

90.0 

17.50 

12.00 

70.0 

C(l) 

0.0 

50.00 

31.00 

C  (2) 

17.0 

48.40 

27.30 

C  (3) 

29.5 

46.50 

24.00 

C  (4) 

45.0 

44.80 

20.50 

C  (5) 

61.0 

44.30 

23.10 

C  (6) 

73.0 

44.60 

26.40 

C  ( 7) 

90.0 

48.00 

30.70 

Data  from  CASBARIAN  (1964) 


TABLE  3.8(c) 


ANISOTROPIC  STRENGTH  DATA  FROM  CIU  HOLLOW  CYLINDER  TESTS 

ON  COMMERCIAL  KAOLINITE 


Pf 

0 

5f 

R 

P 

PS  I 

DEG 

PSI 

10 

0 

8.4 

1.00 

20 

6.8 

0.81 

30 

6.3 

0.75 

45 

6.3 

0.75 

60 

6.3 

0.75 

70 

6.8 

0.81 

90 

8.4 

1.00 

20 

0 

14.0 

1.00 

20 

12.7 

0.91 

30 

11.6 

0.83 

45 

11.3 

0.81 

60 

11.6 

0.83 

70 

12.7 

0.91 

90 

14.0 

1.00 

30 

0 

20.0 

1.00 

20 

18.3 

0.92 

30 

16.4 

0.82 

45 

15.4 

0.77 

60 

16.4 

0.82 

70 

18.3 

0.92 

90 

20.0 

1.00 
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TABLE  3.8(c) 


ANISOTROPIC  STRENGTH  DATA  FROM  CIU  HOLLOW  CYLINER  TESTS 

ON  COMMERCIAL  KAOLINITE 


•O  1 

B 

5f 

R 

P 

PSI 

DEG 

PSI 

40 

0 

25.8 

1.00 

20 

23.7 

0.92 

30 

20.7 

0.80 

45 

19.0 

0.74 

60 

20.7 

0.80 

70 

23.7 

0.92 

90 

25.8 

1.00 

50 

0 

31.5 

1.00 

20 

29.0 

0.92 

30 

24.9 

0.79 

45 

22.1 

0.70 

60 

24.9 

0.79 

70 

29.0 

0.92 

90 

31.5 

1.00 

Data  from  CASBARIAN  (1964) 


TABLE  3.9(a) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION 
TESTS  ON  HOMOGENEOUS  CLAY  FROM  WELLAND, 

ONTARIO 


BLOCK 


D 


0 

qf 

BLOCK 

0 

qf 

DEG 

PSF 

DEG 

PSF 

0 

1300 

D 

60 

1050 

1390 

1090 

1530 

1120 

1570 

1170 

1650 

1230 

15 

1380 

1280 

1410 

75 

1010 

30 

1040 

1060 

1230 

90 

1010 

1300 

1110 

1390 

1150 

1420 

1220 

1470 

1300 

1540 

45  1110 

1160 
1220 
1250 
1290 
1370 
1450 
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TABLE  3.9(a) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION 
TESTS  ON  HOMOGENEOUS  CLAY  FROM  WELLAND, 

ONTARIO 


BLOCK  0  qf 


DEG 

PSF 

0 

1595 

1840 

15 

1665 

1870 

30 

1655 

45 

1455 

1605 

60 

1370 

75 

1350 

1405 

90 

1350 

1380 

Data  from  LO (1965a)  and  LO  and  MILLIGAN (1967) 


TABLE  3.9(b) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION 
TESTS  ON  HOMOGENEOUS  CLAY  FROM  WELLAND, 

ONTARIO 


BLOCK 

fi 

qf,AVG 

R 

u 

DEG 

PSF 

D 

0 

1488 

1.00 

15 

1395 

0.94 

30 

1341 

0.90 

45 

1264 

0.85 

60 

1156 

0.78 

75 

1035 

0.69 

90 

1158 

0.78 

H 

0 

1718 

0.97 

15 

1768 

1.00 

30 

1655 

0.94 

45 

1530 

0.87 

60 

1370 

0.78 

75 

1378 

0.78 

90 

1365 

0.77 

Data  from  LO(1965a)  and  LO  and  MILLIGAN ( 1967) . 


156 


TABLE  3.9(c) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION  TESTS 
ON  HOMOGENEOUS  CLAY  FROM  WELLAND,  ONTARIO 


0 

0! 

DEG 

DEG 

DEG 

0 

53 

53 

55 

55 

60 

60 

15 

60 

45 

30 

58 

28 

45 

54 

9 

60 

15 

60 

53 

-  7 

75 

56 

-19 

61 

-14 

90 

55 

-35 

55 

-35 

56 

-34 

58 

-32 

0 

51 

51 

64 

64 

15 

57 

42 

30 

59 

29 

45 

48 

3 

53 

8 

60 

51 

-  9 

58 

-  2 
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TABLE  3.9(c) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION  TESTS 
ON  HOMOGENEOUS  CLAY  FROM  WELLAND,  ONTARIO 


BLOCK 

8 

6 

a 

DEG 

DEG 

DEG 

H 

75 

51 

-24 

58 

-17 

90 

62 

-28 

68 

-22 

Data  from  LO  (1965a) 


TABLE  3.10(a) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION  TESTS 
ON  STRATIFIED  CLAY  FROM  WELLAND,  ONTARIO 

BLOCK  0  qf  BLOCK  0  qf 


DEG 

PSF 

DEG 

PSF 

0 

830 

60 

420 

890 

510 

920 

680 

950 

90 

780 

1000 

820 

1040 

910 

1080 

960 

30 

550 

1070 

710 

1130 

750 

45 

460 

500 

580 

630 

670 

800 


Continued 


TABLE  3.10(a) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION  TESTS 
ON  STRATIFIED  CLAY  FROM  WELLAND,  ONTARIO 


BLOCK  fi  qf  BLOCK  0  qf 


DEG 

PSF 

DEG 

PSF 

0 

1110 

60 

820 

1190 

890 

1320 

1110 

1420 

1310 

1570 

1360 

30 

710 

90 

1260 

1020 

1300 

1080 

1440 

1120 

1570 

1200 

1610 

1310 
45  850 

890 
980 
1030 
1110 


Data  from  LO  AND  MILLIGAN  (1967) 

/  V 
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TABLE  3.10(b) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION  TESTS 
ON  STRATIFIED  CLAY  FROM  WELLAND,  ONTARIO 


BLOCK 

0 

qf'  AVS 

R 

u 

DEG 

PSF 

F 

0 

959 

1.00 

30 

670 

0.70 

45 

607 

0.63 

60 

537 

0.56 

90 

946 

0.99 

K 

0 

1322 

0.92 

30 

1073 

0.75 

45 

972 

0.68 

60 

1098 

0.76 

90 

1436 

1.00 

Data  from  LO  AND  MILLIGAN  (1967) 


TABLE  3.10(c) 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED  COMPRESSION  TESTS 
ON  STRATIFIED  CLAY  FROM  WELLAND,  ONTARIO 


p 

NO.  TESTS 

6avg 

®AVG 

DEG 

DEG 

DEG 

0 

13 

55 

55 

30 

4 

55 

25 

30 

4 

30 

0 

45 

13 

46 

3,. 

60 

9 

58 

-2 

90 

11 

57 

-33 

Data  from  LO  AND  MILLIGAN  (1967) 
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TABLE  3.11 


DIMENSIONLESS  ANISOTROPIC  STRENGTH  DATA  FROM  UNCONFINED 
COMPRESSION  TESTS  ON  HOMOGENEOUS  CLAY  FROM  WELLAND, 

ONTARIO 


BLOCK 


R 

u 

0,  DEG 


0 

15 

30 

45 

60 

75 

90 

A 

1.00 

0.97 

0.91 

0.87 

0.85 

0.79 

B 

1.00 

0.82 

0.78 

0.73 

0.64 

C 

1.00 

0.98 

0.87 

0.82 

0.77 

0.76 

0.74 

D 

1.00 

0.95 

0.90 

0.85 

0.81 

0.78 

0.75 

E 

1.00 

0.88 

0.85 

0.83 

0.78 

G 

1.00 

0.86 

0.81 

0.78 

0.74 

H 

1.00 

1,00 

0.92 

0.87 

0.84 

0.82 

0.80 

I 

1.00 

0.94 

0.95 

0.86 

0.83 

0.81 

0.78 

avg. 

1.00 

0.97 

0.89 

0.84 

0.81 

0.79 

0.75 

theo. 

1.00 

0.98 

0.94 

0.88 

0.81 

0.77 

0.75 

Data  from  LO  (1965a) 


TABLE  3.12 


ANISOTROPIC  STRENGTH  DATA  FROM  CIU  TRIAXIAL  TESTS  ON  HOMO- 


GENEOUS 

CLAY  FROM 

WELLAND, 

ONTARIO 

q. 

PSI 

€ 

An 

DEG 

PERCENT 

PSI 

0 

30 

45 

90 

0.2 

1.50 

7.25 

5.25 

4.50 

4.00 

0.4 

3.00 

10.75 

9.00 

7.00 

6.00 

0.6 

4.30 

13.00 

11.25 

8.75 

7.25 

0.8 

5.60. 

14.50 

13.00 

10.00 

8.00 

1.0 

6.80 

15.50 

14.00 

10.75 

8.50 

1.2 

7.60 

16.00 

14.50 

11.25 

9.00 

1.4 

8.30 

16.50 

15.00 

11.75 

9.25 

1.6 

9.00 

15.25 

12.00 

9.40 

1.8 

9.60 

12.25 

9.50 

2.0 

10.10 

12.50 

9.55 

2.2 

10.60 

12.65 

9.60 

2.4 

11.0' 

12.70 

9.65 

2.6 

11.40 

12.75 

9.70 

2.8 

11.80 

12.80 

9.75 

3.0 

12.20 

9.80 

3.2 

12.50 

9.85 

3.4 

12.80 

9.90 

3.6 

13.10 

9.95 

3.8 

13.30 

10.00 

4.0 

13.50 

10.05 

cr 3  -  30  PSI 

Data  from  LO  (1966) 
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TABLE  3.13 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  HOMOGENEOUS  SARNIA  GLACIAL  LAKE  CLAY 


BLOCK 

0 

qf,  AVG 

R 

u 

DEG 

PSF 

1 

0 

1498 

1.00 

90 

1300 

0.87 

2 

0 

1284 

1.00 

45 

1283 

1.00 

90 

1118 

0.87 

Data  from  HANNA  (1967) 
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TABLE  3.14 


ANISOTROPIC  STRENGTH  DATA  FROM  TRIAXIAL  TESTS  ON  A  FINNISH 

VARVED  GLACIAL  CLAY 


0 

qf 

R 

u 

DEG 

KG/CM2 

0 

0.232 

0.83 

22.5 

0.280 

1.00 

45.0 

0.160 

0.57 

67.5 

0.177 

0.63 

90.0 

0.220 

0.79 

Data  from  SOVERI  AND  HYYPPA(1967) 


TABLE  3.15 


ANISOTROPIC  STRENGTH  DATA  PROM  CONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  HOMOGENEOUS  INDIA  BLACK  COTTON  CLAY 


0 

qf 

R 

u 

DEG 

PSI 

0 

12.6 

0.80 

45 

12  <5 

0.80 

50 

12.5 

0.80 

90 

15.7 

1.00 

Data  from  MATTHAI  (1967) 


TABLE  3.16 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  ASP-900  KAOLINITE 


(3 

2 

0 

2  qf,  AVG 

R 

u 

DEG 

KG/CM2 

DEG 

KG/CM2 

0 

2.97 

0 

2.89 

1.00 

0 

2.80 

45 

2.14 

0.74 

45 

2.30 

90 

2.50 

0.89 

45 

1.98 

90 

2.55 

90 

2.45 

Cell  pressure  -  1.0  KG/CM2 
Data  from  DUNCAN  AND  SEED  (1965) 
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TABLE  3.17 

ANISOTROPIC  STRENGTH  DATA  FROM  CONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  ASP-900  KAOLINITE 


0 

Po 

OCR 

5f 

qf 

VPo 

qf/p 

DEG 

kg/cm2 

2 

KG/CM 

KG/CM2 

0 

0.50 

18 

2.23 

1.08 

4.46 

2.16 

0 

0.75 

12 

2.81 

1.34 

3.75 

1.79 

0 

1.00 

9 

2.71 

1.28 

2.71 

1.28 

0 

1.50 

6 

3.02 

1.35 

2.02 

0.90 

0 

3.00 

3 

4.05 

1.84 

1.35 

0.61 

90 

0.50 

18 

1.80 

0.85 

3.60 

1.70 

90 

0.75 

12 

2.24 

1.16 

2.98 

1.55 

90 

1.00 

9 

2.05 

1.03 

2.05 

1.03 

90 

1.50 

6 

2.44 

1.22 

1.63 

0.81 

90 

3.00 

3 

3.51 

1.61 

1.17 

0.54 

Data  from 

DUNCAN 

AND  SEED 

(1965) 

NOTE:  Data  have  not  been  corrected  for  loads  carried  by 
filter  paper  drains  and  rubber  membranes  or  for 
piston  friction.  Data  plotted  in  Figure  3.37  are 
also  uncorrected. 
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TABLE  3.18 


ANISOTROPIC  STRENGTH  DATA  FROM  UNDRAINED  PLANE  STRAIN 
TESTS  ON  SAN  FRANCISCO  BAY  MUD  FROM  HAMILTON  AIR 

FORCE  BASE 


TEST 

sf 

PC 

qc 

Pf 

qf 

PS 

DEG 

KG/CM2 

KG/CM2 

KG/CM2 

KG/CM2 

KG/CM 

VPS -3 

0 

2.74 

0.93 

2.26 

1.35 

VPS -4 

0 

0.50 

0.14 

0.41 

0.26 

VPS-5 

0 

1.04 

0.34 

0.83 

0.52 

VPS -6 

0 

1.60 

0.54 

1.28 

0.79 

VPS -8 

0 

2.17 

0.73 

1.71 

1.06 

VPS-9 

0 

2.74 

0.98 

2.28 

1.38 

HPS-4 

90 

1.15 

0.46 

0.72 

0.41 

0.96 

HPS-5 

90 

2.18 

0.98 

1.46 

0.83 

1.76 

HPS-6 

90 

0.58 

0.24 

0.41 

0.21 

0.58 

HPS-7 

90 

1.70 

0.70 

1.08 

0.64 

1.34 

HPS-9 

90 

2.72 

1.26 

1.93 

1.12 

2.31 

HPS-11 

90 

2.83 

1.17 

1.92 

1.12 

2.33 

HPS-12 

90 

2.35 

0.83 

1.55 

0.89 

1.87 

VPS-UU-1 

0 

0.53 

0.14 

0.45 

0.26 

0.50 

VPS-UU-2 

0 

2.84 

0.86 

2.17 

1.33 

2.48 

VPS-UU-3 

0 

1.74 

0.56 

1.27 

0.78 

1.54 

VPS-UU-4 

0 

2.74 

1.13 

2.31 

1.42 

2.31 

Data  from 

DUNCAN 

AND  SEED 

(1965) 
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TABLE  3.19 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  UNDISTURBED  SAMPLES  OF  SAN  FRANCISCO 
BAY  MUD  FROM  HAMILTON  AIR 'FORCE  BASE 


0 

NO.  TESTS 

2  qf , MIN 

2  qf,AVG 

2  a 

4f,MAX 

R 

u 

DEG 

KG/CM2 

KG/CM2 

KG/CM2 

0 

3 

0.361 

0.370 

0.400 

1.00 

45 

8 

0.288 

0.320 

0.333 

0.86 

60 

7 

0.279 

0.292 

0.311 

0.79 

90 

9 

0.291 

0.300 

0.305 

0.81 

(J3  -  1.0  KG/CM2 

Data  from  DUNCAN  AND  SEED  (1965) 
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TABLE  3.20 


ANISOTROPIC  STRENGTH  DATA  FROM  CONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  UNDISTURBED  SAMPLES  OF  SAN  FRANCISCO 
BAY  MUD  FROM  HAMILTON  AIR  FORCE  BASE 


TEST 

PC 

DEG 

KG/CM 

AC-U-.l 

0 

2.50 

AC-U-2 

90 

2.62 

IC-U-1 

0 

0.94 

IC-U-2 

0 

2.40 

IC-U-3 

0 

3.90 

% 

Pf 

KG/CM2 

KG/CM2 

KG/CM ' 

0 , 66 

1.81 

1.02 

0.56 

1.64 

0.93 

0.06 

0.56 

0.33 

0.08 

1.44 

0.81 

0.08 

2.33 

1.32 

Data  from  DUNCAN  AND  SEED  (1965) 


TABLE  3.21 


ANISOTROPIC  STRENGTH  DATA  FROM  CONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  UNDISTURBED  LONDON  CLAY 


pc 

Pf 

qf 

PSI 

PSI 

PSI 

5 

26 

23 

15 

41 

33 

40 

54 

41 

60 

69 

49 

80 

84 

58 

110 

113 

71 

145 

155 

83 

260 

295 

138 

370 

385 

157 

860 

745 

233 

5 

29 

24 

15 

44 

32 

30 

71 

46 

45 

93 

58 

70 

122 

71 

80 

146 

81 

110 

166 

92 

145 

216 

113 

260 

378 

168 

370 

460 

193 

370 

470 

195 

860 

720 

253 

Data  from  BISHOP, 


WEBB  AND  LEWIN ( 1965 ) 


TABLE  3.22 


ANISOTROPIC  STRENGTH  DATA  FROM  CONSOLIDATED  DRAINED 
TRIAXIAL  TESTS  ON  UNDISTURBED  LONDON  CLAY 


Pf 

qf 

fi  P 

f 

qf 

PS  I 

PSI 

DEG  PSI 

PSI 

13 

13 

90  15 

15 

15 

15 

51 

40 

16 

16 

88 

48 

35 

28 

88 

58 

64 

44 

115 

70 

104 

59 

142 

81 

126 

74 

228 

119 

158 

90 

515 

205 

180 

100 

615 

230 

195 

105 

885 

245 

224 

115 

1210 

350 

276 

128 

362 

159 

430 

177 

516 

199 

592 

212 

899 

261 

1164 

304 

1172 

312 

Data  from  BISHOP,  WEBB  AND  LEWIN  (1965) 


TABLE  3.23 


INDEX  PROPERTIES  OF  LONDON  CLAY  AT  THE  SITE  OF  THE 

ASHFORD  COMMON  SHAFT 


LEVEL 

DEPTH 

LAB. 

WATER 

CONTENT 

LIQUID 

LIMIT 

PLASTIC 

LIMIT 

ACTIVITY 

FT. 

% 

% 

% 

A 

30 

22.4 

60 

24 

0.82 

B 

50 

25.8 

69 

29 

0.69 

C 

66 

24.8 

71 

29 

0.79 

D 

91 

22.8 

63 

26 

0.79 

E 

114 

24.2 

70 

27 

0.75 

F 

138 

23.6 

69 

28 

0.68 

Data  from  WARD,  MARSLAND  AND  SAMUELS  (1965) 
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TABLE  3.24 


ANISOTROPIC  STRENGTH  DATA  FROM  CONFINED  UNCONSOLIDATED 
UNDRAINED  TRI AXIAL  TESTS  ON  UNDISTURBED  LONDON  CLAY  AT 


THE 

SITE  OF  THE 

ASHFORD 

COMMON 

SHAFT 

LEVEL 

8 

qu,AVG 

R 

u 

6 

AVG 

^AVG 

DEG 

PSI 

DEG 

DEG 

A 

0 

36.6 

0.71 

52 

52 

45 

32.7 

0.64 

51 

6 

90 

51.3 

1.00 

56 

-34 

B 

0 

32.9 

0.81 

55 

55 

45 

19.6 

0.49 

59 

14 

90 

40.4 

1.00 

58 

-32 

C 

0 

44.1 

0.62 

52 

52 

45 

33.2 

0.47 

51 

6 

90 

70.8 

1.00 

58 

-32 

D 

0 

54.4 

0.65 

51 

51 

45 

48.6 

0.58 

53 

8 

90 

84.1 

1.00 

54 

-36 

E 

0 

59.9 

0.61 

53 

53 

45 

50.4 

0.52 

53 

8 

90 

97.8 

1.00 

58 

-32 

F 

0 

81.0 

0.75 

46 

46 

45 

52.8 

0.49 

44 

-1 

90 

107.4 

1.00 

59 

-31 

Data  from 

WARD,  MARS LAND  AND 

SAMUELS 

(1965) 
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Data  from  WARD,  MARS LAND  AND  SAMUELS  (1965) 


TABLE  3.26 


i  i 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  RESEDIMENTED  BOSTON  BLUE  CLAY 


<7 

vm 

a  /a 
vm  s 

0) 

tr3 

a  /a 
a  vm 

a  /<3 
vm 

kg/cm2 

3.0 

5.2 

0.88 

0.192 

0.169 

3.0 

5.7 

0.96 

0.176 

0.168 

3.0 

5.0 

0.90 

0.200 

0.180 

3.0 

4.4 

0.90 

0.227 

0.204 

3.5 

8.8 

1.13 

0.114 

0.128 

3.5 

5.4 

0.91 

0.185 

0.1C9 

3.5 

6.5 

1.06 

0.154 

0.163 

3.5 

4.7 

0.837 

0,213 

0.178 

8.0 

7.8 

1.01 

0.128 

0.129 

8.0 

7.5 

1.14 

0.133 

0.152 

8.0 

8.1 

1.14 

0.123 

0.141 

8.0 

8.3 

1.11 

0.120 

0.134 

3.0 

4.9 

0.77 

0.204 

0.157 

3.0 

4.6 

0.89 

0.218 

0.193 

3.5 

5.6 

0.893 

0.179 

0.159 

3.5 

5.0 

0.777 

0.200 

0.155 

8.0 

10.1 

1.16 

0.099 

0.115 

8.0 

7.9 

1.072 

0.127 

0.136 
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(Continued) 


TABLE  3.26 


( 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  RESEDIMENTED  BOSTON  BLUE  CLAY 


0  a 

vm 

a  /a 
vm  s 

q 

s 

a  /a 
s  vm 

q  /<* 
vm 

DEG  KG/CM2 

45  3.0 

6.7 

0.74 

0.149 

0.110 

3.0 

4.0 

0.63 

0.250 

0.158 

3.5 

9.0 

1.241 

0.111 

0.138 

3.5 

3.7 

0.69 

0.270 

0.187 

8.0 

13.1 

1.30 

0.076 

0.099 

8.0 

9.4 

1.029 

0.106 

0.109 

8.0 

11.3 

1.17 

0.088 

0.104 

8.0 

10.7 

1.165 

0.093 

0.109 

60  3.0 

7.0 

0.95 

0.143 

0.136 

3.0 

6.7 

0.92 

0.149 

0.137 

3.0 

6.3 

0.85 

0.159 

0.135 

3.0 

4.5 

0.67 

0.222 

0.149 

3.5 

6.2 

0.912 

0.161 

0.147 

3.5 

3.5 

0.654 

0.286 

0.187 

8.0 

11.0 

1.048 

0.091 

0.095 

8.0 

12.9 

1.15 

0.078 

0.089 

I 
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TABLE  3.26 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONSOLIDATED  UNDRAINED 
TRI AXIAL  TESTS  ON  RESEDIMENTED  BOSTON  BLUE  CLAY 


cr,_ 

vm 

KG/CM2 

q  /O 
u  s 

a  /o 
s  vm 

vm 

3.0 

4.5 

0.58 

0.222 

0.129 

3.0 

4.4 

0.62 

0.227 

0.141 

3.0 

6.5 

0.84 

0.154 

0.129 

3.0 

3.8 

0.63 

0.263 

0.166 

3.5 

8.1 

0.83 

0.123 

0.102 

3.5 

7.1 

0.801 

0.141 

0.113 

3.5 

14.5 

1.137 

0.069 

0.079 

3.5 

3.9 

0.59 

0.256 

0.151 

8.0 

8.6 

0.91 

0.116 

0.106 

8.0 

7.9 

0.878 

0.127 

0.111 

8.0 

8.7 

0.976 

0.115 

0.112 

8.0 

7.5 

1.063 

0.133 

0.142 

Data  from  D'APPOLONIA  (1968) 
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TABLE  3.27 


ANISOTROPIC  STRENGTH  RATIO  FROM  UNCONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  RESEDIMENTED  BOSTON  BLUE  CLAY 


a  /a 

fi 

q  /q 

R 

s  vm 

DEG 

vm 

u 

0.10 

0 

0.118 

1.00 

30 

0.116 

0.98 

45 

0.113 

0.96 

60 

0.106 

0.90 

90 

0.103 

0.87 

0.15 

0 

0.152 

1.00 

30 

0.144 

0.95 

45 

0.137 

0.90 

60 

0.136 

0.89 

90 

0.127 

0.84 

0.20 

0 

0.180 

1.00 

30 

0.168 

0.93 

45 

0.155 

0.86 

60 

0.154 

0.85 

90 

0.142 

0.79 

0.25 

0 

0.207 

1.00 

30 

0.190 

0.92 

45 

0.170 

0.82 

60 

0.164 

0.79 

90 

0.151 

0.73 

Data  from  D'APPOLONIA(1968) 


TABLE  3.28 


VARIATION  OF  FAILURE  PLANE  ORIENTATION  FOR  UU  TRIAXIAL 
TESTS  ON  RESEDIMENTED  BOSTON  BLUE  CLAY 


8 

(OCR) c 

6 

a 

°AVG 

DEG 

DEG 

DEG 

DEG 

0 

1.0 

58 

58 

59.1 

1.0 

59 

59 

3.5 

57 

57 

3.5 

57 

57 

10.7 

63 

63 

10.7 

59 

59 

10.7 

61 

61 

30 

1.0 

56 

26 

23.6 

10.7 

54 

24 

10.7 

51 

21 

45 

1.0 

53 

8 

9.1 

3.5 

59 

14 

3.5 

56 

11 

10.7 

50 

5 

10.7 

52 

7 

10.7 

54 

9 

10.7 

55 

10 
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TABLE  3.28 


l 


VARIATION  OF  FAILURE  PLANE  ORIENTATION  FOR  UU  TRIAXIAL 
TESTS  ON  RESEDIMENTED  BOSTON  BLUE  CLAY 


0 

(OCR) 

c 

6 

a 

DEG 

DEG 

DEG 

60 

1.0 

53 

-7 

3.5 

54 

-6 

3.5 

54 

-6 

10.7 

53 

-7 

90 

1.0 

50 

-40 

1.0 

51 

-39 

3.5 

53 

-37 

3.5 

53 

-37 

3.5 

60 

-30 

3.5 

52 

-38 

10.7 

52 

-38 

10.7 

51 

-39 

10.7 

52 

-38 

10.7 

55 

-35 

Data  from 

D'APPOLONIA 

(1968) 

ttAVG 

DEG 


-6.5 


-37.1 
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TABLE  3.29 


EFFECTIVE  STRESS  STRENGTH  DATA  FROM  UU  TRIAXIAL  TESTS 
ON  RESEDIMENTED  BOSTON  BLUE  CLAY 


a  /a 
vm  s 

p  ,/ff 

vm 

q-/£  _ 
f  vm 

V*. 

DEG 

0 

5.2 

0.400 

0.169 

2.08 

0.68 

8.8 

0.308 

0.128 

2.71 

1.13 

7.8 

0.290 

0.130 

2.26 

1.01 

45 

6.7 

0.235 

0.111 

1.57 

0.74 

9.0 

0.324 

0.138 

2.92 

1.24 

13.1 

0.229 

0.099 

3.00 

1.30 

90 

4.5 

0.283 

0.129 

1.27 

0.58 

8.1 

0.233 

0.102 

1.89 

0.83 

8.6 

0.248 

0.106 

2.13 

0.91 

Data  from  D'APPOLONIA  (1968) 
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TABLE  3.30 


ANISOTROPIC  STRENGTH  DATA  FROM  UNCONSOLIDATED  UNDRAINED 
TRIAXIAL  TESTS  ON  UNDISTURBED  BOS-TOT7  BLUE  CLAY 


SITE 

®vm 

a,_/a 
vm  s 

V®. 

a  /5,_ 
s  vro 

DEG 

kg/cm2 

0 

MIT 

5.6 

6.6 

1.00 

0.152 

0.152 

6.4 

1.01 

0.156 

0.158 

8.4 

1.13 

0.119 

0.134 

5.9 

1.01 

0.170 

0.171 

195 

9.5 

19.4 

1.647 

0.052 

0.085 

19.4 

1.526 

0.052 

0.079 

23.8 

1.72 

0.042 

0.072 

45 

MIT 

5.6 

12.7 

1.26 

0.079 

0.099 

9.4 

1.10 

0.106 

0.117 

195 

9.5 

31.6 

1.79 

0.032 

0.057 

11.7 

1.330 

0.085 

0.114 

90 

MIT 

5.6 

8.9 

1.12 

0.112 

0.126 

11.0 

1.24 

0.091 

0.113 

6.9 

0.87 

0.145 

0.126 

7.3 

1.09 

0.137 

0.149 

195 

9.5 

25.0 

1.85 

0.040 

0.074 

21.5 

1.794 

0.047 

0.083 

25.6 

1.914 

0.039 

0.075 

18.6 

1.793 

0.054 

0.096 

Data  from  D'APPOLONIA  (1968) 


185 


TABLE  3.31 


) 


VARIATION  OF  FAILURE  PLANE  ORIENTATION  FOR  UU  TRIAXIAL  TESTS 
ON  UNDISTURBED  BOSTON  BLUE  CLAY 


0 

SITE 

(OCR) 

c 

6 

a 

*AVG 

DEG 

DEG 

DEG 

DEG 

0 

MIT 

3.1 

60 

60 

58.0 

3.1 

56 

56 

3.1 

56 

56 

195 

17.3 

59 

59 

17.3 

59 

59 

17.3 

58 

58 

45 

MIT 

3.1 

57 

12 

11.  3 

3.1 

56 

11 

195 

17.3 

56 

11 

90 

MIT 

3.1 

55 

35 

34.8 

3.1 

55 

35 

3.1 

55 

35 

195 

17.3 

56 

34 

17.3 

54 

36 

17.3 

56 

34 

Data  from  D'APPOLONIA  (1968) 
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I 


FIGURE  3.1 

*  PRELIMINARY  GEOMETRICAL 
RELATIONSHIPS 
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188 


(a)  GENERAL  PROBLEM 


FIGURE  3.3 

CASE  SOLVED  ANALYTICALLY  BY 
HANK  AND  MeCARTY  (1946) 


FIGURE  3.3  (CONTMUEO) 
(b)  NUMERICAL  EXAMPLE 
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FIGURE  3.4 

ELUPTICAL  VARIATION 
ASSOCIATED  WITH  MOH°'S  CIRCLE 


191 
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M 


FIGURE  &5 

FAILURE  PUNE  ORIENTATION 
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1N  «  cotS  V,  4  snl  tmf  Ig+imS  cotPlg 


Tm  »  cot  p  I,  +«mpi5 

c®0t«lN  lM«  cot  p  cot  9  f  cotftnptml 

FIGURE  3.6 

BASIC  GEOMETRIC  RELATIONS 
IN  A  CROSS  ANISOTROPIC  CLAY 
AT  FAILURE 


193 


FIGURE  3.7(g) 

a  STRESS  CONTOURS 
FOR  R  •  O* 


195 


15 


FIGURE  3.7  (€) 

a  STRESS  CONTOURS 
FOR  ft  ■  60° 
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FIGURE  3.7(d) 

0  STRESS  CONTOURS 
FOR  p  »  90° 


STATE  OF  STRESS  AT  FAILURE  IN 
AN  ANISOTROPIC  CLAY 


200 


FIGURE  3.11 

THREE-DIMENSIONAL  SURFACE  DEFINING 
THE  SHEAR  STRENGTH  OF  A  CROSS 
ANISOTROPIC  CLAY  IN  TERMS  OF 
EFFECTIVE  STRESS 


201 


202 


Y 


FIGURE  3.13 

FOOTBALL  SHAPED  CONSTANT  pf 
CROSS  SECTION  OF  JAEGER'S 
BI-CONICAL  FAILURE  SURFACE 
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a«[r-c  sin  (20-$)]  cot  $ 
b  ■  ( r-i  )  cot  $ 


FIGURE  3.14 

HYPERBOLIC  CONSTANT  0  CROSS  SECTION 
OF  JAEGER'S  Bh  CONICAL  FAILURE  SURFACE 


-  t  cot  $  tin  (20- i  ) 


FIGURE  3.15 

DIAGRAM  FOR  OBTAINING  qf  ( Ff ,  0 )  FOR 
JAEGER'S  Bl- CONICAL  FAILURE  SURFACE 
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FIGURE  3.16(0) 


yS*  15° 

28*  106.6° 
m  »  0.495 

FIGURE  3.16(b) 

TYPICAL  GRAPHICAL  ANISOTROPIC 
SHEAR  STRENGTH  ANALYSIS 


207 


FIGURE  3.16(c) 
VARIATION  OF  SHEAR  STRENGTH 
WITH  /3  FOR  CLAY  WITH  ANISOTROPIC 

ANGLE  OF  INTERNAL  FRICTION 
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STRENGTH  RATIO,  Ru 

DATA  FROM  HVORSLEV  (1938  81960) 

RGURE  3.17(a) 

ANISOTROPIC  STRENGTH  RATIO  Ru  FOR 


VIENNA  CLAY  H 


2] 
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80  90 


08  06  04  02  0  0.2  0.4  08  0.8  1.0 

STRENGTH  RATIO,  Ru 
DATA  FROM  JAKOBSON  (1952) 

FIGURE  3.18 

ANISOTROPIC  STRENGTH  RATIO  Ru  FOR 
VARVED  CLAY  FROM  SURTE,  SWEDEN 


STRENGTH  RATIO 


1.0 


P»  DEG 

q  MAX’q  (45) «  0.245  KG /CM2 


p,  OEG 

50  40 


STRENGTH  RATIO,  Ry 
DATA  FROM  JAKOBSON  (1955) 


FIGURE  3.19 


ANBOTROPIC  STRENGTH  RATIO  Ru  FOR 
HOMOGENEOUS  CLAY  FROM  SALA,  SWEDEN 


iTH  RATIO 
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*  06 
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STRENGTH  RATIO, Ru 
DATA  FROM  EDEN  (1955) 


OB  08  LO 


FIGURE  3.20(a) 

ANISOTROPIC  STRENGTH  RATIO  Ru  FOR 
VARVED  CLAY  FROM  STEEP  ROCK  LAKE, 
ONTARIO,  SAMPLE  2-62 
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STRENGTH  RATIO,  R„ 

DATA  FROM  EDEN  (1955) 

FIGURE  3.20  (b) 

AMSOTROPIC  STRENGTH  RATIO  Ru  FOR 
VARVED  CLAY  FROM  STEEP  ROCK  LAKE, 

ONTARIO ,  SAMPLE  2-68 


STRENGTH  RATIO,  Ru 
OATA  FROM  WARD  ET.AL.  (1959) 
FIGURE  3.21 

ANISOTROPIC  STRENGTH  RATIO  Ru  FOR 
LONDON  CLAY 
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F  «  UNTT  NORMAL  TO  PLANE  ABC 
T«  UNIT  VHTTOR  IN  PLANE  ABC,  PARALLEL 
TO  THE  1-3  PLANE 

iTXT,  A  THIRD  UNIT  VECTOR,  ALSO 
IN  PLANE  ABC 

fr*  STRESS  VECTOR  ACTING  ON  PLANE  ABC 


FIGURE  3.22 

UNIT  VECTORS  USED  TO  DEFINE  THE 
ORIENTATION  OF  THE  SHEAR  STRESS 
VECTOR  ACTING  ON  AN  ARBITRARY  PLANE 


STRENGTH  RATIO  tR 


p.DEG 


STRENGTH  RATIO  ,R 
DATA  FROM  JAEGER  (I960) 

FIGURE  3.23  (a) 

ANISOTROPIC  STRENGTH  RATIO  R  FOR  SLATE 
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DMA  FROM  DONATH  0964) 


221 
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p,  DEG 

q  MAX  f  QftO)  *  0.98  KBARS  Ff  *1.0  KBARS 

p,DEQ 


1.0  0.8  0.6  0.4  0.2  0  0.2  0.4  0.6  0.8 

STRENGTH  RATIO,  Rp 
DATA  FROM  DONATH  ( 1964) 

FIGURE  3.24(b) 

ANISOTROPIC  STRENGTH  RATIO  Rp  FOR 
MARTINSBURG  SLATE 
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STRENGTH  RATO 


0  10  20  30  40  50  60  70  80  90 

p.DEG 

qMAX  “Qf  (0).  222  KBARS  pf»  3.0  KBARS 


»  art 


ISMB! 


1.0  0.8  08  0.4  02  0  02  0.4  0. 
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CHAPTER  4 


PORE  PRESSURE  RESPONSE 

Purpose 

The  purpose  of  this  chapter  is  to  briefly  review  the 
development  of  concepts  relating  applied  total  stress  and  the 
resulting  excess  pore  pressure  in  saturated  clay,  and  then  to 
propose  an  empirical  pore  pressure  response  relationship  which 
is  particularly  convenient  for  treating  the  problem  of  rotation 
of  principal  planes,  to  be  discussed  in  the  following  chapter. 

Historical  Development 

As  soon  as  it  was  recognized  that  the  shear  strength  of 
soils  is  controlled  by  effective  stress,  attempts  were  made  to 
predict  the  excess  pore  pressure  induced  in  saturated  clay  by 
the  application  of  given  total  stresses,  under  the  condition 
of  no  pore  water  flow.  The  first  such  attempt  known  to  the 
Writer  was  that  of  CASAGRANDE  (1934) .  Shortly  afterward 
RENDULIC  (1936b)  developed  an  empirical  approach  to  excess 
pore  pressure  prediction,  which  is  the  basis  for  the  method 
to  be  presented  in  this  chapter.  Subsequent,  more  theoretical 
approaches  have  relied  on  assumed  relationships  between  a 
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change  in  effective  stress  and  the  resulting  change  in  volume. 
The  most  common  assumption  of  this  nature  is  that  a  decrease 
in  the  minor  principal  effective  stress,  o  ,  at  constant 
major  principal  effective  stress,  always  results  in  a 

volume  increase.  However,  for  normally  consolidated  and 
lightly  overconsolidated  clays  this  is  not  what  happens. 

Figure  4.1  shows  that  at  any  point  on  the  undrained  effective 
stress  path  beyond  Point  B,  a  decrease  in  rr  at  constant 
results  in  a  volume  decrease,  not  an  increase.  This  is 
because  the  volume  decrease  associated  with  shearing  strain 
more  than  offsets  the  volume  increase  due  to  the  decrease 
in  all-round  effective  stress. 

The  reason  for  approaching  the  problem  of  pore  pressure 
prediction  analytically  is  to  obtain  insight  into  the  mean¬ 
ing  and  fundamental  nature  of  the  pore  pressure  parameters 
used  in  practice;  1AMBE  (1963,  879) .  The  only  reliable  method 
of  actually  predicting  excess  pore  pressure  in  the  field  is 
to  run  an  undrained  test  and  measure  ^u  directly;  BISHOP  (1954) , 
HENKEL  (1958,  Fig  64),  LAMBE  (1963,  876).  Otherwise,  pore 
pressure  parameters  are  simply  useful  tools  for  the  exercise 
of  engineering  judgement.  For  example,  they  emphasize  the 
fact  that  there  are  two  fundamental  causes  of  excess  pore 
pressure  during  undrained  loading: 
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1)  increase  in  all-round  total  stress,  and 

2)  shear 

Real  progress  in  understanding  the  stress-strain  and  shear 
strength  behavior  of  saturated  cohesive  soils  was  not  made 
until  the  second  cause  was  recognized;  SKEMPTON  (1960a,  53)  . 

Pore  Pressure  Response  Prediction 

All  predictions  of  stress-strain  behavior  in  engineering 
materials  are  empirical,  in  the  sense  that  tests  are  required 
to  determine  the  values  of  parameters  in  phenomenological 
stress-strain  equations.  In  order  to  independently  predict 
excess  pore  pressure  response,  the  relation  between  a  change 
in  effective  stress  and  the  resulting  change  in  volume  must 
be  known.  This  requires  the  availability  of  an  incremental 
plasticity  theory  which  accounts  for  both  strain  hardening  and 
substantial  plastic  volumetric  strain.  A  reliable  theory  of 
this  type  does  not  exist  for  soil.  Consequently  the  empirical 
prediction  of  pore  pressure  response  in  soil  really  amounts 
to  little  more  than  interpolating  or  extrapolating  observed 
behavior.  Therefore,  the  question  at  issue  here  is  really 
not  how  to  predict  pore  pressure  response,  but  how  to  des¬ 
cribe  it  in  the  most  revealing  and  useful  way. 
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Stress  Path  Approach 


The  hey  to  the  relation  between  total  stress  and  pore 
pressure  during  undrained  loading  lies  in  the  Stress  Path 
Method;  RENDULIC  (1936b) ,  LAMBE  (1967).  First  however,  the 
matter  of  precisely  which  total  stresses  should  be  used  to 
calculate  excess  pore  pressure  must  be  settled. 

Consider  the  element  of  soil,  shown  in  Figure  4.2a, 
currently  subjected  to  a  system  of  total  stresses. 


When  the  system  of  total  stress 
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Each  of  the  above  total  stress  tensors  M  ■  KJ  and 
frr„  +  4P\  jj  has  its  own  set  of  principal  axes  and  principal 
normal  stresses.  In  general,  these  three  sets  of  principal 
axes  need  not  coincide.  Let  the  principal  values  of  the  three 
stress  tensors  be 


(<r,  ,  (T  .  a  ) 
v  1  2  3 

<*Y  *V 


P(V 


P(*T.  .) 
3-3 


(4.1) 


<*  1  +  a2  +  6a2'  *3  + 


P  (<T .  .  +  At  .  .  )\ 

13  13 


The  values  (Ar^,  Ar^,  3^  are  t^ie  aPP^ie<^  principal  total 
stress  increments,  while  the  value  (°<T^,  6o^)  are  the 

resulting  changes  in  the  existing  principal  total  stresses. 

Consider  the  case  of  ideal  passive  earth  pressure  (the 
plane  strain  passive  case)  in  a  dry  soil.  The  initial  prin¬ 
cipal  stresses,  shown  in  Figure  4.3(a)  are 
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(4.2) 


As  loading  progresses,  the  lateral  principal  stress  t  in- 
creases  by  the  amount  6c  *  to  ,  while  the  vertical  principal 

X  X 

stress  or  remains  constant.  Parts  (b)  and  (c)  of  Figure  4.3 
z 

show  that  if  the  Y  direction  is  to  remain  the  intermediate 

principal  stress  direction  throughout  the  loading  process, 

then  to  ^  must  be  the  major  principal  stress  increment  as 

long  as  to  is  less  than  (1  -  K  ,  and  to  must  become  the 
x  o  z  y 

intermediate  principal  stress  increment  when  to ^  exceeds 

(1  -  K  )<7  .  On  the  other  hand,  if  to  is  always  the  inter- 
o  z  y 

mediate  principal  stress  increment,  then  the  Y  direction  will 

be  the  minor  principal  stress  direction  until  to^  exceeds 

(1  -  K  )rr  .  Both  DICKEY  (1967)  and  RIXNER  (1967)  found 
o  z 

that  the  Y  direction  did  become  the  minor  principal  stress 
direction  during  the  early  stages  of  plane  strain  passive 
tests  on  Boston  blue  clay.  However,  when  to  exceeded 

X 

(1  -  K  )CT  ,  the  Y  direction  soon  became,  and  thereafter 
o  z 

remained  the  intermediate  principal  stress  direction.  The 
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point  of  this  discussion  is  that  the  assumption  that  the 
intermediate  principal  stress  direction  remains  fixed  for 
a  soil  element  may  not  be  strictly  correct  in  the  early 
stages  of  loading,  even  though  the  axis  which  originally 
was  the  intermediate  principal  stress  axis  does  remain  fixed. 
However,  for  purposes  of  strength  analysis  the  above  assumption 
appears  to  be  satisfactory. 

Next  consider  the  case  in  which  the  Y  axis  is  initially 
the  intermediate  principal  stress  axis,  remains  a  principal 
stress  axis  throughout  loading,  and  the  major  and  minor 
principal  stress  increment  directions  lie  in  the  XZ  plane. 

Then  the  changes  in  ^  and  due  to  the  applied  total 
stress  increments  and  to  can  be  found  from  the  Mohr 
circle  construction  shown  in  Figure  4.4a. 

Figure  4.4b  shows  a  situation  in  which  a  set  of  applied 
total  stress  increments  causes  a  reorientation  of  the  prin¬ 
cipal  stress  axes,  but  no  change  in  the  magnitudes  of  the 
principal  stresses.  The  application  of  the  total  stress 
increments  shown  in  Figure  4.4b,  under  undrained  conditions, 
will  generally  cause  a  change  in  pore  pressure,  which  leads 
to  the  following  conclusion: 


293 


If  a  relation  between  total  stress  and  pore  pressure 
during  undrained  loading  is  to  be  formulated,  the 
formulation  should  be  in  terms  of  the  applied 
principal  total  stress  increments,  rather  than 
the  resulting  changes  in  the  principal  total 
stresses . 


The  above  statement  applies  only  to  an  isotropic  soil.  If 
a  soil  is  not  isotropic,  the  above  formulation  should  con¬ 
sider  all  components  of  the  stress  tensor  The  above 

statement  also  agrees  with  the  way  pore  pressures  are  usually 
calculated  in  practice;  LAMBE  (1963,  886) . 

In  order  to  develop  a  general  relationship  between  total 
stress  and  pore  pressure  during  undrained  loading,  it  is 
necessary  to  consider  what  happens  when  differential  incre¬ 
ments  of  total  stress,  d**^,  d^  and  d^^  are  applied. 

First,  it  is  necessary  to  consider  what  would  happen 
under  fully  drained  conditions.  To  begin  with,  consider  a 
sample  which  has  been  normally  consolidated  under  a  hydrostatic 
stress , 


(7 


1 


a 

c 
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If  the  hydrostatic  stress  is  slowly  changed  by  an  amount 
da,  and  the  sample  is  allowed  to  drain  freely  so  that  no 
excess  pore  pressure  develops,  then  the  change  in  void  ratio, 
de,  due  to  the  effective  stress  increment,  d^,  will  be  as 
shown  in  Figure  4.5.  It  is  apparent  that  a  discontinuity 
in  slope  exists  in  the  relation  between  dv  and  de,  there 
being  one  curve  for  consolidation  and  another  for  swelling. 

Now  consider  the  general  case  of  a  change  in  e  due  to 
applied  infinitesimal  effective  stress  increments  da^. 

Based  on  experience  with  hydrostatic  tests,  it  seems  reason¬ 
able  to  assume  that  two  continuous  relationships  exist 
between  de  and  dtr.  .,  one  for  all  combinations  of  effective 
stress  increments  which  cause  a  decrease  in  e  (consolidation) , 
and  another  for  all  combinations  of  effective  stress  incre¬ 
ments  which  cause  an  increase  in  e  (swelling) .  Thus,  it 
should  be  possible  to  write  an  incremental  volume  change 
equation  in  the  form 


de  -  c,,  dcr. ,  +  c„_  dcr  +  c__  dcr  +  c,_  dcr  ^ 

11  11  22  22  33  33  12  12 


+  c__  dfr„  +  c_  ,  da  , 
23  23  31  31 


(4.3) 
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where 


3e  .  de 

C11  “  da. .  c12  2  3a 


11 


12 


3e 


'22  3a 


22 


3e 

:23  *  2  3<*23 


(4.4) 


3e 


'33  3a 


c_ .  -  2 


de 


33 


31 


31 


The  values  of  the  coefficients  in  Equation  (4.3)  depend  on 
the  previous  stress-strain  history  of  the  soil  and  on 
whether  e  decreases  or  increases. 

Although  a  more  general  treatment  is  possible,  further 
attention  will  be  restricted  to  the  case  in  which  the  2  axis 
remains  a  principal  stress  axis.  During  undrained  loading 
of  a  saturated  soil,  the  pore  pressure  varies  in  such  a 
way  that  the  volume  of  the  soil  skeleton  remains  constant. 
Using  the  nomenclature  of  Figure  3.11,  Equation  (4.3)  re¬ 
duces  to 

de  =  c  da  +  c  d^  +  c  d^  +  c  d*7  =0 

zz  zz  y  y  rr  rr  rz  rz 

(4.5) 
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Figure  4.6  then  shows  that  if 


then 


da  +  dor 
zz _ rr 


dp 


(4.6) 


dor  -  da 
zz _ rr 


dh 


(4.7) 


da  -  dr 
rz 


(4.8) 


dh  '  tan  2< 


(4.9) 


da  -  dp 
_ Y. _ _ 


dh  cos  2c  +  dT  sin  2c 


(4.10) 


da  -  dp  +  dh 
zz 


(4.11) 


da^  ■  dp  +  0  (dh  cos  2c  +  dr  din  2c)  (4.12) 


da  -dp  -  dh 
rr 


(4.13) 


Equation  (4.5),  the  constant  volume  equation,  can  then  be 
written  in  the  form 
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(4.14) 


(c  +c  +  c  )dp  +  (c  -  c  +  Pc  cos  2c)dh 
zz  y  rr  zz  rr  y 

+  (c  +  Pc  sin  2c)dT  *  0 
rz  y 

Equation  (4.14)  defines  the  gradient  of  a  constant  volume 
surface  (undrained  effective  stress  surface)  in  the  (h,  r,  p) 
space  of  Figure  3.11.  Provided  h,  r  and  p  all  vary  monotonically, 
integration  of  Equation  (4.14)  yields 

Ap  +  b^h  +  cAr  *  0  (4.15) 

where 

bAh 


c/V  * 


Ah 


l 


c  -  c  +  Pc  cos  2e 
zz  rr  y _ 

c  +  c  +  c 
zz  y  rr 


dh 


At 

r  | 

fCrz  +  sin  2*  \ 

Jd  1 

c  +  c  +  c  / 

i  zz  y  rr  / 

(4.16) 
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Figure  4.7  then  shows  that  if 


q* 


- 


3 


2 


then 


Ah  -  qA  cos  2y 


Ar  •  qA  sin  2y 


so  that  Equation  (4.15)  can  be  written 


Ap  -  -  (b  cos  2Y  +  c  sin  2Y)qA 


or  simply 


Ap 


-  FqA 


where 


F  -  b  cos  2Y  +  c  sin  2Y 


The  quantity  F  can  be  interpreted  as  a  pore  pressure 
since  Equation  (4.21)  can  be  written  in  the  form 


(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

parameter. 
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«  Ap  +  FqA 


(4.23) 


Equation  (4.22)  is  not  a  practical  means  of  calculating 
the  pore  pressure  parameter  F.  Its  purpose  is  only  to  show 
how  F  is  related  to  the  shape  of  an  undrained  effective  stress 
path  in  (h,  T>  p)  space.  To  evaluate  F  numerically,  use 
the  empirical  equation 


F 


2A  -  1 


a£  -u  -  Ap 

qA  *  qA 


(4.24) 


The  parameter  A  is  a  pore  pressure  parameter  defined 
by  SKEMPTON  (1948) .  The  pore  pressure  parameter  F  and  the 
stress  increment  parameter  p  are  similar  to  Lode's  stress 
distribution  parameter  n,  which  is  defined  in  Appendix  B 
and  used  extensively  throughout  Chapter  6. 


Pore  Pressure  Response  Surface 

In  Chapter  3  the  concept  of  a  three-dimensional  failure 
surface  was  developed,  using  as  rectangular  coordinates  the 
variables 
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h 


<T 


zz 


2 


a 

rr 


rt 

_zz 


-  a 


rr 


2 


(3.23) 


T 


rr  ■  n 
rz  rz 


<t  +  n 
zz  rr 


(3.24) 

(3.25: 


and  the  associated  polar  coordinates 

q  -^h2  +  t2 
20  -  tan  1 

n 


(3.26) 


(3.27) 


The  variables  h,  T,  q  and  20  are  shown  in  Figure  3.10.  The 
three  dimensional  failure  surface  has  the  general  equation 


F(h,  r,  p)  -  0 


(3.28) 


and  is  shown  in  Figure  3.11.  It  is  one  of  the  two  key 
elements  required  to  define  the  variation  of  undrained 
shear  strength  with  the  angle  of  rotation  of  the  major 
principal  stress,  0. 
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The  second  key  element  is  a  three-dimensional  pore 
pressure  response  surface  (really  a  secant  effective  stress 
path  surface) ,  defined  in  the  same  space  as  that  of  the 
three-dimensional  failure  surface.  The  equation  of  the 
pore  pressure  response  surface  shown  in  Figure  4.8  is 
Equation  (4.21). 


Ap 


-  FqA 


(4.21) 


It  has  the  same  general  shape  as  the  failure  surface  defined 
by  Equation  (3.28) ,  except  that  the  pore  pressure  response 
surface  points  down  instead  of  up  (when  the  pore  pressure 
parameter  F  is  positive) .  In  general  the  pore  pressure 
parameter  F  depends  on  both  Ap  and  the  angle  of  inclination 
of  the  applied  principal  total  stress  increments,  ¥.  If 
the  soil  remains  isotropic  throughout  loading  the  pore 
pressure  parameter  F  will  be  independent  of  Y  and  the  pore 
pressure  response  surface  will  be  a  surface  of  revolution. 


with  the  line 


as  the  axis 


of  revolution.  If,  in  addition,  the  pore  pressure  parameter 
F  is  independent  of  p,  i.e.  constant,  the  pore  pressure 
response  surface  becomes  a  right  circular  cone. 
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Influence  of  the  Intermediate  Applied  Principal  Stress  increment 
Theoretical  considerations  outlined  by  SKEMPTON  (1960b) 
suggested  that  the  relationship  between  the  applied  shear 
stress  and  the  resulting  volume  change  in  an  isotropic  soil 
is  such  that  the  excess  pore  pressure  is  related  to  the 
applied  principal  total  stress  increments  by  the  equation 


(4.25) * 

The  coefficient  of  (a)  is  the  octahedral  shear  component  of 
the  applied  stress  increments.  It  is  generally  not  equal  to 
the  resulting  change  in  the  existing  octahedral  shear  stress. 
The  quantity  (a)  is  another  pore  pressure  parameter.  An 
equation  of  the  above  form  was  originally  published  by  HENKEL 
(1958,  36),  and  has  been  discussed  since  by  HENKEL  (1960b,  551) 
JUAREZ  -  BADILLO  (1963,  227),  and  HENKEL  AND  WADE  (1966,  79). 
In  these  discussions,  there  has  not  always  been  a  clear 
distinction  between  applied  principal  total  stress  increments 

*c.f.  Appendix  A. 
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and  resulting  changes  in  the  existing  principal  total  stressess. 
Often  this  has  been  because  the  authors  had  in  mind  the  tri- 
axial  compression  test,  in  which  no  rotation  of  principal 
planes  occurs.  As  written  here.  Equation  (4.25)  is  intended 
to  indicate  that  the  excess  pore  pressure  is  a  linear  combination 
of  the  octahedral  normal  and  octahedral  shear  stress  components 
of  the  applied  total  stress  increments . 

The  purpose  of  this  section  is  to  assess  the  influence 
of  the  intermediate  applied  principal  total  stress  increment 
on  the  pore  pressure  response  of  an  isotropic  soil/  accord¬ 
ing  to  the  above  octahedral  theory.  To  do  this,  it  is 
convenient  to  introduce  the  stress  distribution  parameter 

V  -  Ap 

x  -  ~J5 -  <4-26> 


so  that  Equation  (4.25)  takes  the  form 


*  Ap  + 

Comparison  of  Equation  (4.27)  and  (4.23)  indicates  that  the 
pore  pressure  parameter  F  is  given  by  the  expression 


2(3  +  X  )  +  \ 


~  A 


/  a 
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(4.28) 


i 


•**.  * 


a  ^  2(3  +  X2)  +  X 

P  ■ 

3 

For  triaxial  compression,  ta ^  and  therefore  X  *  -1, 

so  that 


For  triaxial  extension,  and  therefore  X  -  1, 

so  that 


2  iHT  a  +  1 
3 


If  pore  pressure  response  is  governed  by  the  octahedral 
theory,  then 


or 


2 

3 


1 

3 


According  to  the  octahedral  theory,  Skempton's  pore  pressure 
parameter  A  should  be  greater  by  approximately  1/3  in  triaxial 
extension  than  in  triaxial  compression.  The  results  of  three 
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undrained  triaxial  compression  and  three  extension  tests 
on  isotropically  normally  consolidated  specimens  of  Boston 
blue  clay,  reported  by  LADD  AND  VARALLYAY  (1965,  135)  are 
shown  below.  Although  individual  tests  do  not  seem  to  bear 
out  the  1/3  relationship,  the  average  results  do,  at  least 
approximately. 


TEST 

Af 

AVERAGE 

CIUC-1 

1.37 

CIUC-2 

1.08 

1.24 

CIUC-3 

1.27 

CIUE-1 

1.83 

CIUE-2 

1.30 

1.66 

CIUE-3 

1.85 

Discussion  of  Test  Data 

The  pore  pressure  response  of  a  given  soil  is  sensitive 
to  its  previous  stress  history.  In  particular,  sample  dis¬ 
turbance  can  cause  the  pore  pressure  response  of  a  clay 
sample  in  the  laboratory  to  differ  significantly  from  the 
response  which  it  would  have  shown  IN  SITU.  Therefore, 
extremely  careful  sampling  and  testing  methods  are  required 
to  make  accurate  prediction  of  IN  SITU  pore  pressure  response. 
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The  only  laboratory  test  device,  of  which  the  Writer 
is  aware,  capable  of  achieving  true  rotation  of  principal 
planes  during  shear  is  the  torsional  hollow  cylinder  device 
used  by  Hythornthwaite,  Casbarian  and  Saada.  (See  Chapter  6) . 
Unfortunately,  strength  data  from  torsional  hollow  cylinder 
tests  have  so  far  been  inconsistent  with  data  from  several 
other  types  of  carefully  conducted  strength  tests.  Con¬ 
sequently  it  cannot  yet  be  assumed  that  the  torsional  hollow 
cylinder  test  is  free  from  significant  stress  inhomogeneity, 
which  renders  pore  pressure  response  data  from  such  tests 
particularly  unreliable. 

Unconsolidated  undrained  triaxial  tests  with  pore  pressure 
measurements,  on  samples  trimmed  at  different  angles  to 
the  material  axis,  give  pore  pressure  response  data  only 
for  the  restricted  condition 

Y  ■  -  constant 

At  the  present  time  this  is  the  only  way  of  predicting  the 
influence  of  the  angle  y  on  the  pore  pressure  parameter  F. 

Tests  of  this  type  were  conducted  on  samples  of  resedimented 
Boston  blue  clay  by  D'APPOLONIA  (1968) .  He  ran  nine  un¬ 
consolidated  undrained  triaxial  tests  with  pore  pressure 
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o  o  o 

measurements  on  samples  trimmed  at  0  ,  45  and  90  to  the 

material  axis.  The  sequence  of  one-dimensional  consolidation 

and  rebound,  sampling,  trimming  and  mounting,  application  of 

cell  pressure  to  obtain  saturation  and  finally  undrained 

shear  of  D 'Appolonia ' s  specimens  is  depicted  in  Figure  3.47. 

The  motivation  for  conducting  these  tests  was  "to  identify 

the  source  of  anisotropic  strength  behavior  by  measuring 

the  effective  stress-strength  parameters  in  samples  cut  at 

different  orientation."  However,  although  three  of  the 

samples  were  normally  consolidated  prior  to  shear 

(cr  *  o’  ) ,  even  the  undrained  effective  stress  paths  for 
vc  vm 

these  samples  displayed  the  characteristics  of  an  overconsolidated 
material,  despite  careful  precautions  to  minimize  disturbance. 

This  situation  merely  emphasizes  the  extreme  difficulty  of 
reproducing  IN  SITU  stress-strain  behavior  in  a  laboratory 
test  on  a  sampled  specimen,  of  which  D'Appolonia  was  well 
aware.  Therefore  the  following  calculated  pore  pressure 
coefficients  probably  do  not  represent  the  pore  pressure 
response  of  the  material  in  undrained  shear  directly  from 
Point  2  in  Figure  3.47,  For  an  isotropically  consolidated 
triaxial  compression  test.  Equation  (4.24)  reduces  to 
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F  - 


P 


(4.29) 


iE  .  PQ--~- 

q  q 

Values  of  the  pore  pressure  parameter  F  at  failure  for 
D 'Appo Ionia ' s  nine  tests  are  tabulated  in  Table  4.1,  in 
which  pQ  equals  Unfortunately,  the  data  in  Table  4.1 

show  no  consistent  trend  in  F  with  the  angle  Y,  the  over¬ 
consolidation  ratio  OCR,  or  even  the  ration  p  /nr 

o  vm 

Summary 

The  purpose  of  this  chapter  has  been  to  examine  some 

(  . 

of  the  factors  which  influence  the  pore  pressure  response 
of  a  saturated  soil  during  undrained  loading,  and  to  pro¬ 
pose  an  empirical  pore  pressure  response  relationship  which 
is  particularly  conveneient  for  treating  the  problem  of 
rotation  of  principal  planes,  to  be  discussed  in  the  next 
chapter . 

The  concept  of  a  three  dimensional  pore  pressure  response 
surface  has  been  introduced.  In  the  next  chapter  it  will  be 
shown  that  the  intersection  of  the  three  dimensional  pore 
pressure  response  surface  with  the  three  dimensional  failure 
surface  introduced  in  the  previous  chapter  defines  the 
variation  of  undrained  shear  strength  with  the  angle  of 
orientation  of  the  major  principal  stress  at  failure. 
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ANISOTROPIC  PORE  PRESSURE  RESPONSE  DATA  FOR  RESEDIMENTED  BOSTON  BLUE  CLAY 
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AND  VOLUME  CHANGE  CHARACTERISTICS 


311 


FIGURE  4.2 

TOTAL  STRESS  SYSTEMS 
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FIGURE  43 

INTERMEDIATE  PRINCIPAL  STRESS 

INCREMENT  AND  INTERMEDIATE  PRINCIFAL 
STRESS 


FIGURE  4.4 

MOHR  CIRCLE  CONSTRUCTION  FOR 
TOTAL  STRESS 


m  m 


HYDROSTATIC  EFFECTIVE  STRESS, 


FIGURE  4.5 

IN  VOID  RATIO  DUE  TO  A 
IN  HYDROSTATIC  EFFECTIVE 
STRESS 
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FIGURE  48 

THREE-DIMENSIONAL  PORE  PRESSURE 
RESPONSE  SURFACE  FOR  A  CROSS 
ANISOTROPIC  CLAY 


318 


CHAPTER  5 


ROTATION  OF  PRINCIPAL  PLANES 

Purpose 

In  Chapter  4  a  distinction  was  drawn  between  four  total 
stress  tensors  associated  with  a  point  in  a  loaded  soil  mass: 


(J 


13 


d<r 


13 


to 


ij 


cr.  .  +  At,  ,, 
13  13 


the  total  stress  tensor  prior 
to  loading 

a  differential  increment  of 
applied  total  stress 
the  accumulated,  finite  in¬ 
crement  of  applied  total  stress 
the  current  total  stress  tensor 
during  loading 


Each  of  these  total  stress  tensors  has  a  set  of  principal  axes 
and  a  set  of  principal  normal  stresses.  In  general,  no  two 
of  the  above  sets  of  principal  axes  coincide,  and  in  most 
soil  deformation  problems  the  principal  axes  of  the  last 
three  tensors  rotate  continuously  during  loading.  Because 
a  failure  surface  in  soil  is  rarely  planar,  the  influence 
of  anisotropy  with  respect  to  the  effective  stress  shear 
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strength  parameters  needs  to  be  considered  in  determining 
shear  strength. 

The  influence  of  anisotropy  on  shear  strength  in  terms 
of  effective  stress,  for  a  soil  exhibiting  transverse  isotropy, 
is  analyzed  in  Chapter  3.  There  the  concept  of  a  three 
dimensional  failure  surface  is  introduced,  which  describes 
the  variation  of  shear  strength  as  a  function  of  effective 
stress  and  of  the  angle  3  between  the  major  principal  stress 
axis  at  failure  and  the  material  axis. 

In  Chapter  4  some  of  the  factors  influencing  pore 
pressure  response  in  a  saturated  soil  during  undrained  load¬ 
ing  are  examined,  and  a  new  pore  pressure  parameter  is  pro¬ 
posed,  which  is  particularly  convenient  for  treating  the  pro¬ 
blem  of  rotation  of  principal  planes.  The  concept  of  a  three 
dimensional  pore  pressure  response  surface  is  also  intro¬ 
duced,  which  describes  the  variation  of  effective  stress 
during  undrained  loading  with  the  applied  shear  stress  and 
the  angle  Y  between  the  major  principal  axis  of  the  applied 
total  stress  increment  and  the  material  axis. 

The  purpose  of  this  chapter  is  to  explain  and  illustrate 
how  the  three  dimensional  failure  surface  and  the  three 
dimensional  pore  pressure  response  surface  combine  to  give 
the  variation  of  undrained  shear  strength  with  the  angle  3 
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between  the  major  principal  stress  axis  at  failure  and  the 

material  axis.  The  reason  why  the  undrained  shear  strength 

will  vary  with  the  angle  0,  even  when  the  soil  remains  isotropic 

up  to  failure,  provided  the  maximum  shear  stress  prior  to 

the  beginning  of  undrained  shear,  qQ,  is  not  zero  will  be 

explained.  This  last  phenomenon  is  called  the  or  the 

K  effect,  and  it  is  generally  of  considerable  importance 
o 

in  practical  problems. 

Variation  of  Undrained  Shear  Strength 

Determination  of  the  variation  of  undrained  shear 
strength  with  the  angle  .8  between  the  major  principal  stress 
axis  at  failure  and  the  material  axis  is  simple,  once  the 
three  dimensional  failure  surface  and  the  three  dimensional 
pore  pressure  response  surface  have  been  defined.  Consideration 
is  restricted  to  the  case  in  which  the  Y  axes  is  initially 
the  intermediate  principal  stress  axis  and  remains  a  prin¬ 
cipal  stress  axis  throughout  the  loading  process,  and  the 
applied  major  and  minor  principal  total  stress  increments 
lie  in  the  XZ  plane. 

The  three  dimensional  failure  surface  in  Figure  3.11 
specifies  limiting  combinations  of  h  and  r  for  any  given 
value  of  p. 
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The  three  dimensional  pore  pressure  response  surface 
in  Figure  4.7  specifies  combinations  of  h  and  t  which  satisfy 
a  constant  volume  condition,  again  as  a  function  of  p. 

It  follows  that  the  closed  space  durve,  which  is  the 
intersection  of  the  failure  surface  and  the  pore  pressure 
response  surface,  specifies  limiting  values  of  h  and  t,  and 
therefore  also  of  q  and  8,  which  also  satisfy  a  constant 
volume  condition.  Therefore  the  projection  of  this  closed 
curve  on  the  h,  t  plane  is  a  polar  plot  of  undrained  shear 
strength,  q^,  VERSUS  the  polar  angle  2^,  for  a  given  set  of 
consolidation  stresses. 

When  the  soil  is  isotropic  with  respect  to  both  strength 
and  pore  pressure  response,  and  all  material  parameters  in¬ 
volved  are  constants,  then  both  surfaces  are  right  circular 
cones.  This  is  the  case  studied  analytically  by  BRINCH  HANSEN  AND 
GIBSON  (194  9).  if  the  preshear  consolidation  stresses  are 
isotropic  (qQ  =  0;  Kq  =  1),  then  the  axes  of  both  cones 
coincide  with  the  p  axis,  the  intersection  of  the  two  cones 
is  a  circle  and  there  is  no  variation  of  undrained  shear 
strength  with  the  angle  5.  However,  if  the  preshear  con¬ 
solidation  stresses  are  not  isotropic  (q  /  0?  K  ^1)  then 

o  o 

the  axis  of  the  pore  pressure  response  cone  will  not  coin¬ 
cide  with  the  p  axis,  and  the  intersection  of  the  two  cones 
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will  indicate  a  variation  of  undrained  shear  strength  with 
'  the  angle  P.  This  phenomenon  is  called  the  qQ  or  the  Kq 

effect. 

Numerical  Examples 

The  following  numerical  examples  illustrate  the  deter¬ 
mination  of  the  variation  of  undrained  shear  strength  with 
the  angle  ^  between  the  major  principal  stress  axis  at 
failure  and  the  material  axis.  The  method  accommodates 
arbitrary  shapes  of  both  the  failure  surface  and  the  pore 
pressure  response  surface. 

1.  GIVEN: 


K  -0.45 
o 

5  -  1.0  TSF 

vo 

F  -  1.20 

REQUIRED: 

Construct  a  plot  showing  the  variation  of  undrained 
shear  strength  with  the  angle  8. 

§0Ly.TIP.N: 

This  problem  is  typical  of  those  to  which  the  analysis 
of  BRINCH f  HANSEN  AND  GIBSON  (1949)  also  applies. 
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The  failure  surface  has  the  equation 


q  *  p  sin  $  -  0.57358  p 


The  initial  consolidation  stresses  are 


0.725  TSF 


q 


o 


<J  -  0.275  TSF 
vo 


and  the  equation  of  the  pore  pressure  response  surface  is 


qA 


0.725  ~  P 

1.20 


The  calculations  required  to  construct  constant  p  con¬ 
tours  of  the  failure  surface  and  the  pore  pressure  response 
surface  are  tabulated  in  Table  5.1,  and  the  resulting  curve 
of  q^  VS  2^  is  plotted  in  Figure  5.1.  If  the  pore  pressure 
parameter  F  exceeded  the  ratio  (1  -  Kq)/(1  +  K  ) ,  which 
could  happen  in  a  sensitive  clay  or  a  very  loose  sand,  the 
undrained  shear  strength  curve  would  not  enclose  the  origin, 

V 

so  that  a  passive  failure  could  occur  before  the  lateral 
stress  even  exceeded  the  vertical  stress. 
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Since  the  torsional  hollow  cylinder  test  has  not  yet 
been  refined  to  the  point  where  the  state  of  stress  within 
the  specimen  can  be  considered  homogeneous,  there  is  presently 
no  reliable  direct  means  of  predicting  the  variation  of  un¬ 
drained  shear  strength  with  the  angle  $  IN  SITU,  when  the 
preshear  geostatic  stresses  are  anisotropic.  Several  recent 
investigators  have  assumed  that  the  IN  SITU  variation  of 
undrained  shear  strength  when  K  /  1  is  the  same  as  that 
obtained  from  a  series  of  isotropically  (Kq  *  1)  consolidated 
triaxial  tests  on  samples  trimmed  at  various  values  of  the 
angle  8.  They  have  also  concluded  that  the  clays  they 
tested  were  essentially  isotropic  with  respect  to  the 
effective  stress  shear  strength  parameters,  and  therefore 
that  anisotropy  with  respect  to  pore  pressure  response  was 
the  major  cause  of  variation  of  undrained  shear  strength 
with  the  angle  B  in  their  isotropically  consolidated  speci¬ 
mens.  It  follows  that  anisotropy  with  respect  to  pore 
pressure  response,  plus  the  qQ  effect  are  the  two  major 
causes  of  variation  of  undrained  shear  strength  with  the 
angle  0  in  anisotropically  consolidated  specimens.  The 
treatment  of  this  practically  important  case  is  illustrated 
by  the  following  numerical  example. 
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2.  GIVEN: 


Isotropically  consolidated  undrained  triaxial  compression 
tests  with  pore  pressure  measurements,  on  samples  of  a  silty 
clay  trimmed  at  seven  different  values  of  the  angle  0,  have 
yielded  the  results  shown  below. 


0 

Po 

°lf 

rj 

3f 

Auf 

DEG 

PS  I 

PS  I 

PS  I 

PS  I 

0 

50.00 

81.25 

50.00 

34.38 

15 

50.00 

80.92 

50.00 

34.54 

30 

50.00 

79.99 

50.00 

35.00 

45 

50.00 

78.57 

50.00 

35.72 

60 

50.00 

76.93 

50.00 

36.54 

75 

50.00 

75.54 

50.00 

37.23 

90 

50.00 

75.00 

50.00 

37.50 
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u 


( 


sin  ^  ■  0.500  (isotropic) 

so  that 

K  *  1  -  sin  $  ■  0.500 
o 

It  is  assumed  that  the  variation  of  F  with  ft  in  the 

isotropically  consolidated  tests  is  the  same  as  the  variation 

of  F  with  Y  for  a  K  initial  condition.  Data  needed  to 

o 

construct  contours  of  the  pore  pressure  response  surface 
are  tabulated  in  Table  5.2(b),  using 

Pq  -  50.00  PSI 

The  initial  value  of  q  is 


The  strength  curves  in  Figures  5.2(a)  and  5.2(b)  have 
little  in  common.  The  qQ  effect  is  by  far  the  most  important 
cause  of  undrained  shear  strength  variation  with  the  angle 
P.  This  effect  must  be  considered  in  the  prediction  of 
undrained  shear  strength  for  any  important  project. 


(  ) 
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Summary 


In  this  chapter  the  concept  of  a  three  dimensional 
failure  surface,  introduced  in  chapter  3,  and  the  concept 
of  a  three  dimensional  pore  pressure  response  surface, 
introduced  in  chapter  4,  have  been  combined  to  yield  a  simple 
method  for  predicting  the  IN  SITU  variation  of  undrained 
shear  strength  with  the  angle  /J  between  the  major  principal 
stress  axis  at  failure  and  the  material  axis.  All  the 
calculations  required  by  the  method  can  be  based  on  the 
results  of  conventional  triaxial  tests. 

Example  2  illustrates  the  application  of  the  method  to 
what  is  believed  to  be  the  most  common  practical  field 
situation: 

V 

a)  isotropic  strength,  in  terms  of  effective  stress, 

b)  anisotropic  pore  pressure  response,  and 

c)  anisotropic  preshear  consolidation  stresses. 

The  application  of  the  method  to  predicting  the  behavior 
of  a  model  footing  on  resedimented  Boston  blue  clay  is 
discussed  in  Chapter  7. 
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TABLE  5.1 


VARIATION 

OF  UNDRAINED  SHEAR 
EXAMPLE  NO.  1 

STRENGTH, 

Pf 

qf 

Po  "  Pf 

qA 

TSF 

TSF 

TSF 

TSF 

0.000 

0.000 

0.725 

0.604 

0.050 

0.029 

0.675 

0.563 

0.100 

0.057 

0.625 

0.521 

0.150 

0.086 

0.575 

0.479 

0.200 

0.115 

0.525 

0.438 

0.250 

0.143 

0.475 

0.396 

0.300 

0.172 

0.425 

0.354 

0.350 

0.201 

0.375 

0.313 

0.400 

0.229 

0.325 

0.271 

0.450 

0.258 

0.275 

0.229 

0.500 

0.287 

0.225 

0.188 

0.550 

0.315 

0.175 

0.146 

0.600 

0.344 

0.125 

0.104 

0.650 

0.373 

0.075 

0.063 

0.700 

0.402 

0.025 

0.021 

329 


VARIATION  OF  UNDRAINED  SHEAR  STRENGTH,  EXAMPLE  NO.  2  TEST  DATA  REDUCTION 
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EXAMPLE  NO.  I 


CLUONG  THE  q0  EFFECT 


T,  PSI 


CHAPTER  6 


INFLUENCE  OF  THE  INTERMEDIATE  PRINCIPAL  STRESS 


Purpose 

The  conclusion  in  Chapter  3  that  the  intermediate 
principal  stress  had  no  influence  on  shear  strength,  expressed 
in  terms  of  effective  stress,  was  based  on  four  factors: 

1.  The  assumed  validity  of  Equation  (3.15), 

2.  The  assumption  that  the  intermediate  principal 
stress  axis  remains  perpendicular  to  the  material  axis, 

3.  The  assumption  that  the  effective  stress  shear 
strength  parameters  in  Equation  (3.15)  both  increase  steadily 
as  the  angle  a  between  the  normal  to  the  failure  plane  and 
the  material  axis  increases,  and 

4.  An  analysis  of  the  characteristics  of  contours 
of  constant  a,  superimposed  on  a  three  dimensional  Mohr 
circle  of  stress. 

In  the  physical  sciences,  it  is  frequently  easier  to 
assume  a  mechanism,  such  as  that  described  above,  which 
then  leads  to  a  correct  prediction  of  specific  behavior, 
than  it  is  to  establish  the  validity  of  the  mechanism. 
Certainly  this  is  true  with  the  shear  strength  of  soils. 
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The  assumption  that  the  effective  stress  shear  strength 
parameters  do  NOT  increase  steadily  as  the  angle  a.  increases 
leads  to  the  prediction  that  the  intermediate  principal 
stress  will  influence  shear  strength.  However,  if  the 
intermediate  principal  stress  does  influence  shear  strength, 
this  does  not  necessarily  verify  the  assumption  regarding 
variation  of  the  effective  stress  shear  strength  parameters 
with  failure  plane  orientation.  This  is  because  such  a 
mechanism  is  not  the  only  one  which  causes  the  intermediate 
principal  stress  to  influence  shear  strength?  many  other 
failure  criteria,  if  satisfied,  will  also  do  that. 

The  purpose  of  this  chapter  is  therefore  only  to  deter¬ 
mine  if  the  influence  of  the  intermediate  principal  stress 
on  the  shear  strength  of  soil  is  negligible,  as  is  customarily 
assumed,  but  no  attempt  will  be  made  to  verify  any  particular 
strength  mechanism.  The  assumption  of  isotropy  will  be  made 
throughout . 


Interpretation  of  Test  Data 

The  Revised  Coulomb  Equation  defines  shear  strength 
in  terms  of  the  effective  stress  shear  strength  parameters 
c  and  $. 
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Tff  -  c  +  aff  tan  $  (2.5) 

Equation  (2.5)  has  proved  convenient  in  engineering 
practice  for  estimating  the  strength  of  earth  structures  of 
relatively  simple  geometry.  However,  its  usefulness  is 
dependent  upon  the  determination  of  values  of  c  and  $  , 
by  laboratory  or  field  tests,  which  accurately  reflect  field 
behavior. 

SOWERS  (1963)  reviewed  methods  of  measuring  soil  strength 
in  both  the  laboratory  and  field,  and  the  effects  of  sample 
disturbance  were  assessed  by  LADD  AND  LAMBE  (1963)  in  the 
same  volume.  BISHOP  (1966)  reviewed  laboratory  test  techniques, 
including  the  plane  strain  test,  and  also  summarized  theoretical 
considerations,  many  of  which  had  been  concisely  treated  by 
NEWMARK  (1960)  and  HVORSLEV  (1960),  and  were  recently  reviewed 
again  by  SCOTT  AND  KO  (1969). 

Despite  the  increasing  popularity  of  the  simple  shear 
test  and  the  plane  strain  test,  the  triaxial  test  is  still 
the  most  popular  test  for  measuring  the  shear  strength 
properties  of  soils  in  the  laboratory,  for  important  engineer¬ 
ing  projects.  The  mechanics  of  this  test  were  investigated 
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by  HAYTHORNTHWAITE  (1960c) ,  who  listed  two  main  reasons  for 
an  apparent  influence  of  the  intermediate  principal  stress 
on  values  of  c  and  $  measured  in  axial  compression  and 
extension: 

1.  Nonuniformity  of  stress  distribution  in  triaxial 
test  specimens  which  really  do  obey  the  Revised  Coulomb 
Equation,  and 

2.  True  departure  from  the  Revised  Coulomb  Equation. 

The  subject  of  stress  and  strain  nonuniformity  in  the  tri¬ 
axial  test  could  well  be  the  subject  of  an  entire  thesis, 
and  therefore  the  following  discussion  will  concentrate 
entirely  on  the  second  item,  true  departure  from  the 
Revised  Coulomb  Equation. 

First,  however,  other  factors  which  also  influence 
measured  values  of  c  and  $  deserve  mention. 

3.  There  has  been  a  tendency  to  overlook  the  difference 
between  a  yield  criterion  and  a  failure  criterion.  A  sharp 
distinction  between  the  two  was  drawn  by  NADAI  (1933),  but 
the  desire  to  treat  soil  theoretically  as  a  rigid  -  plastic 
material  (which  it  is  not)  has  led  to  the  synonymous  use  of 
the  two  terms.  Consequently,  the  Mohr  -  Coulomb  equation 
has  often  been  used  as  a  yield  criterion,  and  this  has,  in 
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turn,  led  to  what  may  be  unjustified  criticism  of  the 
normality  rule  of  theoretical  plasticity.  The  Mohr  - 
Coulomb  Equation  is  not  a  yield  criterion,  but  rather  a  failure 
criterion.  Soil  is  not  a  rigid  -  plastic  material,  but 
rather  a  work  -  hardening  material  which  undergoes  con¬ 
siderable  inelastic  deformation  prior  to  reaching  instability; 
DRUCKER,  GIBSON  and  HENKEL  (1957) .  The  plastic  deformation 
prior  to  failure  should  be  considered  in  important  stability 
calculations . 

4.  Theoretical  plasticity  analyses  have  often  been 
done  in  terms  of  total,  rather  than  effective  stress. 

5.  Different  investigators  have  not  always  agreed  on 
a  definition  of  failure. 

6.  The  results  of  many  soil  strength  tests  have  yet 
to  be  proven  independent  of  the  type  of  test  or  test  device. 
This  is  especially  true  of  tests  designed  to  measure  the  in¬ 
fluence  of  the  intermediate  principal  stress.  The  writer 
has  come  to  believe  that  test  results  designed  to  show  the 
influence  of  the  intermediate  principal  stress  should  not 

be  considered  conclusive  until  they  have  been  corroborated 
by  at  least  three  different  test  devices. 
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7.  The  determination  of  internal  stresses  in  a  soil 


test  specimen,  on  the  basis  or  externally  applied  loads, 
may  not  be  unique.  This  is  because  a  stress  -  strain 
relation  may  be  needed,  but  not  known.  The  simple  shear 
test  falls  in  this  category. 

8.  Some  investigators  use  nominal  dimensions  in  per¬ 
forming  stress  calculations,  while  others  use  dimensions 
corrected  on  the  basis  of  a  few  measured  deformations.  Other 
corrections  employed  to  account  for  the  restraining  effects 
of  rubber  membranes,  filter  paper  strips,  piston  friction, 
and  so  forth  have  not  been  standardized,  and  sample 
calculations  are  rarely  given. 

9.  In  most  cases,  too  few  tests  are  run,  so  doubt 
remains  about  the  relative  contributions  of  systematic  and 
random  influences.  Little  information  is  available  on  the 
degree  of  scatter  to  be  expected  in  a  given  soil  strength 
test.  There  are  several  reasons  for  this  situation. 
Identical  representative  undisturbed  samples  are  hard  to 
come  by,  as  well  as  being  expensive,  and  skilled  technicians 
who  can  perform  a  triaxial  stress  path  test  correctly  are 
not  always  easy  to  find. 
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10.  The  method  of  displaying  results  of  soil  strength 
tests,  designed  to  show  the  influence  of  the  intermediate 
principal  stress,  is  not  standard,  and  some  plots  reveal 
more  information  than  others . 

Basic  Approaches 

There  are  at  least  two  basic  apprpaches  to  studying 
the  influence  of  the  intermediate  principal  effective  stress 
on  soil  shear  strength.  The  first  is  a  general  approach,  the 
second  a  more  limited  one.  The  general  approach  asks: 

Does  the  intermediate  principal  effective  stress 
influence  shear  strength? 

The  limited  approach  asks: 

Does  the  intermediate  principal  effective  stress 
influence  the  value  of  $  in  the  Revised  Coulomb 
Equation,  assuming  the  intrinsic  pressure  to  be 
constant? 

Both  approaches  and  their  associated  methods  of  data 
display  are  discussed  below. 

The  General  Approach 

A  fairly  general,  time  -  and  strain  -  independent 
failure  criterion  for  an  isotropic  soil  is  a  surface 


341 


in  principal  effective  stress  space,  defined  by  the 
equation 


F(o  ,  <r  ,  a3)  -  0  (6.1) 

Because  the  material  has  been  assumed  to  be  isotropic  there 
is  no  loss  of  generality  in  also  assuming  that  is  the 
major,  5  the  intermediate  and  cr  the  minor  principal  effective 
stress,  so  that 

(6.2) 

There  is  also  no  need  to  assume  that  the  principal  stress 
axes  remain  fixed  in  direction.  On  the  other  hand,  were 
the  material  anisotropic,  the  use  of  prindipal  stress  space 
would  be  inadmissable  unless  the  principal  stress  axes  did 
remain  fixed  in  direction. 

If  the  intermediate  principal  effective  stress  is  to  have 
no  influence  on  failure,  then  all  contours  of  the  failure 
surface  corresponding  to  constant  values  of  the  intermediate 
principal  effective  stress  must  be  portions  of  a  single 
continuous  curve  in  the  1-3  plane.  It  is  therefore  con¬ 
venient  to  rewrite  Equation  (6.1)  in  the  form 
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(6.3) 


*f  “  f(5f  V 

where  qf  and  are  defined  in  Figure  2.1.  Then  assuming 
the  necessary  triaxial  testing  device  were  available,  one 
could  conduct  several  series  of  tests,  each  at  a  different 
value  of  rr2  .  The  resulting  contours  of  qf  VERSUS  pf  at 
failure,  one  for  each  value  of  cr^,  should  combine  into  a 
single  continuous  curve  if  the  failure  criterion  is  to  be 
truly  independent  of  rr^.  A  typical  constant  contour 
is  shown  in  Figure  6.1.  Each  test  series  could  be  conducted 
by  first  establishing  the  end  points  of  a  contour,  then 
locating  intermediate  points.  This  can  be  accomplished  by 
varying  only  one  principal  effective  stress  at  a  time,  as 
indicated  in  the  figure. 

For  several  reasons,  it  may  be  convenient  to  consider 
intersections  of  the  failure  surface,  not  with  planes  of 
constant  but  rather  with  planes  of  constant  |j.,  where 


{  ) 
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A  few  reasons  for  doing  so  are: 

1.  To  obtain  contours  which  are  not  limited  in  extent, 

2 .  To  obtain  a  direct  comparison  between  data  from  a 
genuine  triaxial  device  and  that  from  a  conventional  triaxial 
(cylindrical  compression/extension) device,  and 

3.  To  facilitate  plotting  octahedral  contours  of  the 
failure  surface. 

A  plane  of  constant  (j.  in  principal  stress  space  has  the 
equation 


(1  +  ii)^  -  2 o2  +  (1  -  p.)a3  -  0 


(6.5) 


It  therefore  contains  the  origin,  and  has  a  normal  unit 
vector  defined  by  the  equation 


4 


r 

i-L 


(1  +  M.) “  2e2  +  (1  -  p.)e3 


( 


2  (3  +  [x  ) 


(6.6) 
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If  the  intermediate  principal  effective  stress  is  to 
have  no  influence  on  failure,  then  all  contours  of  constant 
|i,  projected  parallel  to  the  2  axis  onto  the  1-3  plane, 
must  coincide.  It  is  therefore  convenient  to  rewrite 
Equation  (6.1)  once  more,  this  time  in  the  form 

qf  *  g(Pf»  M-)  (6.7) 

Then,  again  assuming  the  necessary  triaxial  testing  device 
were  available,  one  could  conduct  several  series  of  tests, 
each  with  a  different  value  of  p,.  The  resulting  contours  of 
qf  VERSUS  pf  at  failure,  one  for  each  value  of  (j.,  should 
coincide,  and  furthermore  should  be  identical  with  the 
single  continuous  curve  obtained  from  the  constant  tests, 
if  the  failure  criterion  is  to  be  truly  independent  of 
<t 2*  A  typical  constant  p,  contour  is  shown  in  Figure  6.2. 

Of  course,  it  is  possible  to  construct  constant  |_l 
contours  from  constant  contours,  and  to  construct  con¬ 
stant  contours  from  constant  p.  contours. 

Several  points  on  a  plot  of  q^  VERSUS  p^  at  failure, 
shown  in  Figure  6.3,  have  important  physical  significance. 
Since 
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<7  ■  d  +  ^  a 

OCT  *  3  4 

point  A  must  represent  strength  under  hydrostatic  tension. 

The  value  d,  usually  referred  to  as  intrinsic  pressure,  is 
really  cohesion  in  the  true  sense,  i.e.  hydrostatic 
tensile  strength,  as  the  word  implies  in  the  field  of 
Physics.  Several  ingeneous  methods  have  been  devised  for 
creating  a  state  of  hydrostatic  tension?  NADAI  (1950,  178) 
and  WILLIAMS  (1964) .  Point  B  represents  strength  under  pure 
tension  in  the  1-3  plane,  point  C  strength  under  pure  shear 
in  the  1-3  plane  and  point  D  strength  under  pure  compression 
in  the  1-3  plane,  all  for  some  precribed  value  of  a  or  p,. 

In  view  of  the  marked  curvature  exhibited  by  shear 
strength  envelopes  for  natural  soils,  particularly  at  high 
pressure  such  as  those  exerted  by  deep  foundations  in  clay, 
the  general  approach  to  the  examination  of  failure  criteria 
outlined  above  seems  fairly  realistic  without  being  too 
compicated. 

The  Limited  Approach 

It  is  often  convenient  to  assume  that  within  a  certain 
range  of  pf  all  constant  p,  contours  are  straight  lines,  meeting 
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at  the  same  point  on  the  p  axis.  In  this  case.  Equation 
(6.7)  takes  the  form 

qf  -  (d  +  pf)  sin  5  (6.8) 

where  d,  assumed  independent  of  p.,  is  now  the  apparent 
hydrostatic  tensile  strength.  The  slope  of  a  constant  ^ 
contour  is  sin  \  where 

*  •  *(n>  (6.9) 


The  object  of  the  limited  approach  is  to  determine  how  the 
angle  s  varies  with  |i. 

In  view  of  the  linear  relations 
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shown  in  Figure  6.4,  Equation  (6.8)  is  tantamount  to  assuming 
the  failure  surface  to  be  a  pyramid,  with  its  axis  along 
the  octahedral  normal.  All  octahedral  cross  sections  must 
therefore  be  geometrically  similar. 

Equation  (6.8),  if  written  in  terms  of  the  deviator 
stress  components  without  the  subscript  f  becomes 


S1  "  3  3 


S1  +  S3 

(d  +  c  +  - r -  )  sin  $ 

OCT  2 


s  2 

(d  +  rr  “  )  sin  * 

OCT  2 


(6.10) 


Referring  to  Figure  B.6,  it  follows  that 


s,  -  s_ 

1 _ 3  _  _x_ 

2  /2 


_2  ,  _Z_ 

2  / 6 


r 

) 


(6.11) 


and  therefore  Equation  (6.10)  assumes  the  form 
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-  „  .  3.  sin  $ 

(d  +  Vt’  sin  *  ■  y  ~7T~ 


X 

/  2 


or 
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/6  (d  +  O’ 


OCT' 


(6.12) 


It  is  convenient  to  normalize  Equation  (6.12)  by  dividing 

by  d  +  cr  .  to  obtain 
1  OCT 


/6 


12. 


JSL 


d  +  (T 


OCT 


sin  $ 


d  +  a 


OCT 


(6.13) 


A  plot  of  Equation  (6.13)  is  shown  in  Figure  6.5,  from  which 
it  is  seen  that  a  stress  point  can  quickly  be  plotted  in  the 
octahedral  plane,  using  the  coordinates 

/ 6  tan  9  -  (6.14) 

d  +  p 

cr  -  p 

li.  -  — - -  -  /3  cot  cd  (6.15) 

cr  ^ 
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As  long  as  <r1  >  <r2  >  (T^  >  0,  the  parameters  in  Figure  6.5 
will  satisfy  the  relationships 

o  s  e2  30° 

■1  i  ^  1  (6.16) 

60°  032  120° 

so  that  all  points  lie  within  a  30-60-90  right  triangle, 
the  hypotenuse  of  which  is  equal  to  /6  «  2.45,  and  which 
forms  the  lower  half  of  triangle  O'AB  in  Figure  B.6.  Such 
a  plot  will  have  the  following  properties: 

1.  The  radial  distance  from  the  origin  O'  to  any 

point  P  is  equal  to  the  ratio  /3  T.„_/( d  +  <r _ ) 

OCT  OCT 

for  that  point. 

2.  The  cotangent  of  the  angle  cu2  between  a  radius  from 
the  origin  O'  to  any  point  P  and  the  vertical  is 
equal  to  the  ratio  |i//3  for  that  point. 

3.  The  horizontal  distance  from  the  origin  O'  to  a 
line  drawn  from  B  through  any  point  P  is  equal  to 
the  ratio  /2(<r  -  rr ^ ) / ( rr  +  <r  )  for  that  point. 

J*  -J  <L  D 
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The  Mohr  -  Coulomb  failure  criterion  can  be  concisely 
expressed  in  terms  of  octahedral  stress  invariants  by 
applying  the  Law  of  Sines  to  triangle  O' BP  in  Figure  6.5, 
in  the  form 


O'P 

O'B 


/ 3  r  /  (d  +  5  ) 

OCT  OCT 


/6 


sin  0„ 
_ 2 

sin(a>2  +  ©2) 

»**  • 


which  can  be  written  in  the  form 


OCT 


d  +  rr 


OCT 


/2  sin  0„ 

_ 2__ 

sin(o)2  +  02) 


-  0 


(6.17) 


Equation  (6.17)  is  an  expression  for  the  so-called  partial 
Mohr  -  Coulomb  failure  criterion,  in  terms  of  stress  in¬ 
variants.  The  complete  Mohr  -  Coulomb  failure  criterion 
is  obtained  by  considering  all  possible  relative  magnitude 
permutations  of  cr^,  and  y  and  can  be  concisely  written 
in  the  form 


C1  C2  C3  ’  ° 


(6.18) 
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The  functions  C, ,  and  C„  are  the  Mohr  -  Coulomb  octahedral 
12  3 

stress  invariant  functions,  defined  by  the  equations 


r  / 2  sin  0 , 

._0£T..,  ■  _  _ 1. 


Cj  ’  d  +  "OCT  Sin(a>j  +  V 


(6.19) 


tan  9  . 
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C  i  jk  / 3 
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/  3  U 


17  ■  ~ 
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(6.20) 


COt  CD. 

3 


j_  2\-  (,Ti + 

i jk  / 3  a,  -  5, 

l  k 


(6.21) 


where  c  .  is  the  permutation  tensor,  equal  to  +1  when  i, 
j  and  k  form  a  clockwise  permutation  of  1,  2  and  3,  equal 
to  -1  when  the  permutation  is  counterclockwise,  and  zero 
otherwise.  Figure  6.6  shows  an  octahedral  plane  stress 
plot  of  the  complete  Mohr  -  Coulomb  failure  surface.  It 
is  symmetric  about  each  stress  axis,  as  Equation  (6.19) 
indicates,  since  9^  and  co^  change  sign  simultaneously.  The 
conciseness  of  Equations  (6.18)  and  (6.19)  should  encourage 
their  use  in  treatments  of  failure  under  general  states 
of  stress.  They  can  be  easily  programmed  for  computer 
application. 
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Similar  expressions  can  be  written  for  other  failure 
criteria.  For  example,  the  Tresca  (maximum  shear  stress) 
failure  criterion  has  the  equation 


(6.22) 


which  means  that 


x 

Tim  c 


OCT 


sm  03, 


(6.23) 


Therefore  by  defining  the  Tresca  octahedral  stress  invariant 
functions  by  the  equation 

Tj  ■  |f?  toct  1  sin  “j  I  -  5  (6-24) 

the  Tresca  failure  criterion  can  be  concisely  expressed  in 
terms  of  stress  invariants  by  the  equation 


T1  T2  T3 


(6.25) 
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Discussion  of  Test  Data 

As  early  as  1900  Foppl  investigated  the  fracture 
strength  of  rock  cubes  by  loading  them  in  plane  stress? 

JAEGER  AND  COOK  (1969,  149),  NADAI  (1950,  239).  The  fact 
that  the  minor  principal  stress  in  Foppl' s  tests  was  always 
zero  does  not  detract  from  the  fact  that  the  three  principal 
stresses  at  failure  were  unequal,  and  therefore  that  Foppl 's 
tests  were  capable  of  yielding  some  information  concerning 
the  influence  of  the  intermediate  principal  stress  on  fracture 
strength. 

HANDIN  AND  HAGER  (1957)  and  SOWERS  (1963)  cite  several 
investigations  by  F.D.  Adams  and  his  collaborators,  start¬ 
ing  in  1901,  in  which  the  minor  (radial)  principal  compressive 
stress  was  applied  to  a  rock  cylinder  under  axial  compression 
by  a  heavy  steel  jacket  which  resisted  the  radial  expansion 
of  the  rock  cylinder.  Handin  and  Hager  also  state  that  the 
first  triaxial  tests  in  which  a  truly  hydrostatic  confining 
pressure  of  more  than  a  few  atmospheres  could  be  applied 
were  those  of  VON  KARMAN  (1911),  and  that  the  first  triaxial 
extension  tests  on  rock  were  conducted  by  von  Karman's 
student,  BOKER  (1915) .  According  to  ROSCOE  (1969)  the  first 
use  of  the  triaxial  test  for  soil  testing  was  by  WESTERBERG 
(1921) .  TSCHEBOTARIOFF  (1951,  130)  and  SOWERS  (1963)  cite 
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other  early  triaxial  soil  test  references.  The  triaxial 
test  was  employed  at  the  University  of  Illinois  in  the 
study  of  concrete  strength  by  RICHART,  BRANDTZAEG  AND  BROWN 
(1928)  . 

Triaxial  strength  data  from  tests  on  jacketed  cylinders 
of  Carrara  marble  by  von  Karman  and  Boker  are  tabulated  in 
Table  6.1  and  plotted  in  Figures  6.7  and  6.8.  The  data  were 
obtained  from  a  paper  by  RUTLEDGE  (1939)  .  The  two  strength 
contours  in  Figure  6.7  have  been  approximated  by  straight 
lines  over  the  range  10  KSI  <  pf  <  30  KSI,  using  the  value 
d  -  11.0  KSI,  thus  yielding  the  following  values  of 

(i  #  /2  SIN  $ 

DEG 

-1  30.1  0.710 

9  33.0  0.770 

Values  of  /2  SIN  #  for  individual  tests  within  the  range 
10  KSI  <  p^  <  40  KSI  are  tabulated  in  Table  6.1.  Only 
the  average  values  appear  in  Figure  6.8. 

The  most  notable  feature  of  von  Karman 's  tests  was 


the  transition  from  brittle  to  ductile  behavior  as  the 


confining  pressure  increased.  His  plots  of  <r^  -  0^ 

VERSUS  axial  strain,  had  shapes  similar  to  those  for 
dense  sand,  at  confining  pressures  below  about  10.5  KSI, 
and  at  higher  confining  pressures  had  shapes  similar  to 
those  for  loose  sand.  There  is  no  mention  in  the  literature 
of  von  Karman  having  made  volume  change  measurements  during 
shear.  As  the  confining  pressure  increased  beyond  10.5  KSI 
the  failure  mode  changed  from  fracture  to  flow.  At  con¬ 
fining  pressures  in  the  neighborhood  of  20  KSI  the  flow 
limit  appeared  to  level  off  at  a  qf  value  of  about  29  KSI 
for  (j.  *  -1  and  31  KSI  for  p,  -  1. 

Boker  also  subjected  solid  marble  cylinders  to  combined 
hydrostatic  fluid  pressure,  axial  compression  and  torsion. 
Some  of  these  specimens  are  shown  by  NADAI  (1950,  243)  . 

KJELLMAN  (1936)  reported  the  design  of  a  device 
capable  of  applying  three  independent  principal  normal 
stresses,  up  to  a  maximum  value  of  13  KG/CM^,  to  the  faces 
of  a  62  x  62  x  62  CM  soil  cube.  Pressure  was  transmitted 
to  each  face  by  the  flat  ends  of  100  square  brass  bars, 

62  x  62  MM  in  cross  section.  The  spacing  between  bars, 
which  was  initially  0.2  MM,  was  intended  to  compensate  for 
specimen  deformation  and  friction  between  the  specimen 
and  the  bar  ends.  Speciman  deformation  in  each  of  the 
three  principal  directions  was  measured  to  the  nearest 
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0.001  MM  by  means  of  dial  gages.  To  demonstrate  the 
possibilities  of  his  apparatus,  Kjellman  reported  results 
of  tests  on  a  dry  German  quartz  sand,  having  a  grain  size 
of  about  1  MM  and  an  initial  void  ratio  of  0.67.  He  performed 
the  following  types  of  tests:  hydrostatic  compression, 
one-dimensional  compression,  plain  strain  compression 
(cr^  ■  cr^;  ■  0),  axially  symmetric  compression  (|x  *  -1) 
and  genuine  triaxial  compression. 

One-dimensional  compression  tests  were  carried  out  in 
both  the  new  device  and  an  oedometer,  and  differences 
between  the  two  compression  curves  were  attributed  to 
friction  in  the  oedometer.  A  continuous  plot  of  axial 
VERSUS  lateral  pressure  in  the  new  device  was  almost 
perfectly  linear  during  loading,  with  a  slope  (Kq)  of  about 
0.52.  During  unloading  the  relationship  became  nonlinear, 
and  at  an  overconsolidation  ratio  of  3  the  ratio  of  lateral 
to  axial  stress  was  slightly  less  than  unity. 

Kjellman  displayed  the  results  of  three  genuine  tri¬ 
axial  tests  by  plots  of  a  ,  a  ,  a  ,  c  ,  €  and  c  VERSUS 

xyzxy  z 

a  parameter  t,  defined  as 

t  -  6.00  -  <7  ,  KG/CM2 
X 


The  failure  stresses  were  found  by  extrapolating  the  stress 
curves  to  the  value  of  t  at  which  two  or  all  three  of  the 
extrapolated  strain  curves  had  vertical  tangents.  Failure 
data  for  the  three  tests  are  tabulated  in  Table  6.2  and 
plotted  in  Figure  6.9.  A  series  of  direct  shear  tests 
yielded  $  ■  34°,  which  is  considerably  lower  than  two  of 
the  triaxial  strength  results  but  agrees  well  with  the  one 
axially  symmetric  test. 

Comparison  of  Kjellman's  results  with  those  obtained 
within  the  last  few  years  indicates  his  data  to  be  of 
excellent  quality. 

RENDULIC  (1936a,  1937)  conducted  both  drained  and 
"undrained, "  isotropically  consolidated  triaxial  compression 
and  extension  tests  on  a  blue,  silty  Tertiary  clay  from 
Vienna,  having  the  following  index  properties: 


Liquid  Limit 

47.6% 

Plastic  Limit 

22.8% 

Plasticity  Index 

24.8% 

Percent  by  Weigth  Finer 

Than  0.002  MM 

20.0% 

Activity 

1.24 

Specific  Gravity  of  Solids 


2.76 


His  test  specimens  were  hollow  cylinders,  having  a  height 
of  8  CM,  an  outside  diameter  of  5  CM  and  an  inside  diameter 
of  0.8  CM.  The  inner  core  was  filled  with  a  sand-mica 
mixture,  at  Terzaghi's  suggestion,  for  the  purpose  of 
obtaining  pore  pressure  measurements.  Therefore  the  term 
"undrained",  as  applied  to  Rendulic's  tests,  must  be  qualified 
to  account  for  possible  pore  water  migration  between  the 
cylindrical  clay  specimen  and  the  sand-mica  core.  Although 
Rendulic  made  no  mention  of  how  he  designed  the  sand-mica 
core,  he  probably  used  the  results  of  tests  at  the 
Massachusetts  Institute  of  Technology  in  attempting  to 
match  the  compressibilities  of  clay  and  core;  GILBOY  (1928) . 
However,  it  seems  unlikely  that  the  effective  stress  - 
void  ratio  characteristics  of  the  core  exactly  matched  those 
of  the  clay,  so  some  internal  pore  water  migration  must 
have  taken  place. 

The  results  of  Rendulic's  isotropically  consolidated 
"undrained"  triaxial  compression  and  extension  tests  are 
tabulated  in  Tables  6. 3  and  6.4,  and  plotted  in  Figures  6.10 
and  6.11.  He  made  no  correction  to  the  recorded  principal 
stress  difference  to  account  for  deformation.  Figure  6.11 
therefore  illustrates  the  influence  of  the  area  correction 


on  measured  effective  stresses  in  the  compression  tests. 

Strains  were  not  reported  for  the  extension  tests.  The 

influence  of  the  area  correction  is  by  no  means  negligible, 

but  neither  is  it  certain.  This  is  because  the  magnitude 

of  the  area  correction  depends  on  the  deformed  configuration, 

which  is  usually  not  measured.  The  influence  of  sample 

deformation  on  the  magnitude  of  the  required  area  correction 

was  mentioned  briefly  by  ROSCOE,  SCHOFIELD  AND  WROTH  (1959) 

and  was  later  studied  in  detail  by  ROSCOE,  SCHOFIELD  AND 

THURAIRAJAH  (1963)  .  It  is  not  known  whether  Rendulic  made 

any  corrections  for  friction  or  rubber  membrane  resistance. 

None  has  been  attempted  here. 

Rendulic' s  samples  were  remolded  at  a  liquidity  index 

of  0.189  (w  *  27.5%).  He  was  well  aware  that  his  samples 
o 

were  therefore  overconsolidated,  and  suggested  that  tests 
similar  to  his  be  conducted  on  normally  consolidated  clay; 
RENDULIC  (1936a,  51)  .  The  stress  paths  in  Figure  6.11  exhibit 
the  features  of  a  lightly  overconsolidated  clay,  including 
an  apparently  large  hydrostatic  tensile  strength,  d. 

However,  d  is  not  consistent  for  compression  and  extension 
tests  (even  when  no  area  correction  is  applied  to  the 
compression  test  results)  .  These  tests  are  therefore 
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primarily  of  historical  interest.  Rendulic  concluded  that 

0 

void  ratio  isochors  were  surfaces  of  revolution,  with  the 
hydrostatic  stress  axis  as  the  axis  of  revolution.  Thus 
he  was  later  led  to  the  generalized  von  Mises  failure 
criterion. 

HABIB  (1953)  reported  the  results  of  tests  on 
Fontainebleau  sand,  similar  in  nature  to  those  Boker  had 
conducted  on  marble  in  1915.  Habib  referred  to  his  test 
as  a  Confined  Torsion  Test.  It  was  a  drained  triaxial 
test  with  a  provision  for  applying  an  axial  torque,  and  he 
assumed  the  torsional  shear  stress  acting  on  a  horizontal 
plane  at  failure  to  be  uniform.  Under  this  assumption, 
he  calculated  the  torsional  shear  stress,  t,  from  the 
expression 


where  C  ■  applied  couple 
R  ■  specimen  radius 


\  I 
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Habib  also  conducted  tests  on  clay  samples,  but  did  not 
obtain  pore  pressure  measurements.  His  confined  torsion 
results  for  sand,  corrected  for  sample  deformation  (necking) 
by  YONG  AND  WARKENTIN  (1966,  339)  plus  other  triaxial  test 
results  from  his  original  paper  are  tabulated  in  Table  6.5 
and  plotted  in  Figures  6.12  and  6.13.  All  the  confined 
torsion  tests  on  sand  were  conducted  at  the  same  intermediate 
principal  effective  stress.  Habib  stated  that  strength 
lines  for  constant  p,  were  linear,  but  exhibited  cohesion, 
which  he  attributed  entirely  to  the  "parasitic  shear"  of 
the  rubber  membrane. 

BISHOP  AND  ELDIN  (1953)  conducted  conventional  triaxial 
tests  along  10  different  effective  stress  paths  using  1.5 
inch  diameter  by  3.5  inch  long  specimens  of  the  medium-to- 
fine  fraction  of  a  well  graded  sand  obtained  next  to  the 
River  Darent  near  Brasted,  England.  Their  objective  was  to 
study  the  effect  of  stress  history  and  mode  of  failure  on 
the  apparent  angle  of  internal  friction,  and  the  effect  of 
anisotropic  consolidation  on  the  shear  strength,  in  consolidated 
undrained  tests.  Figure  6.14  shows  the  10  effective  stress 
paths  employed,  the  determining  features  of  which  are  also 
tabulated  in  Table  6.6.  The  effect  of  anisotropic  consolidation 
on  undrained  shear  strength  can  be  explained  by  examining 
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the  effective  stress  paths  in  Figure  6.14. 

Four  angles  of  internal  friction,  with  respect  to  effective 
stress,  were  measured  in  the  various  tests,  as  indicated 
below. 

$  :  undrained,  at  maximum  obliquity 

rm 

undrained,  at  maximum  principal  stress  difference 

:  drained,  without  energy  correction 
a 

*dr!  drained,  with  energy  correction 

To  compensate  for  the  volume  change  which  occurred  during 
drained  tests,  an  energy  correction  was  applied,  similar 
to  the  one  originally  used  by  TAYLOR  (1948,  346)  for  the 
direct  shear  test.  A  portion  of  the  work  done  by  the  piston 
force  was  equated  to  the  work  done  by  the  sample  against 
the  cell  pressure,  as  a  result  of  sample  volume  change. 
However,  the  work  so  calculated  was  not  equal  to  volumetric 
strain  energy,  and  so  the  true  distortional  stress-strain 
curve  was  not  obtained.  In  fact,  it  is  questionable  whether 
any  correction  needs  to  be  applied  to  the  measured  principal 
stress  difference  to  eliminate  the  influence  of  volume 
change.-  and  this  is  borne  out  by  the  fact  that  values  of 


-1 


plotted  as  a  function  of  initial  porosity  for  p  ■ 
(compression)  and  p  =  1  (extension)  agreed  fairly  well, 
while  values  of  $  did  not.  The  values  of  $  for  p  ■  -1 
increased  with  decreasing  initial  porosity,  while  those 
for  p  *  1  were  reported  to  have  decreased  rapidly  with 
decreasing  initial  porosity,  although  no  data  were  presented 
for  the  latter  case.  Neither  was  there  any  information 
presented  relating  effective  stresses  at  the  end  of  con¬ 
solidation  to  initial  porosity,  so  a  more  detailed  analysis 
of  what  data  were  published  does  not  appear  possible. 

JAKOBSON  (1957)  used  Kjellman's  device  to  study  the 
stress  -  strain  properties  of  two  sands.  He  plotted  in¬ 
cremental  elastic  constants,  E (Young's  modulus)  and  2 
(Poisson's  ratio)  as  functions  of  the  angle  of  maximum 
stress  obliquity,  i.e.  the  angle  whose  sine  equals 
(5^  -  tT  )/(?F^  +  •  T^e  Plane  °f  maximum  stress  obliquity 

of  course  changes  during  loading,  which  makes  it  difficult 
to  interpret  the  results  of  shear  strength  mobilization 
studies  such  as  Jakobson's.  He  obtained  many  values  of  2 
in  excess  of  0.5  (which  indicated  a  negative  bulk  modulus), 
but  made  no  comment  about  it.  Neither  did  he  comment  on 
the  possibility  of  coupling  between  shear  and  volumentric 
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strains.  Jakobson's  tests  were  conducted  using  values  of 
both  1  and  -1  for  p,,  and  he  found  the  measured  elastic 
constants  to  be  quite  sensitive  to  the  value  of  Lode's 
parameter. 

KIRKPATRICK  (1957)  conducted  drained  tests  on  hollow 
cylindrical  specimens  of  Loch  Aline  sand,  using  unequal 
interior  and  exterior  hydrostatic  pressures.  Conventional 
triaxial  compression  and  extension  tests  were  also  conducted. 
The  initial  dimensions  of  the  hollow  cylinder  specimens 
were: 


height 

h  - 

o 

6.00 

inches 

inside  radius 

a  ■ 

o 

1.25 

inches 

outside  radius 

b  - 

2.00 

inches 

o 


The  internal  and  external  hydrostatic  pressures  were  P&  and 
P^,  and  because  the  ends  of  the  specimens  were  sealed  in 
such  a  way  that  the  pressure  differential  created  an  axial 
compressive  stress,  the  three  average  principal  effective 
stresses  were 
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Q  i 

0r,AVG 

P^  +  P 
b  a 

2 

2  2 
b  P,  -  a  P 
b  a 

ct2 

°z , AVG 

v2  2 

b  -  a 

. 

bP,  -  aP 
b  a 

a3  ~  fft,AVG  ~  b  -  a 


where  a  and  b  were  the  instantaneous  inside  and  outside 
radii,  which  were  measured  at  failure.  The  tests  were 
conducted  by  maintaining  constant  and  increasing 
until  failure  occurred.  The  average  of  the  major  and 
monor  principal  effective  stresses  was 


P 


b  -  a 
4  (b  +  a) 


and  one-half  the  difference  between  the  major  and 
minor  principal  effective  stresses  was 


q 


b  +  a 
4(b  +  a) 
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Lode's  parameter  was  therefore 


a 


For  b/a  equal  to  1.6,  the  value  of  p,  was  -0.05.  Lode's 
parameter  is  dependent  only  on  the  ratio  b/a  and  is  not 
influenced  by  the  sand  strength. 

Data  for  the  conventional  triaxial  tests  (average  initial 
porosity  0.351)  and  the  hollow  cylinder  tests  (average 
initial  porosity  of  0.356)  are  tabulated  in  Table  6.7  and 
plotted  in  Figures  6.15  and  6.16.  Figure  6.15  shows  that 
the  three  different  types  of  tests  were  conducted  over 
different  ranges  of  effective  stress,  with  not  very  much 
overlap.  A  single  straight  line  through  the  origin  fits 
all  the  data  fairly  well  and  yields  the  result 


367 


sin  $  =  0.63 


i  =  39° 

The  value  of  $  for  the  hollow  cylinder  data  alone  is  slightly 
higher  (about  42°)  but  there  is  no  way  of  telling  whether 
this  difference  would  be  maintained  at  larger  values  of  p. 

An  octahedral  plane  stress  plot  is  shown  in  Figure  6.16. 

PELTIER  (1957)  found  that  the  results  of  direct  shear 
tests  on  each  of  three  sands,  with  controlled  intermediate 
principal  stress  could  be  described  by  the  expression 

Tff  "  ^ff  +  B(y2f  (6'26) 


where 


Tff 

Off 

a2f 


shear  stress  acting  on  the  failure  plane 
at  failure. 

effective  normal  stress  acting  on  the 
failure  plane  at  failure, 
intermediate  principal  effective  stress 
at  failure. 
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Examination  of  Equations  (2.5)  and  (2.14)  shows  that 
the  Revised  Coulomb  Equation,  together  with  the  assumption 
that  the  major  Mohr  stress  circle  at  failure  is  tangent  to 
the  shear  strength  line,  yields  a  failure  criterion  which 
is  linear  in  cr^  and  cr^f*  Equation  (2.14)  is  a  straight 
line  in  (cr^,  a^)  space.  Peltier's  Equation  (6.26)  suggests 
the  possibility  of  generalizing  the  Revised  Coulomb  Equation 
to  obtain  a  failure  criterion  which  is  linear  in  cr^, 
and  cr^f*  Such  a  failure  criterion  can  be  defined  by  two 
statements : 

1.  The  equation 


Tff  '  *°ff  +  B<T2f  +  C 


(6.27) 


2.  The  assumption  that  the  major  Mohr  stress  circle  at 
failure  is  tangent  to  the  strength  line  having  slope  A  and 
shear  stress  intercept  c  +  B a 2f,  as  shown  in  Figure  6.17. 
It  is  convenient  to  let 


tan  $ 


(6.28) 


and 


1  +  sin  $ 
1  -  sin  5 


N. 


(6.29) 
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Equation  (6.27)  can  then  be  written  in  the  form 


If 


N4>53f  +  2  <b5 


2f 


+  c) 


(6.30)* 


which  is  the  equation  of  a  plane  in  <7^)  space. 

The  hydrostatic  tensile  strength  is  most  easily  obtained 
by  setting  <rff  -  ^  -  -d  and  r  -  0  in  Equation  (6.27) , 

which  yield 


A  +  B 


;  cot  $ 
1  +  D 


where 


D  «  - 


B 

A 


(6.31) 


(6.32) 


In  order  to  determine  the  value  of  d  experimentally,  it 
is  convenient  to  write  Equation  (6.27)  in  the  form 


qf  cos  $  =  (pf  -  qf  sin  $  )  tan  +  B(pf  +  p,qf)  +  c 

After  collecting  terms  and  multiplying  through  by  cos  $  the 
above  expression  becomes 


*A  failure  criterion  of  this  same  form  has  since  been 
proposed  by  TOPPING  (1955)  and  MALYSHEV  (1967a). 
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where  <pt  the  apparent  angle  of  internal  friction  is  defined 
as  a  function  of  B  and  p,  by  the  relation 


sin  (P 


sin  $  +  B  cos  $ 
1  -  |1  B  cos  $ 


(6.34) 


For  a  conventional  triaxial  compression  test 


(|A 


-1)  sin  <P 

c 


sin  $  +  B  cos  $ 
1  +  B  cos  $ 


(6.35a) 


and  for  a  conventional  triaxial  extension  test 


<H  -  i) 


sin  <fiE 


sin  $  +  b  cos  $ 
1  -  B  cos  $ 


(6.35b) 


which  means  that  the  apparent  friction  angles  for  compression 
and  extension  are  related  by  the  expression 


sin 

_E 

sin  <0 

C 


1  +  B  cos  $ 
1  -  B  COS  $ 


(6.36) 


Plots  of  qf  VERSUS  pf  for  different  values  of  p.  should 
yield  a  consistent  value  of  the  apparent  hydrostatic  tensile 
strength,  d.  If  this  is  the  case,  and  the  plots  are  also 
linear  (or  if  fitted  straight  lines  with  a  single  value  of 
d  can  be  determined)  then  an  octahedral  plane  stress  plot 
is  justified. 

Under  the  above  conditions  the  octahedral  plane  stress 
plot  should  be  a  straight  line,  because  it  is  the  inter¬ 
section  of  two  planes.  The  equation  of  the  straight  line  is 
obtained  by  writing  Equation  (6.27)  in  the  form 


q 


f 


cot  $  + 


sin  $ 


Then,  proceeding  in  the  same  manner  as  was  used  to  obtain 
Equations  (6.10),  one  obtains 


s.  -  s. 


(J 


'  1 _ “3  |  B  -  .  c  -  sl  +  8 3  1 

0OCT  S2  +  A  +  a0CT  +  2  J 


sxn 


*  [ 


(1  +  !>  <d  +  "oCT>  -  11  -  2 


B,  !2l 

A  2  J 


in  $ 


sm 


tCH-fe) 


(d  +  o  ) 
v  OCT 


- Y  J  (1  -  2D)  sin  $ 

(6.37) 
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Comparison  of  Equation  (6.37)  with  Equation  (6.10)  indicates 
that  the  equation  of  the  octahedral  plane  stress  plot  is 


fl 


(1 


VT 

-  2D) sin 


* 


(6.38) 


The  intercept  on  the  horizontal  axis  must  therefore  be 
(1  +  D)  /T  sin  $  . 

Peltier  tested  three  sands  in  direct  shear,  with  a 
controlled  value  of  the  intermediate  principal  stress: 

a)  Leucate  sand  (1.6  to  2.0  MM) 

b)  Sienne  sand  (0.5  to  1.0  MM) 

c)  Leucate  sand  (0.5  to  1.0  MM) 

He  indicated  that  d  was  zero  for  all  three  and  listed  the 

following  values  of  A,  B,  <P  and  </■»  : 

C  E 


SAND 

A 

B 

^E 

sin  <pc 

sin  <p, 

J 

a 

0.540 

0.093 

31° 

o 

GO 

ro 

0.515 

0.616 

b 

0.600 

0.095 

33°30’ 

41°20 ' 

0.552 

0.660 

c 

0.600 

0.120 

34°05 ' 

45°25 1 

0.560 

0.712 

} 
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Octahedral  plane  stress  plots  for  each  of  the  above  sands 
are  plotted  in  Figure  6.18,  although  there  is  no  way  of  know¬ 
ing  whether  these  plots  are  justified  because  Peltier  published 
neither  test  data  nor  references. 

His  comparison  of  the  apparent  friction  angles  for  con¬ 
ventional  triaxial  compression  and  extension  tests  conflicted 
with  earlier  results  obtained  by  M.  Habib,  M.  Brice  and  the 
Laboratorie  Central  des  Ponts  et  Chaussees  (L.P.C.C.),  which 
Peltier  quotes  as  having  indicated  that 


Peltier's  data  showed  the  opposite  trend,  i.e.  <p  greater 
than  <pc  by  7  to  11  degrees  for  the  three  different  sands  he 
tested. 

In  his  contribution  to  the  discussion  of  Soil  Properties 
and  Their  Measurement,  BISHOP  (1957)  listed  several  points 
which  can  serve  as  a  summary  of  then  current  thinking  concern¬ 
ing  the  influence  of  the  intermediate  principal  effective 
stress  on  soil  shear  strength. 
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1.  Shear  strength  is  generally  measured  in  the  laboratory 
under  conditions  of  axial  symmetry,  while  conditions  occurr¬ 
ing  in  many  field  situations  are  much  nearer  to  plane  strain 
than  axial  symmetry. 

2.  There  are  two  general  ways  of  studying  the  influence  of 
the  intermediate  principal  effective  stress  on  soil  shear 
strength: 

a)  Compare  field  data  obtained  under  plane  strain 
conditions  with  laboratory  data  obtained  under 
axially  symmetric  conditions. 

b)  Conduct  both  axially  symmetric  and  plane  strain 
tests  in  the  laboratory,  where  many  extraneous  and 
complicating  conditions  which  occur  in  the  field 
can  be  eliminated,  or  at  least  controlled. 

3.  It  is  not  clear  whether  the  horizontal  plane  in  a  shear 
box  (direct  shear  device)  is  a  plane  of  rupture  or  a  plane 
of  maximum  shear  stress,  so  that  the  direct  shear  test  (used 
by  Peltier)  may  not  be  'the  best  device  to  use  in  studying 
the  influence  of  the  intermediate  principal  effective 
stress.  Also,  the  stress  distribution  in  the  shear  box 
test  is  unknown. 
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4.  Failure  in  plane  strain  occurs  at  much  smaller  major 
principal  strains  than  in  the  usual  triaxial  test. 

PARRY  (1956?  1960)  reported  the  results  of  a  consider¬ 
able  number  of  triaxial  tests  on  remolded  Weald  and  London 
clay,  conducted  by  GILBERT  (1954),  PLANT  (1955)  and  himself. 

The  most  comprehensive  data  were  obtained  for  Weald 
clay,  the  London  clay  being  used  mainly  to  check  the  general 
validity  of  conclusions  drawn  from  the  data  on  Weald  clay. 
Index  properties  of  the  two  clays  were  as  follows: 


Weald  Clay 

London 

Liquid  Limit 

43% 

78% 

Plastic  Limit 

18% 

26% 

Plasticity  Index 

25% 

52% 

Percent  by  Weight  Finer  than 
0.002MM 

40% 

50% 

Activity 

0.6 

1.0 

Specific  Gravity  of  Solids 

2.74 

2.75 

All  tests  reported  by  Parry  employed  isotropic  consolidation 
from  an  initially  high  water  content,  corresponding  to  an 
undrained  shear  strength  of  about  0.6  PSI,  to  a  maximum  all¬ 
round  stress  p  ,  followed  by  rebound  under  an  all-round  stress 
m 
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p  ,  followed  by  either  undrained  or  drained  shear  in  either 
c 

compression  or  extension.  The  initial  water  contents  were: 
Weald  clay  34%  (L.I.  ■  0.64);  London  clay  56%  (L.I.  =  0.58). 
Althogether,  10  different  tests  were  employed,  as  shown  below: 
1.  Undrained  compression 


UCl: 

a 

constant,  a 

increased 

r 

V 

UC2: 

a 

decreased,  a 

constant 

r 

V 

Drained  i 

compression 

DCl : 

a 

constant,  n 

increased 

r 

uv 

DC2s 

ib 

decreased,  cr 

constant 

DC3:  (ff  +  2 cr  )  constant 

v  r 

3.  Undrained  extension 

UEl :  c  constant,  n  decreased 
r  uv 

UE2:  (T  increased,  a  constant 
r  ‘'v 

4.  Drained  extension 

DEI:  c 7  constant,  a„  decreased 
r  v 

DE2:  o  increased,  o  constant 
r  v 

DE3:  (O  +  7P  )  constant 

v  r 

Stress  conditions  at  failure,  as  given  by  Parry,  are  tabulated 
in  Tables  6.9  and  6.10  and  plotted  in  Figures  6.19  and  6.20. 
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Figure  6.19  indicates  that  the  effective  stress  strength 
envelopes  for  remolded  Weald  clay  are  essentially  independent 
of  test  type,  and  also  identical  in  compression  and  extension, 
for  a  given  value  of  p^.  No  extension  tests  were  reported 
for  London  clay. 

In  plotting  Figures  6.19  and  6.20,  use  was  made  of  the 
fact  that  both  these  remolded  clays  appear  to  exhibit  what  has 
come  to  be  called  normalized  behavior,  i.e.  an  almost  exclusive 
dependence  of  effective  stress  -  deformation  characteristics 
on  the  overconsolidation  ratio  prior  to  shear.  This  dependence 
was  noted  by  HENKEL  (1956),  who  further  documented  it  by  plott¬ 
ing  contours  of  constant  water  content  in  (a^,  space  for 

both  undrained  and  drained  tests,  using  the  data  on  Weald  and 
London  clay  obtained  by  Gilbert,  Plant  and  Parry  under  his 
direction;  HENKEL  (1958;  1959;  1960a,  1960b).  Henkel's  results 
can  be  concisely  stated  as  follows: 

1.  If 

Pc  =  isotropic  effective  stress  corresponding  to 
a  given  void  ratio 

then  for  a  given  initial  void  ratio  at  the  start  of  consolidation, 
contours  of  constant  void  ratio  in  (a^»  space  obtained 
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from  isotropically  consolidated  triaxial  tests  and  correspond¬ 
ing  to  the  same  value  of  Pc/Pm  are  geometrically  similar  and 
independent  of  the  type  of  triaxial  test  employed;  and  the 
scale  of  any  contour  is  proportional  to  the  value  of  p^. 

2.  The  void  ratio  increase  which  occurs  during  rebound 
under  isotropic  effective  stress  depends  only  on  the  ratio 


The  four  independent  state  variables  Au  and  e)  for 

a  remolded  clay  exhibiting  normalized  axially-symmetric  effective 
stress-deformation  characteristics  can  therefore  be  determined 
from  four  independent  pieces  of  information: 

1.  the  isotropic  virgin  consolidation  curve,  which  is 

a  plot  of  e  VERSUS  log, _p  , 
c  lu  m 

2.  the  isotropic  swell  curve,  which  is  a  plot  of 

e  -  e  VERSUS  logp/p, 
s  c  ±u  c  m 

3.  the  family  of  void  ratio  contours  covering  all 
admissable  combinations  of  normalized  effective  stress, 
and 

4.  the  failure  curve,  which  is  a  plot  of  (▼,  _/p 

it  m 

VERSUS  Vp  . 

3f  m 
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If  a  fifth  state  variable,  the  axial  strain  €,  is  added,  a 
fifth  independent  piece  of  information  is  required.  This 
could  be  the  family  of  axial  strain  contours  covering  all 
admissable  combinations  of  normalized  effective  stress, 
sometimes  referred  to  as  strength  mobilization  contours. 

WOOD  (1958)  conducted  both  plane  strain  compression  and 
conventional  triaxial  compression  tests  on  the  minus  3/8 
INCH  fraction  of  a  well  graded  sandy  gravel  (17%  gravel, 

55%  sand,  26%  silt  and  2%  clay)  used  in  the  construction 
of  the  Glen  Shira  earth  dam  in  Scotland.  He  compacted  the 
soil  at  a  water  content  about  3%  above  the  Proctor  optimum 
of  10.5%  (molding  water  content  between  12.6%  and  14.2%), 
which  yielded  dry  unit  weights  between  about  117  and  123  PCF 
and  corresponded  to  field  placement  conditions  for  the  actual 
earth  dam.  Dimensions  of  the  plane  strain  samples  in  the 
three  principal  directions  are  shown  below. 


PRINCI PAL 
DIRECTION 

1 

2 

3 


DIMENSION 

IN. 

4 

2 

16 


( 
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Although  Wood  was  aware  that  his  samples  were  not  fully 
saturated,  he  still  presented  his  results  in  terms  of  what  he 
called  effective  stress.  However,  he  gave  no  indication  of 
how  he  computed  effective  stress,  and  so  his  results  may 
need  to  be  treated  with  a  certain  degree  of  caution.  BISHOP 
(1957,  103)  indicated  that  the  value  of  the  molding  water 
content  was  chosen  "to  avoid  any  ambiguity  in  the  measurement 
of  pore  pressure",  but  did  not  elaborate.  Perhaps  he  felt 
that  at  such  a  high  molding  water  content  the  air  phase  would 
be  discontinuous,  i.e.  would  consists  of  bubbles  in  a  con¬ 
tinuous  liquid  phase,  so  that  the  measured  pore  pressure 
would  be  the  pressure  in  a  statistically  homogeneous,  even 
if  compressible  liquid  pore  fluid. 

Following  compaction,  all  samples  were  loaded  in  two 
stages,  each  under  a  controlled  rate  of  major  principal 
compressive  strain  and  without  permitting  exterior  drainage. 
The  tests  were  called  undrained  tests,  but  because  the 
samples  were  not  saturated  they  were  not  constant  volume 
tests.  Volume  changes  were  recorded  by  measuring  the  volume 
of  water  passing  into  or  out  of  the  cell  (not  the  sample) , 


and  presumably  these  volume  changes  represented  compression 
of  the  air  phase  prior  to  its  being  driven  into  solution. 

During  stage  1  the  intermediate  and  minor  principal  effective 
stresses  were  equal  and  were  manually  adjusted  by  varying 
the  cell  pressure  in  order  to  prevent  lateral  strain,  using 

/.*  i 

values  of  Kq  measured  earlier  for  the  same  soil  by  FRASER  (1957) . 
During  stage  2  the  cell  pressure,  i.e.  the  minor  principal 
total  stress,  was  held  constant.  In  the  plane  strain  test 
the  intermediate  principal  effective  stress  then  adjusted 
itself  to  the  condition  of  zero  intermediate  principal  strain, 
enforced  by  end  plates  held  a  fixed  distance  apart  by  a  null 
displacement  hydraulic  system,  which  also  allowed  the  inter¬ 
mediate  principal  total  stress  to  be  measured.  Pore  pressure 
measurements  were  taken  throughout  both  stages. 

Although  the  values  of  effective  stress  reported  by  Wood 
may  be  subject  to  debate,  the  following  qualitative  observations 
are  still  significant: 

1.  Plane  strain  samples  attained  both  maximum  Obliquity 
► 

and  maximum  principal  stress  difference  at  lower  major  prin¬ 
cipal  strains  then  did  conventional  triaxial  compression 
samples . 
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2.  Plane  strain  samples  showed  a  smaller  volume  increase. 


t 

hence  higher  positive  pore  pressure  and  lower  effective  stress 
at  any  given  value  of  the  major  principal  strain  than  did 
cylindrical  compression  samples  loaded  to  the  same  point 
during  Stage  1.  The  lesser  dilation  of  plane  strain  samples 
was  apparently  due  to  a  lesser  degree  of  particle  mobility, 
and  undoubtedly  was  a  major  cause  of  the  earlier  shear  strength 
mobilization  which  characterized  the  plane  strain  samples. 

3.  Each  plane  strain  sample  failed  by  sliding  along  a 
plane  which  was  continuous  along  the  length  of  the  specimen 
and  could  be  seen  in  the  end  faces.  The  inclination  of  the 
plane  with  the  horizontal  was  60°  +  5°. 

Keeping  in  mind  the  questions  of  the  physical  meaning 
of  measured  pore  pressure  and  the  definition  of  effective 
stress  in  partly  saturated  soil,  Wood's  strength  data  for  both 
plane  strain  compression  and  conventional  triaxial  compression 
have  been  tabulated  in  Table  6.11  and  plotted  in  Figures  6.21 
and  6.22.  There  were  a  few  apparent  minor  internal  in¬ 
consistencies  in  Wood's  tabulated  data,  which  had  to  be 
resolved  more  or  less  arbitrarily  in  order  to  construct 
Table  6.11.  However,  none  of  them  had  an  appreciable  affect 


i  I 
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on  the  apparent  effective  stress  shear  strength  parameters. 
The  definition  of  failure  chosen  for  the  presentation  here 
is  that  of  maximum  principal  stress  difference,  because 
strength  values  obtained  by  this  definition  can  be  compared 
with  strength  values  obtained  in  tests  without  pore  pressure 
measurements.  Wood's  thesis  also  contains  data  obtained  at 
maximum  obliquity,  however,  and  a  comparison  of  the  apparent 
effective  stress  shear  strength  parameters  obtained  by  him, 
using  the  method  of  least  squares,  is  shown  below. 

APPARENT  EFFECTIVE  STRESS  SHEAR  STRENGTH 
PARAMETERS 

PLANE  CYLINDRICAL 

FAILURE  STRAIN  COMPRESSION 


CRITERION 

C 

$ 

C 

$ 

PSI 

DEG 

PSI 

DEG 

(5,  -  Oma v 

1  3  MAX 

1.9 

36.9 

0.2 

35.1 

(<71/  T3)MAX 

1.7 

41.9 

0.9 

37.2 

The  strength  lines  in  Figure  6.21  were  drawn  by  eye,  assuming 
zero  cohesion. 

Table  6.11  reveals  what  could  be  considered  a  draw¬ 
back  of  the  plane  strain  test,  insofar  as  the  determination 
of  a  failure  criterion  in  terms  of  effective  stress  is  concerned, 
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and  that  is  the  fact  that  Lode's  parameter  p.  is  not  constant. 

If  plane  strain  tests  28,  21  and  26  are  ignored  in  Figure  6.21, 
one  obtains  a  strength  line  for  p,  «  -  0.58,  which  is 
essentially  parallel  to  the  one  for  cylindrical  compression, 
but  exhibits  cohesion.  Variation  in  both  density  and  water 
content  could  be  the  cause  of  this  apparent  inconsistency. 

A  notable  feature  of  Wood's  thesis  is  his  use  of  stress 
paths  plotted  in  q  VERSUS  p  space  (his  Figure  44) .  Both 
plane  strain  and  cylindrical  compression  t est  specimens 
exhibited  overconsolidated  behavior,  and  therefore  reached 
maximum  obliquity  prior  to  reaching  maximum  principal  stress 
difference. 

Another  interesting  feature  is  his  observation  that 


throughout  Stage  2  of  the  plane  strain  tests.  Of  course,  the 
reliability  of  this  result  can  only  be  judged  along  with 
the  reliability  of  pore  pressure  measurements  and  effective 
stress  calculations.  If  true,  his  observation,  when  combined 
with  the  empirical  relation 
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HAY THORNTHWA I TE  (1960a,  1960b  )  presented  results 
of  fully  drained*  tests  on  hollow  cylinders  of  a  clayey 
silt,  in  which  a  triaxial  state  of  stress  was  achieved  by 
combining  equal  inside  and  outside  cell  pressures,  axial  load 
and  a  torque  about  the  vertical  axis.  His  main  interest  was 
in  establishing  an  experimental  basis  for  the  formulation 
of  an  incremental  theory  of  plasticity  for  soils.  The  samples 
were  prepared  by  tamping  thee  layers  of  a  mixture  of  30% 
by  weight  Boston  blue  clay  and  70%  quartz  flour  between  two 
cylindrical  molds,  which  were  then  removed  after  a  vacuum  had 
been  applied  to  the  sample.  The  sample  was  then  consolidated 

♦According  to  HAY  THORNTHWA I TE  (1960b,  991)  and  (1963,  120). 
However,  in  analyzing  the  test  data,  he  assumed  the  volume 
of  the  samples  remained  constant  during  shear,  even  though 
both  axial  and  volumetric  strains  were  measured. 
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under  a  hydrostatic  pressure  of  100  PSI  for  14  hours  prior 
to  testing,  which  resulted  in  an  average  pre-shear  water 
content  of  24%  and  a  porosity  of  34%.  The  grain  size  dis¬ 
tribution  curve  for  the  sample  mixture  yielded  the  following 
values : 


D  -  0.032  MM 
6U 

D30  -  0.013  MM 

D1q  ■  0.0015  MM  »  effective  size 

°60 

Coefficient  of  Uniformity,  ■  ~ —  ■  21.3 

<V2 

Coefficient  of  Curvature,  c  -  - — “ —  ■  3.52 

C  D10D60 

Two  types  of  tests  were  conducted,  in  order  to  see  whether 
the  failure  criterion  was  stress  path  independent.  No  de¬ 
finition  of  failure  was  stated,  but  since  these  were  fully 
drained  tests  the  maximum  principal  stress  difference  and  the 
maximum  principal  effective  stress  ratio  occurred  simultaneously, 
so  that  both  could  have  and  probably  did  serve  to  define  the 
occurrence  of  failure.  The  two  test  series  were  conducted 
as  follows: 
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Series  A:  cell  pressure  reduced  from  100  PSI  to  40  PSI 
then  excess  axial  force  and  torque  increased 
in  constant  ratio  to  failure. 

Series  B:  particular  values  of  excess  axial  force  and 

torque  applied,  then  held  constant  while  cell 
pressure  reduced  from  100  PSI  to  failure. 

In  order  to  see  whether  strain  hardening  was  isotropic* 
Haythornthwaite  reported  the  results  of  the  Series  B  tests 
by  interpolating  between  results  of  tests  which  failed  at 
cell  pressures  above  and  below  40  PSI.  From  the  values  of 
excess  axial  load,  W,  and  torque,  T,  at  failure  which  he 
reported,  the  stresses  at  failure  have  been  calculated  and 
tabulated  in  Table  6.12,  using  initial  sample  dimensions  also 
calculated  from  his  reported  data: 

inside  diameter,  *  2.5  IN 
outside  diameter,  D  ■  4.5  IN 


*See,  e.g.  JOHNSON  AND  MELLOR  (1962,  53). 
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The  following  formulae  used  to  calculate  stresses  in  Table 
6.12  assume  a  homogeneous  state  of  stress  throughout  the 
cylinder  at  failure. 


C r0  “  <7  -  (7 ao  -  <7„  -  cell  pressure 

t  rr  oo  c 

gzz  ~  a88  _ 2W _  W 

2  .  2  2.  21.991 

7T  ( D  -  D.  ) 


a2  +  q  cos  20 


^  -  P  +  q 

-  P  -  q 
a2  -  P 

a  ■  -  *  -  cos  2  (3 

q 

5zz*5e8  -  0  ^  ^  45° 

5zz  <  588  "  45°  *  ^  *  90° 
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Haythornthwaite  indicated  that  a  series  of  tests  without 
torsion,  corresponding  to  the  standard  triaxial  test 
(presumably  drained  compression  tests  with  constant  cell 
pressure)  had  yielded  the  following  angle  of  shearing 
resistance  and  cohesion  intercept: 

*  -  35° 

c  -  4.8  PSI 

No  details  concerning  this  test  series  were  given,  so  there 
is  no  way  of  telling  whether  the  pre-shear  effective  stress 
history  was  the  same  for  the  conventional  triaxial  compression 
tests  as  for  the  tests  with  torsion.  Consequently  the 
constant  ^  failure  lines  have  been  assumed  linear,  but  the 
material  has  been  assumed  cohesionless  in  order  to  construct 
the  octahedral  plane  stress  plot  in  Figure  6.23.  It  is  quite 
likely  that  had  sample  deformation  been  taken  into  account 
in  calculating  the  stresses  in  Table  6.12,  agreement  with 
the  Revised  Coulomb  failure  criterion  would  have  been  some¬ 
what  better.  The  rapid  increase  in  the  angle  of  shearing 
resistance,  as  Lode's  parameter  increases  from  -1  to  about 
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-0.7,  has  been  observed  by  several  investigators  since 
Haythornthwaite.  Some  possible  reasons  for  it  are: 

1.  stress  inhomogeneity  in  the  test  specimen, 

2.  progressive  failure,  caused  by  (1)  and  also  by 
an  increase  in  area  and  consequent  strengthening  of  the 
samples  at  the  location  where  a  compression  failure  begins, 

3.  differences  in  void  ratio  at  failure, 

4.  rapid  decrease  in  particle  mobility  accompanying  a 
relatively  small  increase  in  the  intermediate  principal 
effective  stress,  and 

5.  true  sudden  deviation  from  the  Revised  Coulomb 
criterion,  as  determined  by  triaxial  compression  (p.  *-l) 
and  triaxial  extension  (|x  -  1)  tests. 

After  slightly  modifying  the  plane  strain  apparatus 
designed  by  Bishop  and  built  by  Wood,  CONFORTH  (1961,  1964) 
used  it  to  conduct  both  drained  and  undrained  plane  strain 
compression  tests  on  saturated  Bras ted  sand.  He  also 
conducted  conventional  triaxial  compression  and  extension 
tests  on  the  same  material,  with  the  object  of  comparing 
the  strength-density  relationships  yielded  by  the  three 
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types  of  tests.  Conforth's  plane  strain  specimens  had  the 
same  nominal  dimensions  as  did  Wood's,  viz  16  inches  long, 

4  inches  high  and  2  inches  wide.  His  triaxial  specimens 
had  a  diameter  of  4  inches  and  a  height  of  8  inches.  Brasted 
sand  was  selected  for  the  investigation  because  it  had  already 
been  studied  by  KOLBUSZEWSKI  (1948),  HAFIZ  (1950),  ELDIN  (1951) 
and  FRASER  (1957).  It  is  a  medium  to  fine  uniform  quartz 
sand  with  angular  grains,  containing  a  slight  trace  of  mica 
but  no  organic  matter.  Prior  to  testing,  the  grain  size 
distribution  curve  yielded  the  following  values: 


D„  -  0.32  MM 
6U 

D30  -  0.22  MM 

D1q  «  0.14  MM  -  effective  size 


Coefficient  of  Uniformity,  cy 
Coefficient  of  Curvature,  C 

C 


D 


60 


10 

(D 


30 


D10D60 


2.28 

-  1.08 


Near  the  end  of  the  test  program  the  gain  size  distribution 
curve  showed  slight  evidence  of  grain  crushing.  The  average 
value  for  specific  gravity  of  solids  was  2.684,  and  the 
limiting  values  of  porosity,  as  defined  by  KOLBUSZEWSKI 
(1948) ,  were 
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I  i 


X  / 


n 


MAX 


44.2% 


n 


MIN 


32.2% 


Both  plane  strain  and  conventional  triaxial  compression  tests 


began  with  a  K  consolidation  phase.  Tests  details  are 
o 


summarized 

o 

below. 

TEST 

NO.  OF 

SERIES 

TESTS 

DESCRIPTION 

A 

13 

drained  plane  strain  compression  with 
increasing  axial  stress  and  constant 
cell  pressure 

B 

4 

drained  plane  strain  compression  with 
constant  axial  stress  and  decreasing 
cell  pressure 

C 

5 

same  as  Series  A,  but  without  plane 
strain  control  device 

D 

8 

undrained  plane  strain  compression  with 
increasing  axial  total  stress  and  con¬ 
stant  cell  pressure 

E 

16 

drained  cylindrical  compression  with  in¬ 
creasing  axial  stress  and  constant  cell 
pressure 

F 

5 

drained  cylindrical  compression  with 
constant  axial  stress  and  decreasing 
cell  pressure 

G* 

6 

drained  cylindrical  extension  with 
decreasing  axial  stress  and  constant 
cell  pressure 

H 

4 

undrained  cylindrical  compression  with 
increasing  axial  total  stress  and  con¬ 
stant  cell  pressure 

J* 

2 

undrained  cylindrical  extension  with 
decreasing  axial  total  stress  and 
constant  cell  pressure 

♦These  tests  were  among,  if  not  the  first  conventional  triaxial 
extension  tests  on  4  inch  diameter  specimens  of  cohesionless  soil. 
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The  number  of  tests  of  each  type  were: 


plane  strain:  30 

cylindrical  compression:  25 

cylindrical  extension:  8 

TOTAL:  63 

Conforth  used  the  maximum  principal  stress  ratio  as  the  failure 
criterion  for  his  undrained  tests,  because  some  of  his  denser 
Series  D  specimens  and  all  of  his  Series  H  specimens  could  not 
be  made  to  exhibit  a  maximum  principal  stress  difference.  Most 
of  the  tests  were  not  stopped  at  failure,  but  rather  continued 
until  the  ultimate  condition  was  reached.  The  ultimate 
condition  is  that  in  which  the  sample  shows  no  further  tendency 
to  change  volume,  as  reflected  either  by  actual  volume  change 
in  a  drained  test  or  by  excess  pore  water  pressure  change 
in  an  undrained  test.  The  conventional  triaxial  extension 
tests  were  stopped  as  soon  as  the  maximum  principal  stress 
difference  was  reached.  Because  of  necking,  the  stresses 
acting  on  the  failure  plane  of  an  extension  sample  had  to 
be  calculated  by  estimating  the  dimensions  of  the  failure 
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plane  from  closely  spaced  measurements  of  the  sample  diameter 
in  the  necked  region,  also  taking  account  of  changes  in 
specimen  size  during  stress  release  after  the  test. 

Conforth  concentrated  on  the  relationship  between 
strength  and  initial  porosity,  i.e.  the  porosity  immediately 
after  placement  but  prior  to  both  Kq  consolidation  and  shear. 
He  assumed  the  material  to  be  cohesionless.  In  view  of 
Hvorslev's  work  relating  the  true  cohesion  of  clay  to  the 
void  ratio  in  the  failure  plane  at  the  time  of  failure,  it  is 
of  interest  to  reexamine  Conforth 's  data,  and  to  concentrate 
instead  on  the  relationship  between  strength  and  average 
porosity  at  failure.  The  data  are  tabulated  in  Table  6.13. 

In  order  to  be  sure  the  material  really  is  cohesionless  at 
all  densities,  failure  data  were  plotted  in  Figure  6.24  for 
seven  different  narrow  ranges  of  porosity  at  failure,  nf: 

35.0  -  35.9,  36.0  -  36.9,  37.0  -  37.9,  38.0  -  38.9,  39.0  - 
39.9,  40.0  -  40.9  and  41.0  -  41.9%.  The  most  reasonable 
interpretation  of  the  seven  plots  is  that  the  material  is 
cohesionless,  but  that  the  angle  of  shearing  resistance 
varies  with  both  porosity  at  failure  and  the  intermediate 
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principal  stress.  Consequently  the  failure  data  were 
reploted  in  Figure  6.25  for  each  of  the  three  types  of 
tests:  plane  strain,  cylindrical  compression  and  cylindrical 
extension.  These  three  plots  of  sin  $  VERSUS  n^  showed  enough 
scatter  that  it  was  decided  to  fit  straight  lines  to  the 
data  using  the  Method  of  Least  Squares,  whereupon  an  inter¬ 
esting  result  was  observed:  the  slopes  of  the  three  strength  - 
density  lines  varied  at  most  by  only  9.5%.  The  equations 
of  the  three  lines  are  given  below. 

PLANE  STRAIN: ■ (sin  $  -  0.6284)  -  -  0.0199(nf  -  38.2566) 

CYLINDRICAL 

COMPRESSION:  (sin  $  -  0.5985)  -  -  0.0180(nf  -  38.6680) 

CYLINDRICAL 

EXTENSION  :  (sin  $  -  0.5896)  -  -  0.0184(nf  -  38.0625) 

An  even  more  surprising  result  was  observed  when  the  value  of 
Lode's  parameter  for  the  plane  strain  tests  was  plotted  against 
the  porosity  at  failure  in  Figure  6.26.  The  slope  of  that 
line  was  found  to  be  equal  in  magnitude  to  that  of  the 
strength  -  density  line  for  cylindrical  compression  in 
Figure  6.25(b),  the  equation  being 
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(ll  +  0.5670)  -  0.0180  (n.  -  38.1833) 

-*v  f 

'  | 

Since  the  material  was  cohesionless  and  the  data  gave  no 
indication  of  curvature  in  the  strength  lines,  and  since  there 
existed  (statistically)  unique  relations  between  nf,  $  and 
p,,  it  was  possible  to  construct  a  family  of  octahedral  plane 
strength  contours  in  Figure  6.27.  The  line  labeled  "plane 
strain  line"  enables  one  to  predict  the  values  of  both  $ 
and  p.  in  a  plane  strain  test,  for  any  value  of  nf  between 
34%  and  42%.  These  plots  show  that  for  any  value  of  nf 
the  shear  strength  of  Brasted  sand  is  slightly  higher  in 
plane  strain  and  slightly  lower  in  cylindrical  extension 

than  in  cylindrical  compression.  It  must  be  noted,  however, 

V 

that  nf  is  the  average  porosity  of  the  entire  sample  at 
failure,  and  therefore  lower  than  the  porosity  in  the  failure 
zone  at  failure,  due  to  nonuniform  volume  changes  during 
shear.  Although  not  tabulated  or  plotted  here,  Conforth 
observed  the  initial  tangent  modulus  of  plane  strain 
specimens  to  be  somewhat  lower,  and  the  axial  strain  at 
failure  to  be  considerably  lower  (by  a  factor  of  about 
3)  than  for  cylindrical  compression  tests. 
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RATNAM  (1962)  conducted  hollow  cylinder  tests  on  a 
commerical  kaolinite,  in  which  Lode's  parameter  at  failure 
was  either  -1.00  (triaxial  compression)  or  else  about  -0.25. 
However,  his  main  interest  was  in  the  influence  of  Lode's 
parameter  during  consolidation  on  the  effective  stress  shear 
strength  parameters  and  pore  pressure  response.  Consequently 
his  results  do  not  all  pertain  to  the  same  preshear  soil 
structure.  See  also  BROMS  AND  RATNAM  (1963). 

WU,  LOH  AND  MALVERN  (1963)  conducted  hollow  cylinder  tests 
on  remolded  Sault  Ste.  Marie  clay  and  on  the  fraction  of 
standard  Ottawa  sand  passing  a  number  30  sieve  (0.590  MM) 
and  retained  on  a  number  50  sieve  (0.297  MM).  In  effect 
they  did  what  Kirkpatrick  originally  intended  to  do  but 
decided  not  to:  apply  an  axial  load  to  the  hollow  cylinder 
in  order  to  vary  Lode's  parameter.  Six  different  isotropically 
consolidated  undrained  test  series  were  conducted,  each  with 


pore  pressure  measurements,  as  shown  below. 


TEST 

SPECIMEN 

Cl 

solid  cylinder 

Cla 

hollow  cylinder 

El 

solid  cylinder 

11 

hollow  cylinder 

12 

hollow  cylinder 

13 

hollow  cylinder 
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The  conventional  triaxial  tests  were  strain-controlled,  while 
the  hollow  cylinder  tests  were  stress-controlled.  The  hollow 
cylinder  specimens  had  the  following  initial  dimensions: 


outside  radius:  r  -  2.0  IN 

o 

inside  radius:  r,  ■  1.5  IN 

i 

height:  h  ■  5.0  IN 

Index  properties  of  the  two  batches  of  Sault  Ste,  Marie 
clay  used  are  shown  below. 
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BATCH  NO. 

1  BATCH  NO.  2 

Liquid  Limit 

52% 

56% 

Plastic  Limit 

28% 

27% 

Plasticity  Index 

24% 

29% 

Percent  by  Weight  Finer  than 
0.002MM 

65% 

Activity 

0.2 

Unfortunately,  the  failure  criterion  for  the  tests  on  clay 
was  not  stated,  i.e.  whether  maximum  principal  stress  difference 
or  maximum  principal  effective  stress  ratio.  The  test  data 
have  been  tabulated  in  Table  6.14,  assuming  the  average  radial 
effective  stress  to  be  the  mean  of  the  effective  radial 
stresses  at  the  outside  and  inside  walls,  and  calculating 
the  average  tangential  stress  from  horizontal  equilibrium, 
assuming  uniform  radial  strain.  These  values  generally 
differ  only  slightly  from  corresponding  values  appearing 
in  the  original  paper,  which  were  calculated  on  the  basis 
of  plasticity  theory,  using  assumed  values  of  the  effective 
stress  shear  strength  parameters.  Triaxial  compression 
and  extension  data  for  both  batches  of  remolded  Sault  Ste. 

Marie  clay,  plotted  in  Figures  6.28  and  6.29,  indicate  the 
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material  to  be  cohesionless.  An  octahedral  plane  stress 
plot  has  therefore  been  constructed  in  Figure  6.30,  assuming 
the  material  to  be  both  isotropic  and  cohesionless.  Although 
there  is  a  fair  amount  of  scatter,  the  material  appears  to 
obey  a  cohesionless  revised  coulomb  failure  criterion,  with 
an  average  effective  angle  of  internal  friction  of  about  31° 

(sin  4  •  0.515) . 

As  with  Conforth's  tests  on  Brasted  sand,  the  strength 
results  for  Ottawa  sand  were  influenced  by  void  ratio.  However, 
since  13  out  of  23  specimens  had  void  ratios  between  0.47 
(n  -  32.0%)  and  0.52  (n  ■  34.2%),  these  13  tests  will  be 
analyzed  as  though  they  had  the  same  void  ratio,  and  the  other 
10  tests  will  be  excluded  from  consideration.  Data  for  all 
23  tests,  at  maximum  principal  effective  stress  ratio,  are 
tabulated  in  Table  6.15,  to  which  the  previous  comments  re¬ 
garding  stress  calculations  also  apply.  Triaxial  compression 
and  extension  data,  plotted  in  Figure  6.31  indicate  the 
material  to  be  cohesionless.  Again  assuming  isotropy  and 
zero  cohesion,  an  octahedral  plane  stress  plot  has  been  con¬ 
structed  in  Figure  6.32,  and  indicates  that  standard  Ottawa 
sand  also  obeys  a  cohesionless  revised  Coulomb  failure 


criterion,  with  about  the  same  scatter  as  for  Sault  Ste. 
Marie  clay.  The  average  effective  angle  of  internal 
friction  appears  to  be  about  38°  (sin  $  ■  0.616) . 

LIAM  FINN  AND  MITTAL  (1963)  presented  stress  -  strain 
data  for  triaxial  compression  and  plane  strain  tests  on  a 
compacted  clay.  No  indication  was  given  of  whether  the 
intermediate  principal  stress  was  measured  in  the  plane 
strain  tests.  The  plane  strain  tests  yielded  higher 
maximum  principal  effective  stress  ratios  and  considerably 
smaller  failure  strains  than  did  the  triaxial  compression 
tests.  The  authors  also  presented  a  theoretical  discussion 
of  the  effect  of  the  intermediate  principal  stress  on  the 
strength  of  a  cohesionless  material,  originally  developed 
by  LIAM  FINN  (1963) .  It  is  interesting  to  examine  their 
presentation,  to  see  what  the  resulting  failure  criterion 
looks  like  in  an  octahedral  plane  stress  plot.  Liam  Finn  and 
Mittal  suggested  that  the  plot  of  principal  effective  stress 
ratio  VERSUS  axial  (maximum  principal)  strain  be 

idealized  as  an  elastic  -  perfectly  plastic  curve,  and  that 
the  material  be  considered  linearly  elastic  up  to  the  point 
of  failure.  Under  the  above  assumption,  the  axial  strain 
at  failure  (initial  yield)  will  be 
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If 


I  [' 


r  -  .■  l(J  +  a  ) 
If  V  y  2f  3f 


] 


They  then  obtained  what  they  claimed  to  be  an  upper  bound 
for  the  shear  strength  under  a  general  stress  system,  by 
assuming  f  to  be  the  same  under  any  stress  system.  Although 
they  did  not  write  the  general  expression  which  results  from 
their  assumption  regarding  *  ,  it  is 


If 


^3£  +  W2f  +  C 


where 


If 


constant 


The  above  expression  for  is  a  special  form  of  Equation 
(6.30),  and  therefore  Liam  Finn  and  Mittal's  proposed  strength 
relationship  is  basically  the  same  as  Peltier's.  It  yields 
a  linear  octahedral  plane  stress  plot. 

LEUSSINK  AND  WITTKE  (1963)  summarized  the  results  of 
theoretical  analyses  of  the  shear  strength  of  various  regular 
packings  of  uniform  spheres  under  conditions  of  cylindrical 
compression  and  plane  strain.  They  also  performed  triaxial 
compression  and  plane  strain  tests  on  regular  packings  of 
steel  and  glass  balls,  but  did  not  report  values  of  the 
intermediate  principal  stress  for  the  plane  strain  tests. 
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ROSCOE,  SCHOFIELD  AND  THURAIRAJAH  (1963),  after  reviewing 
conflicting  conclusions  drawn  by  earlier  investigators,  offered 
the  opinion  that  "Much  of  the  uncertainty  Qin  the  definition 
of  a  general  failure  criterion}  has  been  caused  by  different 
authors '  concepts  of  ' failure ' ,  but  the  most  important  source 
of  error  is  probably  the  lack  of  uniformity  of  the  deformation 
within  the  specimen  and  the  variation  in  the  pattern  of 
deformation  under  different  triaxial  test  conditions."  In 
fact,  they  went  so  far  as  to  suggest  "that  the  nonuniformity 
of  deformation  within  triaxial  specimens  is  such  that  data 
from  triaxial  tests  cannot  be  used  to  establish  the  correct¬ 
ness  of  either  the  Mohr  -  Coulomb  or  any  other  criterion  of 
failure."  They  based  their  indictment  against  the  triaxial 
test  on  the  results  of  drained  triaxial  compression  and 
extension  tests  on  rounded  Leighton  Buzzard  sand,  in  which 
local  as  well  as  over-all  deformation  measurements  were 
obtained.  When  analyzed  by  conventional  methods,  using 
measured  over-all  deformations,  the  results  appeared  to 
favor  the  Mohr  -  Coulomb  failure  criterion.  But  when 
stresses  were  calculated  (presumably  more  accurately)  on 
the  basis  of  measured  local  deformation,  the  results  appeared 
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to  favor  the  extended  von  Mises  criterion.  It  should  be 
noted  that  when  stresses  are  calculated  using  measured  local 
deformations,  the  definition  of  failure  is  more  difficult 
than  when  the  conventional  (cylindrical)  area  correction  is 
employed.  When  the  conventional  area  correction  was  employed, 
the  stress-strain  curve  in  extension  reached  a  definite 
maximum  (point  of  instability) ,  whereas  when  measured  local 
deformations  were  used  to  calculate  the  area  of  the  necked 
region  the  stress-strain  curve  never  did  become  unstable 
but  displayed  two  plateaus.  The  first  plateau,  which  was 
quite  short,  essentially  coincided  with  the  point  of  in¬ 
stability  of  the  conventionally  calculated  curve.  The  second 
plateau  was  longer  and  higher,  and  the  contention  that  the 
data  supported  the  extended  von  Mises  rather  than  the  Mohr 
Coulomb  failure  criterion  was  based  upon  the  selection  of  this 
second  plateau  as  the  definition  of  failure.  Starting  with 
the  work  of  ROSCOE,  SCHOFIELD  AND  WROTH  (1958)  ,  the  Cambridge 
Group  has  consistently  taken  as  state  variables  the  effective 
octahedral  normal  stress,  the  octahedral  shear  stress  and 
the  void  ratio,  which  is  equivalent  to  assuming  the  validity 
of  the  extended  von  Mises  failure  criterion.  The  main 
difficulty  lies  in  the  fact  that  most  soil  strength  data  do 
not  support  the  extended  von  Mises  failure  criterion. 
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WADE  (1963)  and  SOWA  (1963)  wrote  companion  theses  at 

the  University  of  London's  Imperial  College,  designed  to 

assess  the  influence  of  K  consolidation  and  plane  strain 

o 

deformation  on  the  shear  behavior  of  remolded  Weald  clay. 

The  Weald  clay  used  in  both  investigations  was  obtained  in 
May,  1960  from  the  excavated  pits  of  the  London  Brick  Works 
in  Dorking,  Surrey,  by  Dr.  D.J.  Henkel  and  Dr.  Wade.  Three 
samples  were  taken  at  depths  below  the  original  ground  surface 
ranging  from  ten  to  twenty  feet,  and  two  of  these  were  found 
to  have  an  average  liquid  limit  of  about  46%.  These  two 
samples  were  selected  for  both  test  programs  because  of 
their  similarity  to  the  Weald  clay  previously  tested  at 
Imperial  College.  Index  properties  of  the  Weald  clay  used 
by  Wade  and  Sowa  are  shown  below. 


Liquid  Limit 

46% 

Plastic  Limit 

20% 

Plasticity  Index 

26% 

Percent  by  Weight  Finer  Than 

0.002  MM 

38% 

Activity 

0.68 

Compression  index 

0.20 

Specific  Gravity  of  Solids 

2.72 
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Sowa  conducted  several  different  types  of  isotropically 
consolidated  and  one-dimens ionally  (Kq)  consolidated  triaxial 
tests,  for  which  symbols  are  defined  below. 

ISOTROPICALLY  CONSOLIDATED  TESTS 

normally  consolidated,  then  failed  in  undrained 
compression  with  pore  pressure  measurements, 
normally  consolidated,  then  failed  in  drained 
compression  with  constant  cell  pressure, 
overconsolidated,  then  failed  in  undrained  compression 
with  pore  pressure  measurements, 
normally  consolidated,  then  failed  in  undrained 
extension  with  pore  pressure  measurements. 


NUC: 

NPSUC: 


NUC: 


NDC: 


OUC: 


NUE: 
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NPSIUC: 


OUC: 


OPSUC: 


NUE: 


NSUC: 


RUC: 


normally  consolidated,  deviator  stress  released 

( 

undrained,  then  isotropically  consolidated  to  an 
all-round  effective  stress  equal  to  the  previous 
maximum  vertical  effective  stress  attained  during 
Kq  consolidation,  then  failed  in  undrained  compression, 
with  pore  pressure  measurements  during  both  un¬ 
drained  phases. 

overconsolidated,  then  failed  in  undrained  compression 
with  pore  pressure  measurements. 

overconsolidated,  deviator  stress  released  undrained, 
then  failed  in  undrained  compression,  with  pore 
pressure  measurements  during  both  undrained  phases, 
normally  consolidated,  then  failed  in  undrained 

1 

extension  with  pore  pressure  measurements, 
normally  consolidated  in  a  large  oedometer,  con¬ 
solidation  stresses  released  and  triaxial  sample 
trimmed  undrained,  then  failed  in  undrained 
compression  with  pore  pressure  measurements, 
previously  tested  NSUC  sample  completely  remolded 
by  hand  undrained,  then  failed  in  undrained 
compression  with  pore  pressure  measurements. 
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The  effective  stress  paths  corresponding  to  each  of  the 
above  tests  are  shown  in  Figures  6.33  and  6.34.  By  comparing 
Wade's  plane  strain  test  results  with  his  own  Kq  con¬ 
solidated  and  isotropically  consolidated  triaxial  test 
results,  Sowa  hoped  to  determine  whether  the  effects  of  plane 
strain  deformation  during  consolidation  and  shear  were 
significant  enough  to  warrant  modification  of  current  design 
procedures  based  on  the  more  conventional  triaxial  tests. 

Stress  histories  for  Sowa's  isotropically  consolidated 

and  K  consolidated  triaxial  tests  are  tabulated  in  Tables 
o 

6.16  and  6.17.  The  strength  results  (at  maximum  principal 
stress  difference)  are  tabulated  in  Tables  6.18  and  6.19 
and  plotted  in  Figures  6.35  and  6.36.  In  addition  to 
initial  water  content,  the  other  major  test  variables  were 
axial  strain  rate  and  whether  or  not  a  special  rotating 
bushing  was  used  to  eliminate  ram  friction.  Neither  of 
these  last  two  variables  appeared  to  have  a  significant 
influence  on  strength,  expressed  in  terms  of  effective 
stress,  and  the  influence  of  initial  water  content  was 
inconsistent.  Specimens  with  an  initial  water  content  of 
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33.4%  were  hand  molded  with  a  spatula  in  a  brass  tube, 

while  specimens  with  initial  water  contents  of  49%  and 

227%  were  trimmed  from  cakes  consolidated  in  a  large  oedometer. 

Of  all  the  undrained  compression  tests  on  isotropically, 

normally  consolidated  specimens,  only  the  four  with  an 

initial  water  content  of  49%  gave  strengths,  in  terms  of 

effective  stress,  which  were  significantly  and  consistently 

higher  than  the  rest.  All  the  undrained  compression  tests 

on  Kq  normally  consolidated  specimens  were  consistent.  Sowa 

fit  straight  lines  to  various  sets  of  data  obtained  under 

similar  test  conditions,  using  the  Method  of  Least  Squares, 

and  in  several  cases  obtained  a  small  cohesion  intercept. 

It  is  clear  from  Figures  6.35  and  6.36,  however,  that  the 

strength  lines  actually  pass  through  the  origin,  and  that  the 
* 

cohesion  intercepts  are  the  result  of  a  slight  downward 

curvature  of  the  strength  lines.  There  is  good  reason  to 

doubt  whether  Sowa's  K  consolidated  triaxial  tests  were 

o 

consolidated  exactly  one-dimensionally,  because  the  plots 
of  measured  VERSUS  calculated  volume  decrease  during  con¬ 
solidation  did  not  have  slopes  of  unity.  However,  the 
influence  of  this  discrepancy  on  strength  was  probably 
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negligible.  The  principal  feature  of  Figures  6.35  and  6.36 
is  that  the  strength  lines  for  compression  tests  on  both 
isotropically  and  Kq  normally  consolidated  specimens  seem, 
for  practical  engineering  purposes,  to  be  identical.  The 
same  is  true  in  extension.  Also,  an  interesting  observation 
made  by  Sowa,  which  is  not  reflected  by  Figures  6.35  and  6.36, 
is  that  the  pore  pressure  response  during  sampling  of  Kq 
consolidated  specimens  tended  toward  that  of  an  elastic 
material  (F  ■  for  triaxial  compression)  as  the  overconsolidation 
ratio  increased.  This  could  be  an  indication  that  the  applicability 
of  elastic  theory  to  problems  of  load-deformation  behavior  of 
soil  masses  increases  with  their  degree  of  overconsolidation. 

See  also  SKEMPTON  AND  SOWA  (1963)  and  HENKEL  AND  SOWA  (1963). 

Wade's  plane  strain  tests  on  saturated,  remolded  Weald 
clay  are  the  first  successful  plane  strain  tests  on  saturated 
clay  known  to  the  Writer.  In  1958  Conforth  attempted  tests 
on  Supreme  Kaolin,  similar  to  those  conducted  later  by  Sowa 
and  Wade.  However,  he  encountered  difficulties  with  Bishop's 
triaxial  Kq  device,  as  well  as  a  tendency  for  specimens 
consolidated  in  a  large  oedometer  to  suck  water  back  out  of 
the  porous  stones  during  release  of  the  consolidation  stress, 


and  also  an  unacceptably  high  degree  of  scatter  of  measured 
shear  strength  characteristics.  Although  his  test  series 


( 


on  kaolin  had  to  be  abandoned  after  a  long  but  unsuccessful 
effort,  Conforth  clearly  did  pioneer  work  on  plane  strain 
testing  of  saturated  remolded  clays. 

Wade's  plane  strain  specimens  had  the  same  nominal  overall 
dimensions  as  Wood's  and  Conforth' s:  16  inches  long,  4  inches 
high  and  2  inches  thick.  Consolidation  stress  histories  for 
all  Wade's  plane  strain  tests  on  saturated  remolded  Weald 
clay  are  tabulated  in  Table  6.20.  All  were  undrained  compression 
tests  with  pore  pressure  measurements,  on  Kq  normally  con¬ 
solidated  specimens,  using  a  slightly  modified  version  of 
the  plane  strain  device  employed  by  Wood  and  Conforth.  Of 
Wade's  15  plane  strain  tests  on  Weald  clay,  12  involved  some 
sort  of  irregularity  or  deviation  from  "standard"  test  pro¬ 
cedure,  as  shown  in  Table  6.21.  There  is  no  way  of  assessing 
the  influence  of  these  irregularities  on  his  test  results. 

Most  of  the  samples  failed  by  general  overall  distortion, 
rather  than  by  sliding  along  a  distinct  failure  plane.  The 
strength  results  (at  maximum  principal  stress  difference) 
are  tabulated  in  Table  6.22,  and  plotted  in  Figure  6.37. 
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An  octahedral  plane  stress  plot,  summarizing  both  Sowa's 
and  Wade's  results,  is  shown  in  Figure  6.38.  The  average 
values  of  sin  4  for  Sowa's  triaxial  tests  are  shown  below. 


CONSOLIDATION 

FAILURE 

SIN  4 

isotropic 

compression 

0.446 

isotropic 

extension 

0.505 

Ko 

compression 

0.440 

Figure  6.38  indicates  that  on  the  basis  of  Sowa's  and  Wade's 
tests,  the  best  failure  criterion  for  remolded  Weald  clay 
is  a  cohesionless  Mohr-Coulomb  criterion  with  sin  $  equal 
to  about  0.450  (4  ■  26.8°)*.  Wade  noted  that  his  plane 
strain  specimens  reached  maximum  principal  stress  difference 
at  a  lower  axial  strain  (2-3%)  than  was  required  to  mobilize 
the  maximum  principal  stress  difference  in  Sowa's  Kq  con¬ 
solidated  triaxial  compression  tests  (5-6%)  .  He  also  noted 
a  higher  ratio  of  maximum  principal  stress  difference  to 
average  principal  stress  at  the  end  of  consolidation 
for  the  plane  strain  tests  than  for  the  triaxial  compression 
tests;  These  two  strength  effects  appeared  to  be  closely 

*Wade  did  not  reach  this  conclusion,  because  he  assumed  a 
value  of  4  in  order  to  construct  an  octahedral  plane  stress 
plot. 
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related  to  lack  of  particle  mobility  (i.e.  motion  restraint) 
in  the  a2  direction,  because  samples  tested  in  the  plane 
strain  device  without  end  restraint  exhibited  stress  ratios 
within  the  limits  of  values  obtained  for  the  triaxial  tests, 
but  at  axial  strains  of  only  2-4%.  The  above  comparative 
results  are  consistent  with  earlier  comparisons  by  WOOD  (1958) 
and  CONFORTH  (1961) .  However,  the  failure  strain  comparison 
may  be  significantly  dependent  upon  the  initial  mqlding 
water  content,  because  more  recent  tests  at  the  Massachusetts 
Institute  of  Technology  on  triaxial  and  plane  strain  specimens 
of  Boston  blue  clay,  initially  consolidated  from  a  dilute 
slurry,  have  shown  higher  strains  at  failure  in  plane 
strain  than  in  triaxial  compression;  DICKEY,  LADD  AND 
RIXNER  (1968) . 

For  the  10  plane  strain  tests  in  which  Wade  obtained 
intermediate  principal  stress  measurements,  the  following 
average  values  of  sin  $  and  p,  resulted: 

(Si"  5)AVG  '  °'445 

(U)AVG  -  -0.441 
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Thus  for  remolded  Weald  clay  Bishop's  suggested  plane  strain 
relation 


\x  -  -  sm 


(6.40) 


appears  to  be  quite  accurate,  on  the  average.  However,  in-  , 

spection  of  Table  6.22  shows  that  the  scatter  of  individual 

test  results  from  the  above  average  is  considerable. 

In  a  discussion  of  the  paper  by  HENKEL  AND  WADE  (1966), 

LADANYI  (1967)  suggested  that  stress-strain  curves  for  triaxial 

and  plane  strain  tests  on  remolded  Weald  clay  might  better  be 

compared  by  plotting  octahedral  shear  stress  VERSUS  octahedral 

shear  strain,  rather  than  maximum  principal  stress  difference 

VERSUS  maximum  principal  (axial)  strain.  If  the  major  principal 

strains  and  maximum  principal'  streae  differences  for  the  two 

cases  are  e,  ,  c.  ,  (cr.  -  )a  and  (cr,  -  (7_)ps,  then  the 
la  ips  l  3  13 

octahedral  shear  strains  and  stresses  for  undrained  loading 


are: 


OCT,  a 


•IF 


la 


OCT, ps 


€lps 
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tOCT,  a 


a 

3 


)  a 


TOCT,ps 


+  2a2 
6 


*3)ps 


Ladanyi  did  not  compute  Lodes '  parameter  for  plane  strain 
loading,  but  in  effect  assumed  it  to  be  zero  (by  using  an 
elasticity  equation  for  the  intermediate  principal  stress 
and  assuming  Poisson's  ratio  to  be  one  half).  This  resulted 
in  equivalent  stress-strain  curves  for  plane  strain  which 
fell  off  much  more  rapidly  after  their  peak  than  did  those 
for  axial  symmetry.  This  in  turn  led  Ladanyi  to  suggest 
that  perhaps  Wade's  plane  strain  specimens  had  failed  by 
sliding  along  a  distinct  failure  plane,  whereas  Sowa's  tri- 
axial  specimens  had  failed  by  overall  distortion.  However, 
as  noted  previously,  WADE  (1963,  83)  was  rarely  able  to  detect 
a  distinct  failure  plane,  so  that  Ladanyi 's  suggestion  that 
two  different  failure  mechanisms  may  have  been  operating 
in  the  two  tests  is  not  supported  by  Wade ' s  own  direct 
observations.  Also,  the  test  data  (Wade's  Figures  A3-34 
and  A3-37)  show  that  Lode's  parameter  was  well  below  zero 
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for  the  tests  Ladanyi  considered,  and  that  p.  increased 
after  the  maximum  principal  stress  difference  was  reached. 
This  would  make  the  plane  strain  curves  fall  off  less  rapidly 
after  their  peak. 

In  order  to  compare  the  effects  of  plane  strain  defor¬ 
mation  on  clay  with  those  on  sand,  Wade  also  conducted  plane 
strain,  as  well  as  both  triaxial  compression  and  extension 
tests,  all  of  them  drained,  on  a  fine,  uniform,  quartzite 
sand  which  he  called  Belgium  sand.  The  same  material  had 
been  tested  previously  by  LADANYI  (1960) .  The  grain  size 
distribution  curve  for  this  material  yielded  the  following 
values: 


D60  -  0.192  MM 
D30  -  0.158  MM 

D1q  -  0.125  MM  *  effective  size 


Coefficient  of  Uniformity, 

Coefficient  of  Curvature, 


60 


10  2 
(D30} 

D10D60 


1.54 

-  1.04 
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The  average  value  for  specific  gravity  of  solids  was  2.65, 
and  the  limiting  values  of  porosity,  as  defined  by  KOLBUSZEWSKI 
(1948) ,  were 


"MAX  ' 


"min  *  3654 


Wade  plotted  his  test  results  against  initial  porosity, 

n.,  i.e.  the  average  porosity  prior  to  K  consolidation.  Here 
1  o 

the  results  have  been  related  to  the  average  porosity  at 
failure,  n^,  which  has  been  calculated  using  the  formula 


n 


f 


n  + 
c 


1  +  € 


vf 


cvf 

/100 


where  nc  is  the  porosity  at  the  end  of  Kq  consolidation,  and 

e  _  is  the  volumetric  strain  at  failure  (expansion  considered 

positive) .  Values  of  n^,  and  n^  for  both  plane  strain 

and  triaxial  tests  are  tabulated  in  Table  6.23.  In  Figure 

6.39  are  shown  plots  of  e  _  VERSUS  n  for  each  of  the  three 

vf  c 

test  series,  in  each  case,  the  relation  between  e  and 

n^  is  comparatively  smooth.  Figure  6.39  was  used  to  estimate 

two  values  of  (  ,  which  were  not  recorded  (Tests  PS12  and  T9) . 
vf 
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The  most  important  reason  for  relating  test  results  to 
average  porosity  at  failure,  rather  than  to  average  initial 
porosity,  is  that  apparent  differences  between  plane  strain 
and  triaxial  compression  behavior  essentially  disappear. 

WADE  (1963,  106)  reported  that,  "The  relative  values  of 
(tf^/a^)  are  higher  for  conditions  of  plane  strain  [than  in 
the  standard  triaxial  test!  in  the  range  of  [initial^ 
porosities  used."  On  the  other  hand,  when  tabulated  against 
average  porosity  at  failure  in  Tables  6.24  and  6.25  and 
plotted  in  Figure  6.40,  the  relations  between  sin  $  and  nf 
for  plane  strain  and  triaxial  compression  are  essentially 
identical.  Too  few  triaxial  extension  tests  were  run  for 
their  results  to  be  conclusive.  Straight  lines  fit  to  the 
three  sets  of  data  by  the  Method  of  Least  Squares  have  the 
following  equations: 


PLANE  STRAIN: 

(sin  $  -  0.6213)  - 

-  0.0202 

(nf  ' 

40.1722) 

CYLINDRICAL 

COMPRESSION: 

(sin  #  -  0.5918)  ■ 

-  0.0195 

{nf  ' 

41.4187) 

CYLINDRICAL 
EXTENSION  : 

(sin  $  -  0.6015)  - 

-  0.0116 

(nf  ' 

39.8750) 

f 


However,  Lode's  parameter  at  failure  did  not  follow  Bishop's 

i 

proposed  equation 

(i  *  -  sin  $ 

nearly  as  well  in  Wade's  plane  strain  tests  on  Belgium  sand 
as  was  the  case  for  Conforth's  plane  strain  tests  on  Brasted 
sand.  See  Figure  6.41.  The  Least  Squares  equation  for 
Wade's  plane  strain  data  is 


(jx  +  0.5938)  -  0.00355  (nf  +  40.1722) 


Figures  6.40  and  6.41  were  used  to  construct  the  octahedral 
plane  stress  plots  in  Figure  6.42,  which  show  the  influence 
of  density  on  the  failure  criterion  for  Belgium  sand. 
Comparison  of  Figures  6.41  and  6.27  shows  that  both  Belgium 
sand  and  Brasted  sand  have  similar  shaped  failure  criteria. 
Both  can  be  reasonably  approximated  by  a  Mohr-Coulomb  failure 
criterion  for  any  given  porosity  at  failure  and  both  failure 
criteria  are  affected  in  the  same  way  by  a  change  in  porosity 
at  failure. 


i 
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CASBARIAN  (1964)  modified  Ratnam's  test  equipment,  and 
conducted  additional  hollow  cylinder  tests  on  the  same 
commercial  kaolinite  used  by  Ratnam.  (See  Chapter  3  of 
this  thesis.)  Casbarian's  test  results  appeared  to  indicate 
that  the  compacted,  isotropically  consolidated  kaolinite  was 
anisotropic  with  respect  to  the  effective  stress  shear 
strength  parameters.  However,  the  strength  anisotropy 
appeared  to  be  symmetric  with  respect  to  the  value  45°  -  0. 
Therefore,  because  all  of  Casbarian's  Series  II  tests,  which 
were  designed  to  show  the  influence  of  the  intermediate 
principal  stress,  were  conducted  without  torsion,  so  that 
the  angle  0  was  either  0°  or  90°,  octahedral  plane  stress 
plots  have  been  constructed.  However,  they  apply  only  to 
these  two  values  of  the  angle  fi,  and  do  not  imply  isotropic 
behavior.  The  Series  II  data  are  tabulated  in  Table  6.26 
and  plotted  in  Figure  6.43.  The  nonlinearity  of  the  effective 
stress  strength  envelope,  which  is  apparent  in  Figure  3.27a, 
is  also  apparent  in  Figure  6.43.  As  the  isotropic  prehsear 
consolidation  stress  increases  (see  Table  3.8b),  the  apparent 
failure  criterion  transitions  from  beyond  the  extended 
Tresca  criterion,  through  the  extended  Von  Mises  criterion. 


towards  a  cohesionless  Revised  Coulomb  criterion.  This 
apparent  transition  raises  an  interesting  question:  To  what 
extent  is  the  failure  criterion  for  soils  influenced  by  over¬ 
consolidation  ratio,  for  a  given  value  of  Lode's  parameter 
during  consolidation?  To  the  Writer's  knowledge,  this 
question  has  never  been  investigated. 

SHIBATA  AND  KARUBE  (1965)  conducted  undrained  tests 
with  pore  pressure  measurements  on  remolded,  normally  con¬ 
solidated  Osaka  alluvial  clay,  in  a  modified  triaxial  device 
which  permitted  independent  control  of  all  three  principal 
stresses.  The  test  specimens  were  6  CM  long,  2  CM  thick  and 
3.5  CM  wide,  having  been  trimmed  from  a  25  CM  diameter  block 

of  clay,  reconsolidated  one  dimensionally  under  a  maximum 

2 

vertical  effective  stress  of  0.45  KG/CM  .  Conventional 
triaxial  compression  and  extension  tests  were  also  conducted. 
Index  properties  of  the  reconsolidated  Osaka  alluvial  clay 
are  shown  below. 


Liquid  Limit 

69% 

Plastic  Limit 

20% 

Plasticity  Index 

49% 

Percent  by  Weight  Finer  Than 
0.002  MM 

10% 

Activity 

2.0 
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In  the  >  o  >  cr  tests,  the  testing  sequence  was  as 

1  4  J 

■t  t 

'  follows: 

1.  Further  consolidate  the  specimen  isotropically  to 

the  desired  value  of  £T_  ■  cr  . 

3  c 

2.  Increase  and  simultaneously  until  -  0^  *  a2  “  ^3  m 
a  desired  value,  keeping  q constant,  under  undrained 
conditions  with  pore  pressure  measurements. 

3.  Increase  until  failure  occurs,  keepting  <j2  and 
constant,  under  undrained  conditions  with  pore  pressure 

measurements . 

In  reporting  their  results,  Shibata  and  Karube  elected  to 
project  effective  stress  paths  for  the  plane  <*2  "  a3  “ 
constant  onto  the  plane  <*2  -  Oy  along  rays  normal  to  both 
planes,  rather  than  along  rays  parallel  to  the  a  axis. 

Using  the  latter  method,  values  at  failure  (both  maximum 
principal  effective  stress  ratio  and  maximum  principal  stress 
difference)  have  been  calculated  and  tabulated  along  with 
other  failure  data  in  Tables  6.27  and  6.28.  Results  of  the 
conventional  triaxial  compression  and  extension  tests  are 
plotted  in  Figures  6.44  and  6.45.  They  indicate  that  re¬ 
molded  normally  consolidated  Osaka  alluvial  clay  is 
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cohesionless,  and  that  the  failure  lines  for  constant  p,  are 
probably  linear.  Consequently  octahedral  plane  stress  plots 
have  been  constructed  in  Figures  6.46  and  6.47,  and  show 
the  Revised  Coulomb  failure  criterion  to  be  the  best, 
slightly  conservative  theoretical  failure  criterion  for 
this  material.  The  definition  of  failure  has  little  in¬ 
fluence  on  the  failure  locus  for  normally  consolidated 
material . 

Shibata  and  Karube  observed  a  family  of  decreasing  linear 
relationships  between  the  strain  at  maximum  principal  stress 
difference  (g.  -  or  )  and  the  intermediate  principal 

X  j  rlnA 

stress  difference  (<*2  -  CT3)  #  each  for  a  constant  value  of 

o  .  However,  when  the  strain  at  maximum  principal  stress 
c 

difference  is  plotted  against  Lode's  parameter,  a  unique 
relationship  results,  as  shown  in  Figure  6.48.  The  influence 
of  the  intermediate  principal  stress  at  failure  on  the  axial 
strain  at  failure  displayed  in  Figure  6.48  is  consistent 
with  similar  observations  by  WOOD  (1958)  and  CONFORTH  (1961) . 
See  also  SHIBATA  AND  KARUBE  (1967)  for  further  data  from 
plane  strain  tests  on  Osaka  alluvial  clay  with  slightly 
different  index  properties. 
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In  his  opening  address  to  the  ASCE  Research  Conference 
on  Shear  Strength  of  Cohesive  Soils,  NEWMARK  (1960)  suggested 
that  consideration  be  given  to  the  possibility  of  defining  a 
relationship  between  stress  and  strain  in  cohesive  soils  by 
use  of  relationships,  even  in  the  non-linear  range,  of  the 
form 


J.  - 
1 


(i  -  1,2,3) 


where  the  J\  are  independent  strain  invariants,  the  1^  are 
independent  stress  invarients  and  the  f  „  are  arbitrary 
functions.  BELL  (1965)  was  apparently  the  first  to  attempt 
such  a  formulation  for  soil,  but  instead  of  using  a  cohesive 
soil  he  used  standard  Ottawa  sand  having  the  following  grain 
size  distribution  characteristics: 


D  _  “  0.66  MM 
6U 

D30  -  0.52  MM 

DiQ  ■  0.39  MM  *  effective  size 


Coefficient  of  Uniformity,  Cy 
Coefficient  of  Curvature,  Cy 


60 

D10 
(D 


30 


D10D60 


1.69 

-  1.05 
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The  specific  gravity  of  solids  was  determined  to  be  2.65, 
and  the  maximum  and  minimum  porosities,  determined  by  simple 
tests  devised  by  Bell,  were  43%  and  34%  respectively. 

Using  a  device  which  he  designed,  Bell  conducted  drained, 
stress-controlled  tests  on  plate-shaped  samples  15.5  inches 
square  by  1.9  inches  thick,  in  which  each  of  the  principal 
stresses  was  controlled  independently.  The  major  and  minor 
principal  stresses  were  applied  to  the  sides  of  the  sample, 
and  the  intermediate  principal  stress  was  applied  to  the  top 
and  bottom  faces,  i.e.  the  faces  which  measured  15.5  inches 
by  15.5  inches.  The  principal  stress  directions  remained 
fixed  throughout  the  tests.  Three  types  of  stress  paths  were 
employed  to  obtain  stress-strain  data  for  formulating  an 
invariant  deformation- type  stress-strain  relation,  as  shown 
below. 


STRESS 

PATH 


S.C. 


STRESS  INVARIANT 

V 


V 


* 


radial 


F 


V  F 


circular 


F 


F  V 


S.C.  »  spherical  compression 
F  *  fixed 
V  ■  varied 
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1 ) 


Bell's  stress  invariants  are  related  to  the  invariants 
shown  in  Figure  6.5  as  follows: 


3  a 


OCT 


Zi 


(  £  )2 
1  3  ' 


I*  -  cos  3co 


The  invariants  define  a  set  of  three  mutually  orthogonal 
curvilinear  coordinates  in  principal  stress  space. 

Bell's  circular  stress  path  tests  were  the  first  of 
their  type  known  to  the  Writer.  Strength  data  were  obtained 
by  running  radial  stress  path  tests  on  samples  previously 
subjected  only  to  several  spherical  (hydrostatic)  stress 
cycles.  For  all  the  radial  strength  tests  the  values  of 
porosity  and  octahedral  normal  effective  stress  were 


n  s  34% 


OCT 


OCT 


18  PSI 


Because  these  were  stress-controlled  tests,  it  was  not 
possible  to  define  failure  as  the  occurence  of  the  peak 
of  the  -  <7  )  VERSUS  curve.  Instead,  when  the  rate 


»  ) 
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of  volume  change,  as  recorded  by  a  burette,  did  not  decrease 
with  time  after  the  application  of  a  deviatoric  stress  in¬ 
crement,  it  was  assumed  that  firoc  yield  had  taken  place. 

Thus,  it  was  possible  to  identify  states  of  stress  before 
and  after,  but  generally  not  precisely  at  initial  yield. 

Stress  data  before  and  after  initial  yield  are  tabulated  in 
Table  6.29  and  plotted  in  an  octahedral  plane  stress  plot 
in  Figure  6.49.  It  must  be  assumed  that  p  VERSUS  q  plots 
for  any  particular  value  of  p.  would  be  linear.  Although  the 
rate  of  strain  at  initial  yield  undoubtedly  varied  with  p., 
it  probably  had  only  a  minor  influence  on  the  results. 

Bell  fit  the  following  curve  to  his  initial  yield  data: 

{ 

I*  •  0.116  +  0.016  (1  +  I*)2 

Referring  to  Figure  6.5,  Bell's  failure  criterion  can  be  used 
to  calculate  sin  5  as  a  function  of  p  by  means  of  the  follow¬ 
ing  relationships: 
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CO  “  cos 

r  « 

i  fT r  sin  co 
sm  v 

The  results  are  plotted  in  Figure  6.50. 

Bell's  failure  criterion  is  simply  a  truncated  Fourier 
cosine  series  in  the  angle  3co,  because 


I*  -  0.140  +  0.032  cos  3co  +  0.008  cos  6co 


The  criterion  is  similar  to  one  which  NEWMARK  (1960)  labeled 
a  "Possible"  Failure  Theory,  and  which  had  previously  been 
suggested  by  TOPPING  (1955) ,  who  proposed  the  Mohr-circle 
type  relationship 


cos  3co 


•  ) 
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where 


rc  -  value  of  r  for  triaxial  compression 

r  =  value  of  r  for  triaxial  extension 
E 


In  order  to  construct  an  octahedral  plane  stress  plot  of 
Topping's  failure  criterion,  based  on  data  from  triaxial 
compression  and  extension  tests,  the  following  relations  can 
be  used: 


sin  $ 


VT  sin  u)  +  sin  $  cos 


o>c  -  120° 

(jq  ■  60° 

E 

2/ff  sin  $c 

rc  * - : - 

3  -  sin  $ 

C 

2I\[6~ sin  $e 

rE  * 

3  +  sin  $ 

E 


Figure  6.51  shows  Topping's  failure  criterion,  corresponding 
to  the  values 


A  30 


sin  $  *  0.6187 

sin  $  ■  0.7906 

E 

calculated  according  to  Bell's  formula.  Comparison  of  Topp¬ 
ing's  curve  in  Figure  6.51  with  Bell's  original  data  in 
Figure  6.49  shows  good  agreement,  which  could  be  made  even 
better  by  reducing  the  value  of  sin  $c  to  about  0.60.  It 
appears  that  Topping's  failure  criterion  offers  a 
fairly  simple  means  of  representing  the  influence  of  the  inter¬ 
mediate  principal  effective  stress  on  the  shear  strength 
of  soil. 

Even  though  Bell's  samples  were  about  as  dense  as  he 
could  get  them,  failure  along  a  distinct  plane  was  observed 
in  only  one  test.  He  therefore  rejected  the  Mohr-Coulomb 
failure  criterion. 

Contours  of  equal  octahedral  shear  strain  and  equal 
volumetric  strain  for  the  radial  stress  path  tests,  which 
Bell  plotted  in  the  octahedral  plane,  were  approximately 
geometrically  similar  to  his  initial  yield  curve.  See  his 
Figures  8.5  and  8.9.  Thus,  initial  yield  occurred  at  about 
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the  same  volumetric  strain  in  all  tests  (roughly  0.8  per¬ 
cent)  .  As  with  the  initial  yield  criterion,  Bell  noted  a  sub 
stantial  break  in  the  volumetric  strain  contours,  in  the 
range  -1.0  <  p.  <  -0.8,  and  he  judged  this  to  be  a  true 
material  characteristic,  not  just  the  result  of  testing 
error.  These  results  are  extremely  significant,  and  are 
the  basis  of  a  proposed  stress-strain  relationship  in  Chapter 
7. 

Bell  has  continued  his  study  of  the  triaxial  shear 
strength  of  sand  at  Colorado  State  University,  under  sponsor¬ 
ship  of  the  National  Science  Foundation.  He  has  taken 
considerable  pains  to  achieve  a  homogeneous  state  of  stress 
in  a  4  inch  cube  sample,  using  hydraulic  load  actuators 
capable  of  either  load  or  displacement  control. 

LENOE  (1966)  tested  silty  sand  specimens,  rectangular 
in  cross-section  (dimensions  not  stated) ,  in  a  device  similar 
in  principle  to  the  one  employed  by  Shibata  and  Karube. 
However,  in  Lenoe ' s  device  the  sand  was  in  a  perfectly 
dry  state,  and  the  minor  principal  stress  was  applied  by 
lowering  the  pore  air  pressure  inside  the  sample  with  a 
vacuum  pump.  The  grain  size  distribution  curve  for  the 
sand  yielded  the  following  values: 
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0.58  MM 


4 

•*  >' 


-  0.22  MM 
30 

D1q  ■  0.065  MM  -  effective  size 


Coefficient  of  Uniformity,  Cy 
Coefficient  of  Curvature,  Cc 


60 


10  2 

(D20> 

D10D60 


8.93 

*=  1.29 


The  average  initial  density  of  the  samples  was  110  PCF.  No 
information  was  reported  concerning  failure  densities  or  the 
influence  of  density  on  strength.  The  strength  values 
tabulated  in  Table  6.30  are  based  on  initial  specimen  geo¬ 
metry.  Lenoe  stated  that  the  change  in  mid-height  area  cf 
the  specimens  at  failure  amounted  to  no  more  than  6  percent. 
Failure  consistently  occurred  at  an  exial  strain  of  about 
3.5  percent.  Application  of  corrections  for  specimen  defor¬ 
mation  causes  the  calculated  value  of  $  to  decrease  slightly 
and  the  calculated  value  of  p,  to  increase  slightly,  due 
mainly  to  a  decrease  in  the  calculated  value  of  For 

example,  assuming  an  axial  strain  at  failure  of  3.5  percent 
(compression)  and  a  radial  strain  at  failure  of  3.0  percent 
(expansion) ,  the  corrected  values  for  Test  6  would  be 
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33.60 

1.060 


31.70  PSI  (vs.  33.60) 


cr3  =  3.50  PSI  (unchanged) 

a2  =  3.50  +  -  6.52  PSI  (vs.  6.50) 

p  *  17.60  PSI  (vs.  18.55) 
q  *  14.10  PSI  (vs.  15.05) 

M.  *  -0.786  (vs.  -0.801) 
sin  $  =  0.800  (vs.  0.811) 


The  triaxial  compression  strength  data  in  Figure  6.52  in¬ 
dicate  that  the  material  is  cohesionless  and  the  failure  line 
linear,  but  the  octahedral  plane  stress  plot  in  Figure  6.53 
reveals  a  strong  possibility  of  experimental  error,  as  well 
as  an  unfortunately  small  range  of  Lode's  parameter. 

Using  a  pneumatic  analog  computer  to  achieve  a  controlled 
rate  of  applied  total  stress,  SAADA  AND  BAAH  (1966)  tested 
conventional  triaxial  and  torsional  hollow  cylinder  specimens 
of  commercial  kaolinite  in  undrained  shear  with  pore 
pressure  measurements.  Unfortunately,  their  results  are 
difficult  to  interpret,  because  they  allowed  three  important 
variables  to  change  simultaneously: 
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1.  the  angle  of  principal  stress  rotation,  0 

*  I 

2.  Lode's  parameter,  |i 

d 

3.  the  rate  of  applied  stress,  R  -  —  [  (cr.  -  )cos  20] 

at  l  3 

Because  the  inside  and  outside  cell  pressures  were  always 
equal  in  their  torsional  hollow  cylinder  tests,  their  values 
of  0  and  |i  were  related  by  the  expression 

[A  ■  ”  cos  20 

Also,  assuming  that  soil  deformation  is  controlled  by 
effective  stress,  they  failed  in  their  attempt  to  have 
shear  strains  in  the  cross-anisotropic  clay  be  caused  entirely 
by  the  significant  stress  deviator,  because  they  maintained 
a  constant  value  of  the  mean  total  normal  stress,  instead 
of  the  mean  effective  normal  stress.  Although  they  measured 
the  pore  water  pressure,  their  pneumatic  analog  computer 
was  not  designed  to  respond  to  it.  For  an  account  of  the 
rheological  theory  of  soil  behavior  developed  at  Princeton 
University  and  used  at  Case  Institute  by  Saada  see  SCHMID 
(1960),  KLAUSNER  (I960),  SCHMID,  KLAUSNER  AND  WHITMORE  (1960) 
and  SAADA  (1962) .  It  has  been  stated  here  previously,  but 
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perhaps  bears  repeating,  that  there  appears  to  be  no  reason 
why  rheological  concepts  cannot  be  applied  without  abandoning 
the  concept  of  effective  stress.  Rheology  and  effective 
stress  are  compatible. 

The  commercial  kaolinite  used  by  Saada  and  Baah  had 
the  following  index  properties . 


Liquid  Limit 

62.5% 

Plastic  Limit 

39.0% 

Plasticity  Index 

23.5% 

Percent  by  weight  Finer  Than 

0.002  MM 

73.0% 

Activity 

0.32 

Specific  Gravity  of  Solids 

2.61 

Conventional  triaxial  specimens  1.46  IN  in  diameter  and 
3.56  IN  high  were  subjected  only  to  hydrostatic  consolidation 
prior  to  undrained  shear,  and  were  therefore  presumably 
isotropic.  Hollow  cylinder  specimens  approximately  5.95  IN 
high,  with  inside  and  outside  radii  of  approximately  1.00  IN 
and  1.38  IN  were  trimmed  from  material  initially  consolidated 
one-dimens ionally,  and  were  therefore  presumably  cross- 
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anisotropic,  with  the  material  axis  parallel  to  the  cylinder 
axis.  Both  specimens  were  prepared  by  mixing  dry  clay  powder 
with  distilled,  deaired  water  at  a  high  water  content,  then 
consolidating  blocks  of  clay  either  hydrostatically  or  one- 
dimens  ionally,  and  finally  trimming  the  test  specimens  from 
these  blocks.  The  conventional  triaxial  specimens  had  an 
average  water  content  of  36.3%;  the  water  content  of  the 
hollow  cylinder  specimens  was  40.4%.  All  specimens  were 
finally  isotropically  consolidated  under  a  cell  pressure  of 
78  PSI  with  a  backpressure  of  18  PSI,  for  about  3  days 
immediately  prior  to  undrained  shear.  Test  results  for 
both  the  isotropic  (Series  A)  and  cross-anisotropic  (Series 
B  through  H)  specimens  are  tabulated  in  Table  6.31  and  plotted 
in  Figure  6.54.  Because  the  tests  were  stress-controlled, 
failure  was  defined  as  the  occurrence  of  a  very  large  rate 
of  distortion,  i.e.  by  a  vertical  tangent  to  the  recorded 
distortion-time  curve.  For  an  analysis  of  the  isotropic 

(Series  A)  results  see  SAADA  (1967),  in  which  he  obtains  a 

\  / 

linear  relation  between  the  octahedral  shear  stress  at  failure 
and  the  logarithm  of  the  time  rate  of  increase  of  the  applied 
principal  stress  difference.  The  octahedral  plane  stress 


plot  in  Figure  6.55  has  been  constructed  using  average 
values  of  sin  $  from  Table  6.31.  The  large  increase  in 
sin  $  as  Lode's  parameter  increases  from  -1  to  about  -0.87 
is  apparently  due  mainly  to  a  difference  in  the  type  of 
test  used,  as  Figure  6.54  indicates  even  more  clearly. 

KO  (1966)  attempted  to  improve  upon  Bell's  triaxial  test 
device.  Although  Ko's  device  was  easier  to  operate  than 
Bell's,  questions  have  been  raised  by  several  investigators 
concerning  Ko ' s  claim  that  he  achieved  a  homogeneous  state 
of  stress  in  his  4  inch  cubic  samples  of  Ottawa  sand.  The 
following  data  must  therefore  be  considered  to  be  somewhat 
controversial.  The  grain  size  characteristics  of  the  Ottawa 
sand  tested  by  Ko  were  similar,  but  not  identical  to  those 
of  the  Ottawa  sand  tested  by  Bell: 


D  n  -  0.61  MM 
6u 

D30  -  0.58  MM 

Djq  *  0.50  MM  *=  effective  size 


Coefficient  of  Uniformity, 
Coefficient  of  Curvature,  Cy 


60 


10 

(D30) 

D10D60 


1.22 

2 


1.10 
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Most  of  Ko's  attention  was  focused  on  stress-strain  behavior 


prior  to  failure.  Since  his  tests  were  stress-controlled, 
none  of  his  stress-strain  curves  exhibited  peaks  which  could 
be  used  to  define  failure.  Instead,  Ko  defined  failure  as 
a  point  of  slope  discontinuity  on  a  semilogarithmic  plot  of 
octahedral  shear  stress  VERSUS  the  logarithm  of  the  major 
principal  strain.  This  definition  has  a  precendent  in  the 
practice  of  defining  bearing  capacity  in  a  load-controlled 
plate  bearing  test  as  the  point  of  slope  discontinuity  of 
the  load-settlement  curve;  SOWERS  (1962,  538) . 

Ko's  strength  data  are  tabulated  in  Table  6.32.  The 
strength  tests  were  conducted  at  constant  effective  octahedral 
normal  stress  (15  PSI  for  Tests  TCa-6  and  TEa-5  and  20  PSI 
for  the  rest)  and  at  a  constant  value  of  Lode's  parameter. 

Thus  the  stress  paths  in  principal  stress  space  were  radial, 
according  to  the  definition  given  by  BELL  (1965) .  In  order 
to  achieve  a  continuous,  proportional  variation  of  the  three 
principal  stresses  during  a  test,  Ko  made  ingenious  use  of 
the  well  known  formula  for  calculating  loads  on  piles  in  an 
eccentrically  loaded  pile  group;  TENG  (1962,  223);  WESTERGAARD 
(1952,  71) .  It  is  easily  shown  that  if  a  vertical  load  P 


acts  at  a  distance  R  from  the  centroid  of  a  group  of  three 
piles,  which  are  arranged  in  an  equilateral  triangle  and 
spaced  a  distance  S  apart,  that  the  loads  on  the  three  piles, 

Wl'  W2  anC*  W3  ke 


cos  (o>  -  120  ) 


§  [■*? 

^  Pi  +  cos  J 
3  ]_  S  J 

I  [*•? 


) 


cos  (to  +  120  ) 


■] 


The  angle  cu  is  the  angle  subtended  at  the  centroid  of  the 
pile  group  by  pile  2  and  the  load  P,  and  the  distances 
S  cos  (cd  -  120),  S  cos  a)  and  S  cos(o>  +  120)  are  the  moment 
arms  of  piles  1,  2  and  3  with  respect  to  the  axis  of  the 
resultant  moment  of  P  about  the  pile  group  centroid.  The 
above  expressions  for  the  three  pile  loads  are  identical 
in  form  to  formulas  for  the  three  principal  stresses;  see 
Equations  (B.52)  and  (B.32).  In  Ko's  stress  control  device, 

j 

hydraulic  cylinders  took  the  place  of  the  loads  P,  W^, 
and  W^.  The  pressures  in  cylinders  1,  2  and  3  were  trans¬ 
mitted  to  the  cubic  soil  specimen  by  water-filled  rubber 
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} 


X  r 


membranes  as  principal  stresses  cr1>  a2  and  a3,  with  the 
angle  cd  being  the  same  as  that  shown  in  Figure  B.6  as 

co  . 

2 

Ko,  like  Bell,  was  only  able  to  bracket  "failure",  and 
therefore  average  values  of  sin  $  have  been  calculated  in 
Table  6.33,  in  order  to  construct  plots  of  sin  VERSUS 
initial  porosity,  n^,  in  Figure  6.56.  In  Ko's  tests  the 
volumetric  strains  at  failure  were  so  small  (less  than  0.4%) 
that  initial  and  failure  porosities  were  nearly  equal.  Using 
data  from  Figure  6.56,  octahedral  plane  stress  plots  have  been 
constructed  in  Figure  6.57  for  several  values  of  initial 
porosity.  The  shape  of  the  curves  in  Figure  6.57  is  dictated 
by  the  location  of  strength  lines  in  Figure  6.56.  In  particular, 
the  pointed  shape  of  the  curves  in  the  neighborhood  of  p.  *  -1 
in  Figure  6.57,  which  is  in  accordance  with  the  Mohr-Coulomb 
equation  but  not  with  most  other  test  data  (including  Bell's), 
is  a  consequence  of  the  Writer's  arbitrary  location  of  the 
strength  line  for  p,  -  -0.464  in  Figure  6.56.  Too  few  tests 
were  run  to  reliably  define  the  shape  of  the  failure  surfaces 
for  -1  <  p.  <  1.  The  curves  in  Figure  6.57  differ  from 


t 
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similar  curves  drawn  by  Ko,  because  his  values  of  $  were  shown 

o  o 

about  2  lower  for  triaxial  compression  and  2  higher  for 

triaxial  extension,  even  though  his  plots  of  $  VERSUS  initial 

void  ratio  were  consistent  with  the  strength  lines  shown  in 

Figure  6.56.  See  also  KO  AND  SCOTT  (1967a),  (1967b)  and 

(1968)  . 

The  strength  of  Boston  blue  clay  resedimented  from  a 
slurry,  when  tested  under  various  stress  systems  has  been 
studied  recently  by  LADD  AND  VARALLYAY  (1965),  MERKLE  (1967), 
DICKEY  (1967) ,  RIXNER  (1967)  and  DICKEY,  LADD  AND  RIXNER 
(1968) .  Index  properties  of  resedimented  Boston  blue  clay, 
as  measured  by  several  investigators,  are  tabulated  below. 


LADD  & 


VARALLYAY 

(1965) 

MERKLE 

(1967) 

DICKEY 

(1967) 

RIXNER 

(1967) 

Liquid  Limit,  % 

33 

43 

44 

39 

Plastic  Limit,  % 

20 

23 

24 

21 

Plasticity  Index,  % 

13 

20 

20 

18 

Percent  by  Weight  Finer  Than 
0.002  MM,  % 

35 

49 

33 

52 

Activity 

0.47 

0.41 

0.60 

0.35 

Specific  Gravity  of  Solids 

2.78 

2.79 
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The  strength  data  tabulated  in  Table  6.34  were  obtained  from 
four  types  of  consolidated  undrained  tests  with  pore  pressure 
measurements,  performed  on  samples  normally  consolidated 
one -dimensionally,  from  a  slurry  with  an  initial  water  content 
approximately  twice  the  liquid  limit.  In  each  case,  failure 
was  defined  as  the  occurrence  of  the  maximum  principal  stress 
difference.  Test  symbols  used  in  Table  6.34  are  defined 
below. 

CC:  conventional  triaxial  (cylindrical)  compression 
CE:  conventional  triaxial  (cylindrical)  extension 
PSA:  plane  strain  "active"  (o1^  in  same  direction  as 


"lc1 


PSP:  plane  strain  "passive"  (clf  perpendicular  to 

direction  of  cr  ) 
lc 


The  triaxial  compression  and  extension  data  plotted  in  Figure 
6.58  indicate  that  resedimented  Boston  blue  clay  is  cohesion¬ 
less,  but  has  a  somewhat  higher  effective  angle  of  shearing 
resistance  in  extension  than  in  compression.  There  appears 
to  be  a  relation  between  Lode's  parameter  and  water  content 
at  failure  for  active  plane  strain  tests,  as  shown  in  Figure 
6.59.  However,  inspection  of  Table  6.34  reveals  no  consistent 


relationship  between  the  effective  angle  of  shearing 
resistance  and  water  content  at  failure,  such  as  was  dis¬ 
closed  in  Figure  6.25(a)  for  Brasted  sand.  This  could  be 
because  Dickey's  and  Rixner's  early  plane  strain  tests  were 
hampered  by  the  type  of  mechanical  difficulties  which  often 
accompany  the  development  of  a  new  piece  of  equipment,  of 
which  they  were  well  aware.  Refer  to  their  theses  for  details. 
These  mechanical  difficulties  were  of  such  a  nature  that 
they  would  have  had  a  stronger  influence  on  the  measured 
angle  of  shearing  resistance  than  on  Lode's  parameter.  They 
are  believed  to  have  been  corrected  by  the  time  the  active 
plane  strain  test  PSA4  was  run.  An  octahedral  plane  stress 
plot  has  been  constructed  in  Figure  6.60,  with  a  possible 
failure  criterion  shown  by  the  dashed  curve.  Considerably 
more  data  are  required  to  determine  if  the  apparent  sudden 
increase  in  strength  as  Lode's  parameter  increases  from 
-1.00  to  -0.483  is  a  true  material  property  or  is  due  to 
mechanical  characteristics  of  the  plane  strain  device. 

LOMIZE  AND  KRYZHANOVSKY  (1967)  tested  71  MM  cubes  of 
air  dried  quartz  sand  from  the  Volga  region  in  a  device 
somewhat  like  Ko's,  except  that  the  edges  of  their  six 
membranes  were  fixed.  The  grain  size  characteristics  of 
the  Volga  sand  were: 
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0.116  MM 


l.  1 


0.095  MM 


*  0.078  MM  ■  effective  size 


Coefficient  of  Uniformity, 

Coefficient  of  Curvature, 
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1.49 
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(D 
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D10D60 


1.00 


The  specific  gravity  of  solids  was  2.65,  and  the  maximum  and 
minimum  porosities  were 


1  VMIN 

nMAx  "  G  y 
s  w 


1  - 


1.43 

2.65 


46.0% 


n, 


MIN 


1  - 


MAX 

G  y 
a  w 


1.79 

2.65 


32.5% 


The  initial  density  for  the  special  triaxial  shear  tests  was 
1.61  KG/CM^  (n^  ■  39.3%)  .  A  [direct?!  shear  test  yielded 
a  friction  angle  of  39°20'. 

In  describing  the  results  of  their  tests  Lomize  and 
Kryzhanovsky  used  the  following  stress  invarients: 


u. 


°1  +  a2  + 


3  a 


OCT 


\  f 
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and  the  following  strain  invariants: 


They  conducted  tests  at  three  values  of  Lode's  parameter,  p,: 

-1.0,  0.0  and  1.0,  using  the  following  constant  values  of 

effective  octahedral  normal  stress,  cr  1.5,  2.0,  3.0  and 

OCT 

3.5  KG/CM  .  Other  more  complex  stress  paths  were  also  used, 
but  it  is  not  clear  from  their  paper  precisely  which  if  any 
of  these  other  test  results  formed  the  basis  of  the  con¬ 
clusions  to  follow. 
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Having  defined  the  normalized  second  stress  invariant, 

U2  _  r0CT 

dk  “  U.  "  .[T"  <r 

1  ^  OCT 

which  is  proportional  to  the  radius  r  -  O'P  in  Figure  6.5, 

Lomize  and  Kryzhanovsky  apparently  found,  as  had  Bell,  that 

contours  of  1^  and  I in  the  octahedral  plane  were  essentially 

geometrically  similar.  In  order  to  study  the  influence  of 

the  intermediate  principal  stress  on  the  shape  of  the  strain 

invariant  contours,  they  expressed  the  contour  radius,  in 

terms  of  D  ,  as  a  function  of  the  normalized  third  stress 
K 

invariant,  which  is 


U. 


U, 


6 


p*  3  2 

fj  3  cos  3u)  Dr  -  9Dk  +  1 


27 


If  plotted  on  log  log  paper,  the  relation  between  D  and 

X\ 

u3 

— -  along  any  contour  was  approximately  a  straight  line,  having 
ui 


the  equation 


U3 

log  D  -  log  w*  +  «  log  — r 

ui 
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The  intercept  v*  depended  upon  the  value  of  strain  (i.e. 
which  strain  contour  was  being  studied)  but  the  value  of  a 
was  constant  for  all  strain  contours  because  they  were 
geometrically  similar.  For  the  Volga  sand  a  was  1.73. 

Thus  it  was  possible  to  obtain  unique  relationships  between 
both  i2  and  1^  and  the  stress  invariant  function 


7T*  “ 


I 


these  relationships  being  simply  an  expression  of  the  geo¬ 
metric  similarity  of  both  the  1^  and  I2  contours  in  the 
octahedral  plane.  For  small  values  of  I 2  the  relation 
between  1 2  and  tt*  was  approximately  linear,  with  the  equation 

it*  «  15  +  2500  I2  (0  <  I2  <  0.09) 

However,  as  failure  was  approached  the  spacing  between  the 
I2  contours  decreased,  so  that  the  relation  between  n*  and 
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I  suddenly  became  nonlinear,  much  like  the  moment- 
curvature  relation  for  a  steel  beam  as  the  plastic  moment 
capacity  is  approached,  reaching  the  maximum  value 


7 T, 


MAX 


7 Tl 


260, 


which  Lomize  and  Kryzhanovsky  defined  as  failure. 

At  this  point  it  should  be  noted  that  the  relation 
U3 

between  D  and  —  proposed  by  Lomize  and  Kryzhanovsky  is 
ui 

the  same  kind  of  relation  as  Topping's  Mohr-circle  type 

relation  between  r  and  cd.  Moreover,  Topping's  appears  to 

be  the  more  convenient,  because  it  expresses  r  directly  in 

terms  of  a),  whereas  the  expression  proposed  by  Lomize  and 

Kryzhanovsky  does  not  give  D  directly  in  terms  of  co.  However, 

K 

by  writing  their  failure  criterion  for  Volga  sand  in  the 
form 


r 


cos  30)  D..  -  9  D  -  1.0858  D 


0.578 


K 


K 


K 


+  1 
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the  value  of  D  at  failure  can  be  calculated  numerically 

K 

for  any  given  value  of  od  (or  p.) .  The  results  of  these 
calculations  are  tabulated  in  Table  6.35  and  plotted  in 
Figure  6.61.  The  shape  of  the  octahedral  plane  stress  plot 
in  Figure  6.61  closely  resembles  those  of  Bell  and  Topping 
in  Figures  6.51  and  6.52,  the  most  striking  feature  being 
a  rapid  increase  in  $  as  p  increases  from  -1  to  about  -0.6. 

It  is  interesting  to  note  that  COLEMAN  (1960)  proposed 
a  similar  failure  criterion  in  the  form 


but,  like  Topping,  did  not  attempt  to  relate  this  function  to 
strains  prior  to  failure. 

MAYLSHEV  (1967a)  proposed  a  generalization  of  the  Mohr- 
Coulomb  strength  criterion,  and  of  a  criterion  previously  pro¬ 
posed  by  JOHANSEN  (1958),  in  the  form 


all  ^1  +  a22  °2  +  a33  °3  +  a12  ^1^2  +  a23  V*3 


+  a3l  Vl  “  C(al"l  +  *2  2  +  a3V  +  C‘ 
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The  coefficients  in  the  above  expression  are  obtained 

by  writing  the  Mohr-Coulomb  strength  criterion  in  terms 

of  average  stresses  t  and  &  i.e. 

3  n,av  nn,av 


$.2 


(t  )  -  (C  +  cr  tan  v) 

n,av  nn,av 


where 


and 


^n,av^ 


nn.av 


f T' 

T 

fr 

Z  nn 


ds 


ds 


/ 


ds 


The  Stress  quantities  and  are  given  by  Equations 
(B. 89) .  All  the  above  integrals  are  surface  integrals,  and 
the  region  of  integration,  S,  surrounds  the  point 


[■, 


hi  -  008  (  l  +  !  1 '  “n2 


0?  «n3  »  sin  ( 


;•!>]  - 


Unfortunately,  Malyshev's  method  of  surface  integration  admits 
impossible  combinations  of  the  direction  cosines  in  Equation  (B.89), 


i  ) 
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so  that  the  expressions  given  in  his  paper  for  the  coefficients 
of  the  principal  effective  stresses  in  his  generalized 
quadratic  failure  criterion  are  questionable.  Mathematically 
correct  expressions  for  the  coefficients  can  be  derived,  using 
Novozhilov's  method  of  surface  integration,  but  they  are  too 
complex  to  be  given  here.  J.G.  MERKLE  (1970)  has  proposed 

a  similar  expression,  with  C  -  0,  as  a  yield  function  for 

••  / 

graphite.  Graphite,  like  many  soils,  exhibits  both 
anisotropic  plastic  stress-strain  behavior  and  significant 
plastic  volumetric  strain.  If  only  the  linear  terms  in 
Malyshev's  generalized  quadratic  failure  criterion  are  re¬ 
tained,  the  resulting  linear  function  of  the  three  principal 
effective  stresses  is  similar  to  that  used  by  Peltier? 

MALYSHEV  (1967a)  .  Another  simplified  form  of  his  own  general¬ 
ized  quadratic  failure  criterion  was  derived  by  MALYSHEV 
(1967b) ,  by  expressing  the  average  shear  stress 


in  a  truncated  power  series.  He  then  obtained  an  expression 
for  ^  which  can  be  written  in  the  form 
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sin  5  -  - 

B  £l  -  (1 

Since  this  expression  predicts  equal  values  of  $  in  triaxial 
compression  and  extension,  it  is  not  in  agreement  with  most 
test  data,  except  that  of  MALYSHEV  AND  FRALIS  (1968)  and 
SUTHERLAND  AND  MESDARY  (1969). 

GREEN  (1969)  constructed  an  independent  stress  control 
(ISC)  apparatus,  the  operation  of  which  has  been  briefly 
described  by  BISHOP  (1967)  .  It  appears  to  be  similar  to  the 
device  used  by  SHIBATA  AND  KARUBE  (1965) .  Green's  apparatus 
is  contained  within  a  pressurized  cell,  the  minor  principal 
total  stress,  Oy  being  the  cell  pressure.  The  difference 
between  the  major  and  minor  principal  stresses,  (o-^  -  cr^) ,  is 
applied  through  a  pair  of  rigid  platens  by  a  screw-operated 
testing  machine,  the  applied  load  being  measured  by  a  load 
cell.  The  difference  between  the  intermediate  and  minor 
principal  stresses,  (cr^  -  a^)  •  is  also  applied  through  a  pair 
of  rigid  platens,  by  a  hydraulic  ram.  In  order  to  avoid 
interferrence  between  the  two  sets  of  rigid  platens  when 


453 


the  intermediate  principal  strain  is  compressive,  the  lateral 
-  0  )  plattens  are  not  quite  as  wide  as  the  sample. 

J 

whether  this  really  does  avoid  interferrence  between  the 
two  sets  of  platens  is  not  certain;  MESDARY  AND  SUTHERLAND 
(1970) .  Green  conducted  drained  ISC  tests  on  cuboidal  samples 
of  dense  Ham  River  sand,  using  values  of  between  30  and 

40  PSI.  The  edge  dimensions  of  the  samples  in  the  three 
principal  directions  were  3.3  IN,  3.2  IN  and  2.1  IN.  Strength 
data  for  an  initial  porosity  of  39.0%,  taken  from  the  note 
by  GREEN  AND  BISHOP  (1969) ,  are  plotted  in  an  octahedral 
plane  stress  plot  in  Figure  6.62.  The  agreement  of  the  data 
with  the  Mohr-Coulomb  failure  criterion  in  the  range 
“0.7  <  (j,  <  1  is  striking. 

HAMBLY  (1969)  described  the  operation  of  a  true  triaxial 
apparatus,  in  which  all  three  principal  stresses  are  applied 
through  rigid  platens,  each  of  which  covers  an  entire  sample 
face.  Provided  friction  can  be  minimized,  this  device  appears 
to  hold  great  promise  for  the  triaxial  testing  of  a  wide 
variety  of  construction  materials. 
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PROCTER  AND  BARDEN  (1969)  performed  triaxial  tests 
on  dense  River  Welland  sand,  using  a  device  modeled  after 
Green's.  Their  results  are  also  similar  to  Green's,  and 
are  plotted  in  Figure  6.63. 

MESDARY  AND  SUTHERLAND  (1970)  discussed  the  problem  of 

platen  interference  in  the  ISC  apparatus,  pointing  out  that 

its  influence  should  increase  as  Q  ^  increases  beyond  the  value 

required  to  maintain  plane  strain.  They  compared  results  of 

several  series  of  tests  on  cubical  samples  of  sand,  including 

their  own,  to  show  the  possible  influence  of  test  technique 

on  strength  results.  Of  the  strength  curves  which  they  showed, 

the  three  which  have  not  already  been  discussed  here  are  shown 

in  Figure  6.64.  Two  come  from  the  paper  by  SUTHERLAND  AND 

MESDARY  (1969)  and  the  third  comes  from  a  paper  by  MALYSHEV 
and  FRALIS  (1968)  . 

An  Idealized  Strength  Model 

So  many  of  the  octahedral  plane  stress  plots  presented 
in  this  chapter  indicate  a  rapid  increase  in  the  effective 
angle  of  shearing  resistance,  as  the  value  of  Lode's  parameter 
increases  from  -1  to  about  -0.7,  that  this  is  probably  a  true 


soil  characteristic  and  not  entirely  a  result  of  test  errors. 
One  simple  mechanical  model  which  behaves  in  the  same  fashion 
is  a  dense  packing  of  rough,  rigid  spheres,  for  which  an 
original  strength  analysis  is  presented  in  Appendix  C.  This 
analysis,  which  is  a  variation  of  one  by  Parkin,  is  simpler 
yet  more  revealing  than  previous  similar  analyses.  It  pre¬ 
dicts  that  the  failure  (slip)  criterion  will  be  an  ellipse 
in  the  octahedral  plane,  with  its  major  axis  coinciding  with 
the  s^  axis.  It  also  predits  that  slip  strains  will  obey 
the  normality  rule  of  classical  plasticity.  Thus  it  provides 
a  link  between  the  mechanics  of  particulate  and  continuous 
media. 

Summary 

The  purpose  of  this  chapter  has  been  to  examine  the 
influence  of  the  intermediate  principal  effective  stress  on 
the  shear  strength  of  soil,  and  to  determine  whether  this 
influence  is  in  fact  negligible,  as  is  customarily  assumed 
in  soils  engineering  practice. 

The  most  important  points  which  have  been  brought  to 
light  are  the  following: 


1.  For  research  purposes,  the  influence  of  the  inter¬ 
mediate  principal  effective  stress  on  soil  shear  strength 
is  not  negligible.  However,  from  the  standpoint  of  soils 
engineering  practice,  it  will  generally  be  possible  to  determine  a 
value  of  the  apparent  angle  of  internal  friction  which  will 
yield  slightly  conservative,  but  still  economical  values  of 
shear  strength,  no  matter  what  the  value  of  the  intermediate 
principal  effective  stress. 

2.  The  apparent  angle  of  internal  friction  is  almost 
always  a  minimum  for  triaxial  compression  (cr^  >  a2  =  a3)  • 

3.  For  the  purpose  of  computer  analyses  of  the  defor¬ 
mation  and  stability  of  soil  masses,  it  is  possible  to 
express  soil  stress-strain  and  strength  relations  in  simple 
invariant  form.  This  conclusion  is  based  on  the  work  of 
TOPPING  (1955),  NEWMARK  (1960),  BELL  (1965),  and  LOMIZE  AND 
KRYZHANOVSKy  (1967),  and  is  descussed  further  in  chapter  7. 

4.  The  time  has  come  to  begin  routinely  reporting  the 
results  of  soil  shear  strength  tests  in  invariant  form,  in 
order  for  them  to  be  of  maximum  usefulness  in  the  design 

and  performance  evaluation  of  foundations  and  earth  structures, 
and  in  comparisons  of  the  shear  strength  behavior  of  different 
soils.  The  invariant  parameters  most  useful  in  this  respect 
are: 
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The  so-called  octahedral  stress  invariants  are  easily  express- 
able  in  terms  of  the  above  invariants. 

5.  By  using  Figure  6.5,  an  octahedral  plane  stress  plot 
of  soil  shear  strength  data  can  be  constructed  in  just  a  few 
minutes.  This  plot  is  as  easy  to  construct,  and  more  infor¬ 
mative,  than  any  other  strength  plot  now  in  use.  It  permits 

a  rapid  and  consistent  analysis  of  any  strength  data,  provided 
only  that  the  three  principal  effective  stresses  at  failure 
are  known. 

6.  One  of  the  more  pressing  needs  in  soil  shear  strength 
research  today  is  to  reconcile  conflicting  results  from 
different  test  devices.  At  present,  it  is  extremely  difficult 
to  assess  the  reliability  of  any  one  set  of  test  results. 

Additional,  more  technical  points  which  merit  emphasis 
are  the  following. 
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7.  The  rapid  increase  in  the  apparent  angle  of  internal 
friction,  as  Lode ' s  parameter  increases  from  -1  to  about 
-0.7,  which  is  exhibited  by  many  of  the  soils  discussed  in 
this  chapter  is  probably  a  true  soil  characteristic.  A 
theoretical  analysis  of  a  dense  packing  of  rough  rigid  spheres, 
presented  in  Appendix  C,  predicts  exactly  this  type  of 
strength  behavior. 

8.  Any  failure  criterion  for  an  isotropic  material  can 
be  expressed  as  a  simple  function  of  the  octahedral  invariants. 
This  of  course  includes  the  Revised  Coulomb  failure  criterion. 

9.  As  shear  strength  tests  have  become  more  sophisticated, 
there  has  been  a  tendency  for  different  investigators  to  adopt 
different  definitions  of  failure.  Often  the  definition  of 
failure  has  not  been  clearly  stated.  This  fact  alone  seriously 
weakens  a  detailed  comparison  of  their  results. 

10.  In  order  to  use  a  normalized  octahedral  plane  stress 
plot,  of  the  type  shown  in  Figure  6.5,  it  is  necessary  to 
either: 

a)  establish  the  fact  that  p  -  q  plots  at  constant  p, 
are  all  linear,  with  a  common  origin,  or 

b)  recognize  that  the  plot  applies  only  within  a  limited 

range  of  O'  . 

3  OCT 


11.  Thus  far,  there  appears  to  have  been  no  serious 

/ 

l 

attempt  to  investigate  the  shape  of  a  yield  surface  for 
soil  as  a  surface  of  constant  plastic  work. 

12.  The  extended  von  Mises  failure  criterion,  which 
is  the  basis  of  the  Cambridge  hypothesis,  is  not  supported 
by  most  available  test  data. 

13.  The  torsional  hollow  cylinder  test,  although 
appealing  from  a  theoretical  viewpoint,  appears  to  be  dis¬ 
advantageous,  at  its  present  state  of  development,  from  the 
standpoint  of  stress  inhomogeneity. 

14.  The  test  device  designed  at  Cambridge  University 
by  Hambly  appears  to  hold  considerable  promise.  In  principle 
it  is  extremely  simple,  and  can  be  made  strong  enough  to  test 

t 

almost  any  construction  material. 

15.  The  degree  of  applicability  of  elastic  theory  to 
the  prediction  of  deformation  and  pore  pressure  response  in 
a  loaded  soil  mass  appears  to  increase  with  the  degree  of 
overconsolidation.  The  assumption  that  the  nonlinear 
portion  of  stress-strain  response  (i.e.  the  departure  from 
that  predicted  by  the  initial  tangent  to  the  stress-strain 
curve)  is  also  the  plastic  (irrecoverable)  portion  appears 
to  be  a  fairly  accurate  one  for  Ottawa  sand,  and  perhaps 
for  other  soils. 
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tests  by  BOKER  (1915) 


TRIAXIAL  STRENGTH  DATA  FOR  DRY  GERMAN  QUARTZ  SAND 
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TRI AXIAL  COMPRESSION  DATA  FOR  VIENNA  BLUE 
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Uncorrected  data  from  RENDULIC  (1937) 


TABLE  6.4 


TRI AXIAL  EXTENSION  DATA  FOR  VIENNA  BLUE  CLAY 


TEST 

M- 

kg/cm2 

P 

kg/cm2 

q 

KG/CM 

15 

1.00 

1.00 

1.00 

0.00 

0.80 

0.20 

0.77 

0.25 

0.71 

0.30 

0.65 

0.35 

16 

1.00 

1.50 

1.50 

0.00 

1.27 

0.30 

1.08 

0.45 

1.01 

0.50 

0.96 

0.55 

0.85 

0.70 

0.84 

0.75 

0.87 

0.80 

17 

1.00 

2.00 

2.00 

0.00 

1.88 

0.20 

1.79 

0.30 

1.60 

0.40 

1.50 

0.50 

1.37 

0.60 

1.11 

0.70 

1.03 

0.80 

1.07 

0.90 

470 


41 


(Continued) 


TABLE  6.4 


TRI AXIAL  EXTENSION  DATA  FOR 

VIENNA  BLUE  CLAY 

TEST 

M.  •  a3 

P 

q 

*  2 
KG/CM 

KG/CM2 

kg/cm2 

18 

1.00  3.00 

3.00 

0.00 

2.86 

0.30 

2.73 

0.45 

2.61 

0.60 

2.28 

0.75 

2.10 

0.90 

2.04 

0.95 

1.82 

1.05 

1.82 

1.20 

1.90 

1.25 

19 

1.00  4.00 

4.00 

0.00 

3.55 

0.40 

3.28 

0.60 

3.25 

0.70 

3.03 

0.80 

2.89 

0.90 

2.52 

1.00 

2.32 

1.10 

2.28 

1.20 

2.35 

1.30 

t  ) 
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(Continued) 


TABLE  6.4 


TEST 


20 


TRI AXIAL  EXTENSION  DATA  FOR  VIENNA  BLUE  CLAY 


a3 

P 

q 

KG/CM2 

KG/CM2 

KG/CM 

2.00 

2.00 

0.00 

1.82 

0.20 

1.75 

0.30 

1.65 

0.40 

1.52 

0.50 

1.32 

0.60 

1.09 

0.70 

1.00 

0.80 

1.02 

0.85 

1.11 

0.90 

Data  from  RENDULIC  (1937) 
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Data  from  HABIB  (1953)  and  YONG  AND  WARKENTIN  (1966,  339) 


TABLE  6.6 


EFFECTIVE  STRESS  PATHS  USED  BY  BISHOP  AND  ELDIN  (1953)  FOR 
TRIAXIAL  TESTS  ON  BRASTED  SAND 


STRESS  CONSOLIDATION  DRAINAGE  CONSTANT  |i  DEGREE  OF 


PATH 

K 

o 

OCR 

STRESS 

SATURATION 

1 

1 

1 

U 

(7 

r 

-1 

100% 

2 

<1 

1 

u 

a 

r 

-1 

100% 

3 

1 

1 

D 

a 

r 

-1 

100% 

4 

<1 

1 

D 

a 

r 

-1 

100% 

5 

1 

>1 

D 

°r 

-1 

100% 

6 

1 

1 

D 

Ql 
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-1 

100% 

7 
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<7 
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-1 

0% 
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100% 
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1 

1 
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100% 

10 

1 

1 
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100% 

See  also  Figure  6.13 


TABLE  6.7(a) 


i  i 

HOLLOW  CYLINDER  DATA 

FOR  LOCH 

ALINE  SAND 

TEST 

P 

P. 

P  /P. 

b/a 

a 

b 

a  b 

PSI 

PSI 

Hi 

21.21 

14.40 

1.473 

1.620 

H2 

27.18 

18.70 

1.453 

1.603 

H3 

44.08 

30.60 

1.441 

1.594 

H4 

55.68 

38.50 

1.446 

1.600 

H5 

65.75 

45.80 

1.436 

1.565 

H6 

68.63 

47.92 

1.432 

1.565 

H7 

72.88 

50.30 

1.449 

1.604 

H8 

77.16 

54.02 

1.428 

1.578 

H9 

78.43 

54.80 

1.431 

1.563 

U 

Data  from 

KIRKPATRICK 

(1957) 
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TABLE  6.9(b) 


NORMALIZED  TRIAXIAL  STRENGTH  DATA  FOR  REMOLDED  WEALD  CLAY 


TEST 

P/5m 

TEST 

P/P 
c  m 

q/*m 

UCl-1 

0.843 

0.330 

DCl-1 

1.553 

0.553 

UCl-2 

0.738 

0.283 

DCl-2 

1.592 

0.592 

UCl-3 

0.724 

0.278 

DCl-3 

1.561 

0.561 

UCl-4 

0.722 

0.272 

DCl-4 

1.582 

0.582 

UCl-5 

0.729 

0.283 

DCl-5 

1.563 

0.563 

UCl-6 

0.582 

0.222 

DCl-6 

0.803 

0.303 

UCl-7 

0.452 

0.168 

DC  1-7 

0.398 

0.148 

UCl-8 

0.357 

0.137 

DCl-8 

0.290 

0.120 

UCl-9 

0.232 

0.088 

DCl-9 

0.795 

0.295 

UCl-10 

0.688 

0.264 

DCl-10 

0.591 

0.223 

UCl-11 

0.599 

0.240 

DC1-11 

0.405 

0.155 

UCl-12 

0.508 

0.197 

DCl-12 

0.208 

0.083 

UCl-13 

0.415 

0.167 

DCl-13 

0.152 

0.068 

UCl-14 

0.356 

0.138 

DCl-14 

0.931 

0.347 

UCl-15 

0.249 

0.094 

DCl-15 

0.796 

0.296 

UCl-16 

0.652 

0.244 

DCl-16 

0.593 

0.220 

UCl-17 

0.607 

0.228 

DCl-17 

0.412 

0.162 

UCl-18 

0.502 

0.192 

DCl-18 

0.213 

0.088 

UCl-19 

0.419 

0.163 

DCl-19 

0.145 

0.062 

UCl-20 

0.290 

0.116 

DCl-20 

0.075 

0.034 

UCl-21 

0.217 

0.083 

UCl-22 

0.135 

0.056 

DC2-1 

0.690 

0.247 

DC2-2 

0.703 

0.266 

UC2-1 

0.707 

0.257 

DC2-3 

0.720 

0.262 

UC2-2 

0.412 

0.161 

DC2-4 

0.337 

0.135 

t  I 
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(Continued) 


TABLE  6.9(b) 


NORMALIZED  TRIAXIAL  STRENGTH  DATA  FOR  REMOLDED  WEALD  CLAY 


TEST 

P/Pm 

TEST 

P/Pm 

in 

g/Pro 

DC2-5 

0.153 

0.068 

UE2-1 

0.623 

0.247 

DC2-6 

0.047 

0.025 

UE2-2 

0.196 

0.086 

DC2-7 

0.415 

0.154 

UE2-3 

0.360 

0.140 

DC  2 -8 

0.352 

0.133 

UE2-4 

0.239 

0.099 

DC2-9 

0.165 

0.071 

UE2-5 

0.178 

0.078 

DC2-10 

0.075 

0.035 

UE2-6 

0.105 

0.048 

DC2-11 

0.048 

0.023 

DC2-12 

0.023 

0.013 

DEl-1 

0.723 

0.277 

DEl-2 

0.729 

0.271 

DC3-1 

1.135 

0.422 

DEl-3 

0.724 

0.276 

DC3-2 

0.287 

0.113 

DEl~4 

0.357 

0.143 

DC3-3 

0.100 

0.045 

DEl-5 

0.179 

0.071 

DEl-6 

0.053 

0.030 

UEl-1 

0.630 

0.237 

DEl-7 

0.423 

0.165 

UEl-2 

0.634 

0.236 

DEl-8 

0.355 

0.145 

UEl-3 

0.635 

0.232 

DEl-9 

0.174 

0.076 

UEl-4 

0.508 

0.192 

DEl-10 

0.083 

0.042 

UEl-5 

0.355 

0.132 

DEl-11 

0.055 

0.029 

UEl-6 

0.191 

0.084 

DEl-12 

0.026 

0.015 

UEl-7 

0.536 

0.205 

UEl-8 

0.509 

0.188 

DE2-1 

1.610 

0.610 

UEl-9 

0.342 

0.143 

DE2-2 

1.604 

0.579 

UEl-10 

0.219 

0.093 

DE2-3 

0.812 

0.305 

UEl-11 

0.170 

0.079 

DE2-4 

0.405 

0.150 

UEl-12 

0.107 

0.052 

DE2-5 

0.161 

0.073 
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(Continued) 


TABLE  6.9(b) 


NORMALIZED  TRIAXIAL  STRENGTH  DATA  FOR  REMOLDED  WEALD  CLAY 


TEST 

q/p_ 

m 

DE2-6 

0.800 

0.296 

DE2-7 

0.409 

0.158 

DE2-8 

0.222 

0.095 

DE2-9 

0.155 

0.071 

DE2-10 

0.085 

0.042 

DE3-1 

0.883 

0.333 

DE3-2 

0.218 

0.094 

DE3-3 

0.073 

0.035 

Data  from  PARRY  (1956  71960) 
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O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

zL 

• 

9 

t 

• 

• 

• 

t 

t 

• 

• 

• 

• 

• 

• 

• 

• 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

i 

1 

1 

I 

1 

i 

1 

i 

1 

• 

i 

i 

1 

1 

i 

in 

o 

o 

in 

in 

in 

in 

in 

o 

in 

in 

in 

in 

in 

o 

CO 

H 

to 

• 

rH 

rH 

00 

<n 

<n 

o 

CM 

rH 

xt 

CO 

rH 

CTi 

cr> 

cr 

to 

• 

• 

• 

• 

• 

• 

t 

• 

• 

• 

• 

• 

• 

• 

• 

& 

CO 

r" 

in 

<T\ 

in 

co 

CM 

rH 

00 

in 

CO 

CM 

in 

o 

in 

CO 

rH 

CM 

rH 

CM 

rH 

rH 

in 

o 

O 

in 

in 

m 

in 

in 

o 

in 

in 

in 

in 

O 

CO 

H 

00 

f'- 

cn 

co 

Q 

H 

CM 

r~ 

10 

CO 

10 

cn 

r- 

CM 

rH 

00 

a 

CO 

• 

• 

• 

• 

• 

• 

t 

9 

• 

t 

• 

• 

• 

• 

• 

Oft 

o 

rH 

lO 

y£> 

10 

rH 

O' 

CM 

CM 

CO 

00 

o 

xt 

in 

00 

rH 

CM 

Xt 

<n 

rH 

rH 

CO 

CM 

rH 

CM 

pH 

o 

o 

o 

o 

O 

o 

o 

o 

O 

o 

o 

o 

o 

o 

o 

o 

CO  H 

CM 

ID 

00 

in 

rH 

CM 

CO 

O' 

Xt 

CM 

CM 

o 

xt 

rH 

CM 

<n 

b  to 

• 

• 

• 

• 

• 

• 

• 

• 

• 

9 

• 

• 

• 

9 

• 

• 

& 

p* 

xt 

rH 

ID 

o 

r- 

x? 

rH 

xt 

00 

in 

00 

<n 

\> 

Xt 

rH 

CO 

ID 

rH 

CM 

rH 

xt 

CM 

rH 

o 

o 

o 

o 

o 

o 

o 

O 

O 

o 

o 

o 

o 

o 

o 

o 

CM  H 

CM 

10 

CO 

in 

rH 

CM 

CO 

xt 

CM 

CM 

o 

xt 

rH 

CM 

<x> 

b  w 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

9 

t 

o< 

O' 

xt 

rH 

10 

o 

r* 

Xt 

rH 

xt 

00 

in 

00 

<y\ 

<n 

rH 

CO 

<o 

rH 

CM 

rH 

xt 

CM 

rH 

o 

o 

o 

o 

o 

o 

o 

O 

o 

o 

o 

O 

o 

o 

o 

in 

H  H 

in 

00 

o 

CM 

o 

H 

CM 

00 

00 

in 

rH 

CTi 

rH 

xt 

o 

p' 

b  w 

• 

• 

• 

• 

• 

• 

• 

ft 

• 

• 

ft 

• 

ft 

• 

• 

• 

o« 

Tf 

CO 

CM 

10 

CM 

in 

o 

CO 

o 

00 

CM 

CO 

o 

r* 

rH 

CN 

rH 

CM 

10 

CM 

rH 

CM 

rH 

H 

xt 

CO 

rH 

H 

10 

CO 

CN 

H 

os 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

O 

o 

o 

o 

u 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

O 

o 

CM 

o 

rH 

rH 

rH 

rH 

CM 

00 

CM 

00 

ID 

CM 

Xt 

00 

10 

CM 

rH 

H 

CO 

o 

o 

o 

o 

o 

o 

in 

o 

o 

o 

in 

o 

o 

o 

o 

in 

O  H 

r-" 

o 

o 

o 

o 

in 

p« 

o 

o 

in 

o 

o 

o 

xt 

p» 

a  CO 

• 

• 

• 

• 

9 

• 

• 

• 

• 

• 

9 

• 

• 

• 

• 

• 

Oft 

xt 

o 

o 

o 

in 

r- 

CO 

o 

in 

p* 

CO 

o 

o 

in 

P» 

CO 

rH 

CO 

lO 

CM 

pH 

CO 

rH 

10 

CO 

rH 

rH 

o 

o 

o 

o 

o 

O 

o 

o 

o 

o 

O 

O 

O 

o 

o 

o 

B 

H 

p- 

o 

o 

o 

o 

O 

o 

o 

o 

o 

O 

o 

o 

o 

o 

o 

a 

to 

• 

• 

9 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

Oft 

xt 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

rH 

CO 

10 

CM 

CO 

CO 

CO 

ID 

10 

ID 

ID 

CM 

CM 

CM 

CM 

CM 

rH 

pH 

rH 

rH 

rH 

rH 

O 

rH 

CM 

CO 

Xt 

in 

<o 

rH 

CM 

00 

xt 

m 

10 

00 

& 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

E-i 

i 

| 

1 

1 

i 

1 

1 

1 

1 

i 

i 

| 

i 

i 

i 

| 

co 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

w 

u 

u 

u 

u 

u 

u 

u 

u 

u 

u 

u 

u 

u 

u 

u 

u 

Eh 

to 

to 

to 

to 

D 

D 

D 

to 

to 

D 

D 

to 

to 

to 

D 

488 


TRIAXIAL  STRENGTH  DATA  FOR  REMOLDED  LONDON  CLAY 
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TABLE  6.10(b) 


i 


NORMALIZED  TRI AXIAL  STRENGTH  DATA  FOR  REMOLDED  LONDON  CLAY 


TEST 

P/Pm 

m 

q/pm 

m 

TEST 

P/Pm 

q/pm 

m 

UCl-1 

0.738 

0.248 

DCl-9 

0.746 

0.246 

UCl-2 

0.723 

0.237 

DCl-10 

0.396 

0.146 

UCl-3 

0.782 

0.252 

DCl-11 

0.213 

0.088 

UCl-4 

0.803 

0.249 

DC1-12 

0.724 

0.224 

UCl-5 

0.535 

0.198 

DCl-13 

0.381 

0.131 

UCl-6 

0.372 

0.132 

DCl-14 

0.204 

0.079 

UCl-7 

0.242 

0.098 

DCl-15 

0.111 

0.048 

UCl-8 

0.546 

0.184 

DCl-16 

0.058 

0.027 

UCl-9 

0.377 

0.137 

UCl-10 

0.223 

0.086 

DC2-1 

0.707 

0.240 

UCl-11 

0.144 

0.057 

DC2-2 

0.717 

0.240 

UCl-12 

0.591 

0.191 

DC2-3 

0.733 

0.230 

UCl-13 

0.373 

0.128 

DC2-4 

0.355 

0.126 

UCl-14 

0.227 

0.085 

DC2-5 

0.165 

0.070 

UCl-15 

0.126 

0.049 

DC  2 -6 

0.075 

0.037 

UCl-16 

0.074 

0.033 

DC2-7 

0.034 

0.019 

DCl-1 

1.510 

0.510 

DCl-2 

1.482 

0.482 

DCl-3 

1.450 

0.450 

DC  1-4 

1.438 

0.438 

DC  1-5 

1.133 

0.383 

DCl-6 

0.770 

0.270 

DCl-7 

0.403 

0.153 

DCl-8 

0.217 

0.092 

Data  from  PARRY  (1956) 
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TRIAXIAL  STRENGTH  DATA  FOR  GLEN  SHIRA  DAM  MATERIAL 
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Data  from  WOOD  (1958) 
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Data  from  HAYTHORNETHWAITE  (1960c) 


TRI AXIAL  STRENGTH  DATA  FOR  BRAS TED 
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TABLE  6.16 


CONSOLIDATION  STRESS  HISTORIES  FOR  ISOTROPICALLY  CONSOLIDATED 
TRIAXIAL  TESTS  ON  REMOLDED  WEALD  CLAY 


SERIES 

TEST 

w. 

l 

P_ 

m 

Po 

Wf 

% 

PSI 

PSI 

% 

NUCl 

1 

33.4 

30.50 

24.0 

2 

33.6 

60.60 

21.6 

5 

33.2 

90.40 

20.3 

30 

33.2 

120.40 

19.2 

32 

33.2 

120.00 

- 

40 

33.5 

90.00 

20.8 

90 

33.6 

110.00 

19.0 

NUCl(b) 

15 

33.5 

30.00 

23.7 

16 

33.8 

30.00 

23.8 

18 

33.1 

30.00 

23.7 

21 

33.5 

30.00 

23.8 

NUC2 

116 

33.3 

30.00 

- 

113 

33.6 

50.00 

22.3 

68 

33.4 

66.00 

21.0 

62 

33.4 

90.00 

20.3 

58 

33.5 

105.00 

19.9 

NUC3 

70 

33.0 

45.00 

22,2 

72 

33.5 

64.00 

21.2 
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33.5 

61.80 

20.8 
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33.1 

74.00 

20.1 
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44.80 

21.9 
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23.6 
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22.1 
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50.00 
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TABLE  6.16 


CONSOLIDATION  STRESS  HISTORIES  FOR  ISOTROPICALLY  CONSOLIDATED 
TRI AXIAL  TESTS  ON  REMOLDED  WEALD  CLAY 


SERIES 

TEST 

w. 

l 

Pm 

m 

Po 

Wf 

% 

PSI 

PSI 

% 

NUC4 

100 

49.0 

30.00 

24.7 

102 

49.0 

110.00 

19.4 

103 

49.0 

60.00 

22.0 

104 

49.0 

90.00 

20.0 

NUC5 

109 

227.0 

50.00 

25.3 

110 

227.0 

100.40 

21.6 

108 

227.0 

100.00 

22.4 

NDC 

42 

33.4 

30.00 

21.2 

43 

33.3 

90.00 

17.7 

46 

33.0 

60.00 

19.0 

47 

33.2 

120.00 

16.8 

49 

32.8 

30.00 

21.2 

69 

33.3 

15.00 

23.2 

71 

33.5 

53.50 

19.2 

75 

33.6 

62.00 

18.2 

OUC 

4 

33.3 

120.40 

60.60 

19.9 

6 

33.3 

120.40 

30.50 

20.5 

33 

33.9 

120.00 

30.00 

20.6 

34 

33.7 

120.00 

59.90 

20.1 

82 

32.9 

120.00 

15.00 

21.3 

NUEl 

41 

33.3 

30.00 

24.2 

45 

32.4 

90.00 

20.5 

54 

33.7 

60.00 

22.3 

57 

33.4 

60.00 

22.0 

67 

33.2 

120.00 

19.6 

87 

33.8 

30.00 

23.7 

504 
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TABLE  6.16 


CONSOLIDATION  STRESS  HISTORIES  FOR  ISOTROPICALLY  CONSOLIDATED 
TRI AXIAL  TESTS  ON  REMOLDED  WEALD  CLAY 


SERIES 

TEST 

wi 

Pm 

Po 

wf 

% 

PS  I 

PS  I 

% 

NUE2 

101 

33.6 

30.00 

24.1 

105 

33.7 

60.00 

21.3 

106 

33.1 

90.00 

20.2 
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Data  from  SOWA  (1963)  and  SKEMPTON  AND  SOWA  (1963) 


TABLE  6.20 


CONSOLIDATION  STRESS  HISTORIES  FOR  PLANE  STRAIN  TESTS  ON  RE¬ 
MOLDED  WEALD  CLAY 


TEST* 

CO . 

l 

“f 

CT1C 

a2C 

a3C 

Ko,AVG+ 

% 

% 

PSI 

PSI 

PSI 

WC4 

32.8 

22.  3 

68.90 

39.10 

39.10 

0.57 

WC6 

33.0 

23.1 

54.60 

31.40 

31.10 

0.58 

WC7 

33.8 

23.0 

75.90 

48.00 

47.30 

0.62 

WC8 

32.2 

23.2 

44.50 

25.50 

25.00 

0.57 

WC9 

31.0 

22.6 

48.80 

27.80 

26.80 

0.55 

WC10 

34.3 

20.5 

117.40 

69.60 

69.60 

0.595 

well 

33.1 

22.5 

59.40 

37.10 

34.20 

0.57 

WC12 

34.4 

23.6 

43.10 

- 

27.60 

0.64 

WC13 (0) 

60+ 

20.9 

110.00 

69.40 

60.40 

0.545 

WC14 (0) 

106+ 

25.0 

81.10 

48.10 

48.10 

0.595 

WC15 (0) 

35.1 

21.0 

104.60 

62.00 

61.10 

0.59 

WCl6 (0) 

33.9 

19.5 

157.40 

- 

96.70 

0.62 

WC17 (0) 

32.7 

20.4 

110.70 

:  - 

68.50 

0.62 

WC18 (0) 

33.8 

21.2 

87.50 

- 

53.40 

0.62 

WC19  (0) 

34.3 

21.3 

65.60 

— 

65.20 

— 

*The  suffix  (0)  indicates 

that  the 

sample  was 

initially 

con- 

solidated 

under  a 

small  load  in  a  9 

IN  diam.  x 

6  IN  deep 

>  oedometer 

Most  of  the  oedometer  specimens  were  consolidated  under  a 
vertical  effective  stress  of  7.7  PSI .  Plane  strain  samples 
initially  consolidated  in  this  manner  were  formed  by  placing 
two  2  IN  x  2  IN  x  8  IN  blocks  end  to  end,  so  that  each  of  the 
last  7  samples  had  a  vertical  plane  of  weakness  at  mid-length. 

The  remaining  samples  were  formed  by  placing  clay  in  a  mold 
with  a  spatula. 

+The  average  value  of  Kq  was  determined  as  the  slope  of  a 
straight  line  fit  to  a  plot  of  VERSUS  during  consolidation. 

Data  from  WADE  (1963). 
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TABLE  6.21 


REMARKS  CONCERNING  PLANE  STRAIN  TESTS  ON  REMOLDED 

WEALD  CLAY 


TEST 


REMARKS 


WC4 

WC7 

WClO 

well 

WC12 

WC13 (0) 

WC14 (0) 

WC15 (0) 

WC16 (0) 


Apparatus  breakdown  caused  several  false  starts, 
and  resulted  in  a  slightly  overconsolidated  con¬ 
dition  at  the  start  of  the  consolidation  stage. 

There  was  a  probable  leak  in  the  rubber  membrane 
enclosing  the  sample. 

Excessive  cell  leakage  caused  the  consolidation  cell 
pressure  to  drop  from  86  to  50  PSI  overnight. 

The  intermediate  principal  stress  was  controlled 
automatically,  resulting  in  a  higher  than  average 
value  of  a 2  at  the  end  of  consolidation. 

Intermediate  principal  stress  measurements  were  in¬ 
valid,  due  to  interference  of  the  loading  head  with 
the  end  clamp. 

The  initial  water  content  was  high  (60+%) .  Oedometer 
consolidation  to  15  PSI  produced  an  overconsolidation 
effect.  Large  temperature  flucuations  at  the  end 
of  consolidation  caused  a  large  variation  in  excess 
pore  pressure  from  that  expected. 

The  initial  water  content  was  high  (106+%)  .  The 
volume  change  device  was  not  properly  de-aired 
during  the  assembly  process. 

The  intermediate  principal  stress  was  not  measured 
during  consolidation  due  to  a  ruptured  pressure  line. 

There  was  no  end  restraint  (*2f  *  1*0%)  •  Apparatus 
breakdown  caused  several  false  starts,  and  resulted 
in  a  slightly  overconsolidated  condition  at  the 
start  of  the  consolidation  stage.  During  consolidation, 
the  volume  change  device  burst,  causing  the  back  pressure 
to  drop  from  35  to  22  PSI. 


(Continued) 


TABLE  6.21 


REMARKS  CONCERNING  PLANE  STRAIN  TESTS  ON  REMOLDED 

WEALD  CLAY 

TEST  REMARKS 

WC17(0)  There  was  no  end  restraint. 

WCl8(0)  There  was  no  end  restraint  (*2f  =  1.4%). 

WC19 (0)  The  initial  oedometer  consolidation  phase  was 
one-dimensional,  but  the  final  consolidation 
phase  in  the  plane  strain  device  was  isotropic. 
There  was  therefore  no  end  restraint. 


Information  from  WADE  (1963) . 
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Strength  data  from  WADE  (1963) 


TABLE  6.26 


TRIAXIAL  STRENGTH  DATA  FOR  COMMERCIAL  KAOLINITE 


TEST 

P 

DEG 

I-A(l) 

0 

I-B(l) 

0 

I-C(l) 

0 

I -A  (7) 

90 

I -B ( 7 ) 

90 

I“C  (7) 

90 

II-A (21) 

0 

II-A (22) 

0 

I I “A (24) 

90 

II-A(25) 

90 

II-B(21) 

0 

II-B  (22) 

0 

II-B  (24) 

90 

II-B (25) 

90 

II-C(21) 

0 

II-C(22) 

0 

II-C  (24) 

90 

II-C(25) 

90 

P 

q 

PSI 

PSI 

5.30 

4.10 

18.20 

12.80 

50.00 

31.00 

5.00 

3.90 

17.50 

12.00 

48.00 

30.70 

7.55 

4.05 

5.78 

3.93 

4.25 

3.85 

3.35 

3.35 

24.10 

12.30 

22.45 

14.20 

14.98 

11.42 

13.25 

9.25 

59.50 

30.00 

52.60 

31.50 

46.50 

25.00 

37.75 

23.75 

M- 

SIN  $ 

0.000 

0.774 

0.000 

0.703 

0.000 

0.620 

0.000 

0.780 

0.000 

0.686 

0.000 

0.640 

-1.000 

0.536 

-0.492 

0.680 

0.460 

0.906 

1.000 

1.000 

-1.000 

0.510 

-0.580 

0.633 

0.470 

0.762 

1.000 

0.698 

-1.000 

0.504 

-0.500 

0.599 

0.360 

0.538 

1.000 

0.629 

SERIES  ac 

PS  I 

A  7 

B  25 

C  70 


Data  from  CAS  BAR  IAN  (1964) 
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TRIAXIAL  STRENGTH  DATA  FOR  REMOLDED  OSAKA  ALLUVIAL  CLAY  AT  MAXIMUM  PRINCIPAL 

EFFECTIVE  STRESS  RATIO 
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Data  from  SHIBATA  AND  KARUBE  (1965) 
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Data  from  SHIBATA  AND  KARUBE  (1965) 


TRI AXIAL  STRENGTH  DATA  FOR  STANDARD  OTTAWA  SAND 
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TRI AXIAL  STRENGTH  DATA  FOR  A  SILTY  SAND 


<0* 

p 

** 

v£) 

CD 

H 

in 

CO 

00 

rH 

PO 

VO 

PO 

rH 

PO 

IT) 

CM 

CD 

o 

rH 

o 

in 

VD 

<n 

o 

in 

P 

rH 

a 

p 

P 

P 

P 

CD 

00 

p 

p 

P 

p 

p 

p 

p 

P 

P 

H 

* 

• 

• 

• 

• 

• 

« 

• 

• 

• 

• 

• 

• 

• 

• 

CD 

o 

O 

o 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

O 

O 

O 

o 

PO 

VO 

rH 

rH 

o 

p 

00 

o 

H 

in 

PM 

o 

o 

o 

o 

*• 

cn 

o 

o 

PO 

00 

o 

in 

o 

P 

o 

=L 

o 

o 

m 

CO 

p 

00 

o 

OV 

00 

CO 

o 

cn 

cn 

00 

o 

• 

• 

• 

■ 

• 

• 

t 

• 

• 

» 

• 

» 

• 

• 

• 

rH 

H 

1 

o 

o 

1 

o 

1 

o 

rH 

i 

o 

1 

o 

o 

1 

H 

o 

1 

o 

o 

rH 

i 

PO 

o 

o 

o 

in 

in 

in 

o 

in 

in 

in 

in 

in 

o 

in 

H 

CM 

PO 

o 

PO 

o 

cn 

CM 

p 

'Vt 

rH 

Tj* 

VO 

01  CD 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

&4 

in 

cn 

o 

PO 

in 

CM 

m 

p 

cn 

VO 

o 

rH 

PO 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

H 

rH 

CM 

CM 

CM 

CM 

o 

O 

o 

in 

in 

P 

(N 

p 

P 

o 

O 

O 

in 

in 

H 

rH 

p 

00 

in 

00 

m 

VO 

rH 

OV 

* 

rH 

PO 

PO 

a  co 

• 

‘  « 

• 

• 

• 

• 

• 

t 

§ 

• 

• 

• 

• 

• 

• 

Oi 

r- 

CM 

CO 

ID 

p 

00 

r* 

rH 

CM 

PO 

P 

00 

o 

o 

rH 

rH 

rH 

rH 

rH 

rH 

CN 

CM 

CM 

CM 

CM 

CM 

PO 

PO 

PO 

PS  I 

o 

o 

o 

o 

O 

CM 

CM 

CM 

CM 

in 

in 

in 

in 

o 

b 

p 

in 

in 

in 

in 

in 

CM 

CM 

CM 

CM 

cn 

cn 

cn 

cn 

p 

rH 

PO 

PO 

PO 

PO 

PO 

in 

in 

m 

in 

VO 

10 

VO 

VO 

00 

CM 

PS  I 

o 

o 

o 

o 

o 

CM 

CM 

CM 

CM 

in 

m 

in 

m 

o 

b 

p 

in 

in 

in 

in 

m 

CM 

CM 

CM 

CM 

cn 

cn 

cn 

cn 

p 

rH 

PO 

in 

vo 

VO 

in 

VO 

P 

co 

vo 

p 

00 

cn 

00 

O 

o 

O 

O 

o 

o 

CM 

CM 

CM 

CM 

in 

in 

in 

m 

o 

rH 

b 

CD 

VO 

• 

CM 

cn 

• 

rH 

rH 

• 

in 

• 

<n 

CM 

• 

CM 

VO 

• 

CO 

rH 

• 

o 

O 

• 

P 

P 

• 

<n 

P 

• 

00 

• 

cn 

00 

• 

p 

CM 

• 

cn 

p 

• 

PO 

o 

• 

CN 

H 

CM 

CM 

CM 

PO 

PO 

PO 

PO 

PO 

PO 

m 

in 

E-i 

O 

rH 

(N 

CO 

in 

CD 

m 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

H 

rH 

rH 

rH 

rH 

EH 


526 


Data  from  LENOE  (1966) 


II 


I 

H 

CO 

(U 


in 

Ht 

o 

O 

in 

o 

<0 

o 

in 

O 

CD 

in 

in 

00 

rH 

er> 

r-t 

r- 

CN 

r- 

r- 

CM 

o 

in 

in 

m 

r* 

H 

r* 

co 

co 

H 

O 

in 

00 

co 

in 

rH 

in 

CD 

CM 

• 

• 

» 

• 

• 

• 

• 

• 

• 

• 

• 

CD 

• 

• 

• 

• 

• 

• 

co 

<N 

rH 

<N 

00 

CN 

CD 

CN 

rH 

• 

• 

CM 

rH 

o 

CO 

CD 

CN 

rH 

H 

rH 

o 

CO 

O 

o 

o 

o 

o 

o 

o 

CD 

p» 

CD 

o 

o 

o 

o 

o 

o 

o 

CO 

Ht 

o 

o 

o 

o 

o 

o 

o 

00 

■«# 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

rH 

rH 

rH 

rH 

rH 

H 

H 

o 

o 

o 

o 

o 

o 

i 

1 

1 

i 

1 

1 

1 

1 

1 

1 

t 

1 

1 

r-  r' 

■<* 


i  ) 


a 

H 

CD 

Is- 

in 

in 

in 

O 

in 

o 

o 

00 

in 

00 

CO 

co 

CO 

CD 

• 

in 

0v 

cn 

rH 

00 

00 

o 

rH 

CM 

o 

as 

CO 

r- 

in 

Ht 

H* 

o 

fcH 

O' 

& 

• 

• 

t 

• 

• 

• 

• 

• 

• 

• 

• 

• 

« 

• 

• 

• 

• 

t 

• 

H 

•«# 

CO 

CM 

H 

CO 

CO 

in 

CD 

rH 

CO 

CO 

CM 

H 

CM 

CM 

CM 

2 

H 

i4 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

Eh 

CM 

CM 

CM 

O 

S 

CM 

as 

as 

in 

in 

in 

CM 

in 

00 

** 

as 

O 

** 

O 

o 

o 

O 

2 

CD 

vD 

CM 

H 

rH 

in 

00 

in 

00 

CM 

in 

CM 

CD 

CD 

CD 

00 

00 

O 

W 

as 

O 

J 

Ift 

CO 

• 

• 

• 

• 

• 

t 

• 

• 

• 

• 

t 

• 

• 

• 

• 

• 

• 

PS 

0 

0 

0 

< 

A 

CM 

o 

CO 

rH 

o 

CD 

in 

O 

o 

00 

as 

00 

o 

CD 

00 

5 

r* 

CD 

CD 

H 

u 

in 

in 

in 

in 

in 

CO 

CO 

CO 

CO 

CO 

CO 

w 

CO 

CO 

CO 

rH 

CD 

CM 

CM 

o 

o 

O 

in 

CTi 

as 

o 

CO 

in 

CM 

CO 

C' 

i 

rH 

H 

oo 

CO 

• 

CO 

1 

CO 

1  b 

CO 

A 

• 

o 

• 

CD 

in 

• 

as 

as 

« 

00 

* 

• 

on 

CO 

• 

CM 

CO 

• 

CM 

CD 

• 

00 

CM 

t 

o 

• 

CO 

H 

• 

• 

in 

in 

• 

CD 

CO 

• 

** 

rH 

• 

o 

• 

• 

CD 

w 

g 

o 

« 

in 

in 

• 

as 

• 

CO 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

rH 

rH 

rH 

rH 

H 

H 

rH 

H 

rH 

rH 

CO 

rH 

rH 

rH 

PS 

£ 


CO 

w 

PS 


< 

CD 

CM 

CM 

o 

o 

o 

r- 

o 

in 

CM 

CM 

as 

CO 

o 

o 

o 

O 

as 

as 

CD 

Eh 

CM 

CD 

O 

in 

as 

CO 

CO 

rH 

CD 

VD 

in 

r- 

CM 

CD 

00 

00 

o 

w 

Ht 

as 

00 

i  b 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

0 

• 

4) 

PS 

c 

0 

« 

a 

W  . 

CO 

as 

00 

as 

CM 

CM 

CM 

00 

as 

r* 

00 

00 

00 

o 

CO 

00 

o 

CD 

in 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CO 

CO 

CO 

Di 

■d* 

B 

o 

a 

00 

CD 

CD 

O 

o 

o 

VO 

in 

H 

cn 

as 

rH 

rH 

in 

00 

CO 

2 

o 

O 

in 

•H 

a 

H 

00 

r- 

CO 

CM 

CM 

CO 

as 

CO 

00 

in 

in 

in 

Oc 

o 

Eh 

•  b 

• 

t 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

t 

• 

• 

• 

• 

0 

• 

• 

W 

CD 

in 

r- 

H 

o 

cn 

o 

CO 

t}1 

CM 

CO 

00 

CM 

as 

Os 

ov 

0> 

00 

hJ 

if 

n- 

r- 

r> 

CD 

r- 

VD 

VO 

VD 

VD 

in 

CD 

CO 

m 

in 

m 

in 

n 

a 

o 

in 

in 

in 

in 

in 

in 

in 

in 

< 

Is* 

> 

r- 

CM 

CM 

CM 

H 

co. 

w 

• 

• 

• 

• 

• 

t 

t 

• 

& 

Q 

o 

o 

o 

o 

o 

o 

o 

in 

H 

rH 

H 

rH 

rH 

in 

in 

in 

in 

in 

00 

00 

00 

rH 

CO 

CO 

n 

CO 

CO 

<* 

Ht 

Tl* 

in 

in 

in 

Eh 

CO 

B 


h  n  n 
<  <  < 


rf  in 

<  < 


H  CM 

«  ffl 


U 


n  n  Tt  m 
Q  Q  Q  Q 


H  CM 

w  w 


CO 

W 


W 


m 

W 


h  cm  co 

fcj 


J 


527 


447  2.183 


OS 

(N 

CO 

X 

H 

in 

CO 

CO 

os  \ 

H 

in 

CO 

CO 

H 

• 

• 

• 

1 

CO 

H 

o 

CO 

CO 

04 

pH 

f— 1 

f' 

r" 

O 

O 

«# 

O 

=t 

rf 

Tj* 

00 

O 

• 

• 

• 

• 

O 

o 

o 

pH 

M 

El 

H 

2 

H 

Tj1 

in 

o 

M 

M1 

CM 

in 

o 

O' 

CO 

« 

« 

• 

• 

< 

04 

CM 

CM 

CM 

CM 

X 

CM 

CM 

CM 

CM 

rJ 

< 

H 

u 

10 

ID 

m 

O 

OS 

H 

00 

rH 

in 

CO 

CO 

1  04 

CO 

t 

• 

• 

• 

2 

o. 

ID 

ID 

in 

CO 

y 

CO 

CO 

CO 

CO 

O 

U 

rH 

OS 

L_J 

rH 

rH 

o 

o 

m 

o 

CO 

PI 

CO 

04 

C" 

CO 

00 

• 

fa 

l  t> 

« 

■ 

• 

• 

VO 

CO 

CO 

o 

< 

rH 

rH 

rH 

pH 

Eh 

X 

k_i 

as 

<7> 

O 

O 

Eh 

CM 

Cfl 

cu 

00 

pH 

as 

00 

10 

U 

1  t> 

• 

• 

• 

4 

10 

2 

10 

10 

in 

as 

« 

in 

in 

rH 

OS 

— 

Eh 

CO 

fa 

L-  I 

0 

0 

O 

0 

g 

< 

rH 

n 

CO 

04 

CO 

10 

CO 

00 

CQ 

H 

1  o 

l 

• 

• 

• 

X 

as 

00 

c-h 

in 

Q 

< 

in 

m 

in 

in 

2 

M 

< 

OS 

Eh 

< 

in 

in 

Q 

0 

CM 

CM 

ft 

oa 

w 

• 

• 

< 

Q 

CO 

CO 

m 

0 

CO 

in 

in 

r* 

as 

<D 

e 

3 

0 

C 

M 

•H 

M-l 

-P 

C 

Eh 

rt) 

0 

CO 

+J 

CJ 

fa 

in 

rH 

1 H 

<0 

■ — ■ 

Eh 

fa 

fa 

O 

X 

Q 

528 


■e* 

CO 

O' 

H 

CO 

H* 

O' 

V0 

o 

o 

o 

in 

V0 

O' 

VO 

o 

CO 

CO 

O' 

O' 

H 

O' 

10 

CO 

rH 

CO 

PM 

in 

in 

in 

V0 

CO 

o 

rH 

p- 

p- 

rH 

S3 

VO 

VO 

in 

in 

in 

VO 

r- 

VO 

p* 

vo 

p» 

VO 

VO 

in 

VO 

VO 

H 

W 

o 

o 

o 

o 

o 

O 

o 

o 

o 

o 

'  0 

o 

o 

o 

o 

o 

O 

o 

o 

O 

O 

o 

o 

o 

H* 

o 

o 

O 

O 

o 

o 

o 

V0 

VO 

o 

o 

O 

o 

o 

o 

o 

o 

H 

H 

H 

«H 

1— 1 

o 

o 

o 

1 

1 

1 

1 

1 

1 

1 

1 

o 

Ht 

Tt 

o 

o 

o 

O 

O 

O 

o 

VO 

vo 

o 

o 

o 

o 

O 

O 

o 

Ht 

o 

o 

o 

o 

O 

O 

o 

o 

o 

rH 

rH 

rH 

rH 

rH 

rH 

I 


<N 

co 

* 

vo 


a 

a 


0*  w 

04 


i  a  co 

o* 


05  H 

g  m»*8 

s 


i,b2 


Eh 

w  H 

S3  1  *  S 


2 

Eh 


•H  vp 

e  a< 


Eh 

CO 

U 

Eh 


U 

H 

>h 


2 

W 

a 


CO 

CO 

CN 

vo 

O' 

o> 

rH 

PM 

o 

o 

PM 

00 

VO 

CO 

o 

in 

O' 

o 

rH 

in 

P- 

00 

O' 

vo 

VO 

P* 

o 

o 

m 

o 

00 

rH 

PM 

in 

in 

CO 

in 

CO 

PM 

rH 

VO 

CO 

in 

CO 

CO 

PM 

rH 

H 

o 

O' 

00 

m 

PM 

rH 

H 

rH 

rH 

rH 

H 

rH 

H 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

vo 

O 

rH 

PM 

CO 

O 

p» 

PM 

O 

O 

rH 

O' 

PM 

p» 

in 

o 

o 

o 

PM 

O' 

VO 

CO 

O' 

in 

rH 

O 

O 

O' 

rH 

o 

rH 

VO 

PM 

CM 

o 

vo 

in 

co" 

PM 

PM 

O 

O 

p- 

co 

VO 

vO 

VO 

vo 

PM 

in 

o 

PM 

PM 

PM 

PM 

PM 

rH 

PM 

PM 

PM 

CM 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

PM 

CM 

CO 

H 

O' 

vo 

H 

VO 

H 

o 

o 

O' 

vo 

00 

VO 

O' 

o 

rH 

o 

CO 

VO 

H 

p* 

CO 

CN 

O' 

** 

o 

o 

CO 

o 

rH 

h* 

o 

o 

VO 

in 

p“ 

O' 

o 

rH 

o 

rH 

11. 

P- 

in 

CO 

in 

p* 

VO 

VO 

O' 

p» 

co 

H 

O' 

vo 

H 

VO 

VO 

o 

O 

00 

Hfr 

rH 

CN 

VO 

P* 

O 

rH 

o 

co 

VO 

rH 

P« 

CO 

CN 

00 

o 

O 

rH 

P* 

O' 

VO 

H* 

in 

VO 

o 

p* 

O' 

o 

o 

H 

P» 

in 

o 

O 

CO 

p* 

P* 

VO 

VO 

o 

O' 

o 

rH 

rH 

rH 

rH 

rH 

PM 

PM 

CN 

PM 

PM 

PM 

PM 

PM 

PM 

PM 

in 

00 

CO 

00 

PM 

O' 

00 

Ht 

o 

o 

CO 

rH 

rH 

PM 

vo 

P' 

O 

O' 

o 

PM 

p- 

vo 

CO 

in 

rH 

00 

o 

o 

H* 

PM 

O' 

VO 

r- 

-vt 

in 

p* 

in 

o 

O' 

00 

C^ 

o 

O' 

uo 

in 

CO 

rH 

O 

p- 

vo 

VO 

o 

o 

PM 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

PM 

PM 

PM 

PM 

PM 

CO 

co 

H 

O' 

O' 

rH 

O' 

00 

PM 

o 

in 

O' 

o 

O 

rH 

p 

PM 

O 

• 

• 

t 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

0 

• 

CO 

in 

00 

o 

H* 

p* 

H* 

00 

l> 

CO 

in 

O' 

o 

** 

H* 

00 

CO 

n 

co 

CO 

* 

CO 

CO 

CO 

co 

CO 

CO 

CO 

CO 

co 

CO 

CO 

CO 

CO 

rH 

PM 

H 

PM 

rH 

PM 

rH 

PM 

CO 

Ht 

in 

v£> 

1 

1 

1 

1 

1 

| 

rH 

PM 

CO 

Ht 

in 

1 

1 

1 

1 

l 

1 

in 

in 

O 

o 

in 

in 

1 

1 

1 

1 

1 

IB 

IB 

(B 

(B 

IB 

IB 

p> 

p* 

VO 

VO 

H# 

IB 

(B 

IB 

IB 

(B 

rH 

PM 

£5 

U 

U 

<J 

V 

O 

w 

cn 

W 

<9 

<9 

OT 

U 

pa 

pa 

pa 

pa 

! 

1 

Eh 

Eh 

Eh 

Eh 

Eh 

Eh 

« 

0S 

OS 

OS 

OS 

OS 

Eh 

Eh 

Eh 

Eh 

eh 

< 

< 

529 


000  0.625 


i*6» 

CO 

CM 

<Tt 

pH 

co 

CM 

oi 

in 

in 

in 

in 

01 

H 

o 

VO 

CM 

O 

CM 

I'' 

H 

01 

vO 

r** 

r* 

in 

r> 

r>' 

CO 

0* 

CO 

H 

o 

l> 

m 

Is- 

VO 

VO 

in 

in 

vo 

10 

r> 

VO 

r- 

vo 

r* 

10 

VO 

Is* 

VO 

vo 

w 

o 

O 

o 

o 

o 

o 

o 

o 

o 

O 

o 

o 

o 

o 

o 

o 

O 

O 

o 

o 

o 

o 

o 

o 

o 

* 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

v0 

VO 

o 

o 

vo 

vo 

o 

o 

o 

o 

o 

o 

o 

d. 

o 

o 

o 

o 

o 

o 

* 

o 

o 

o 

o 

o 

o 

o 

o 

o 

H 

H 

pH 

rH 

rl 

pH 

O 

o 

o 

o 

o 

o 

pH 

pH 

H 

pH 

pH 

pH 

o 

I  I  I  I  I  I  I  I  I 


H 

D1  cn 
fa 


Q  H 

i  o,  w 

<  CL, 


CM  Eh 

co  w 

vO  fa  '  b  £ 

O 

fa  fa 
fa 


9  fS 

Eh 


CM  ^ 

£  1  &  fa 


_,  M 

h  W 
°  fa 


in 

CM 

00 

CM 

VO 

crv 

CO 

CO 

o 

o 

o 

VO 

o 

VO 

vo 

GO 

CM 

o 

o 

CO 

in 

C' 

CO 

oi 

in 

vo 

in 

in 

o 

in 

CO 

CO 

in 

pH 

in 

CO 

o 

oi 

[H. 

in 

-vt 

co 

CM 

r* 

H* 

in 

CO 

cm 

CM 

pH 

o 

o 

CD 

[" 

CO 

pH 

pH 

pH 

pH 

pH 

pH 

pH 

pH 

pH 

H 

pH 

pH 

H 

pH 

pH 

pH 

pH 

rH 

in 

p> 

O 

pH 

CM 

CO 

CM 

O 

O 

vo 

o 

tJ* 

CO 

CM 

■«* 

r* 

o 

CO 

r*> 

CM 

oi 

VO 

CO 

P» 

CM 

O 

O 

00 

o 

Oi 

o 

VO 

pH 

r» 

o 

vo 

in 

in 

01 

CM 

CM 

O 

o 

t"* 

CO 

in 

VO 

vo 

VO 

CM 

in 

o 

CM 

CM 

CM 

CM 

CM 

pH 

CM 

CM 

CM 

CM 

pH 

rH 

pH 

H 

pH 

pH 

pH 

CM 

CM 

H 

o 

in 

rH 

on 

VO 

H* 

01 

o 

O 

CO 

O 

o 

00 

H 

01 

r* 

in 

o 

>1 

CO 

VO 

pH 

co 

in 

in 

in 

CO 

in 

vo 

rH 

01 

in 

o 

• 

• 

• 

• 

• 

• 

• 

< 

• 

• 

• 

* 

• 

• 

• 

• 

• 

• 

• 

fa 

r* 

CO 

<T\ 

o 

o 

v0 

in 

VO 

CO 

in 

CO 

't 

in 

VO 

CO 

CO 

r* 

fa 

t 

pH 

rH 

w 

< 

o 

in 

H 

ON 

VO 

* 

vo 

V0 

o 

o 

CO 

oi 

o 

H 

vo 

CM 

in 

o 

CO 

h# 

VO 

pH 

0s 

CO 

in 

* 

o 

o 

CO 

co 

CM 

01 

O 

r* 

r- 

't 

o 

• 

• 

» 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

i 

• 

r* 

CO 

01 

o 

O 

VO 

h* 

in 

o 

o 

Tj* 

CO 

CO 

r-' 

vo 

o 

00 

o 

pH 

rl 

rH 

H 

CM 

IN 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

O 

01 

00 

CO 

00 

CM 

O 

in 

o 

o 

pH 

o 

pH 

* 

VO 

CM 

01 

o 

o 

r* 

vo 

CO 

CO 

01 

in 

in 

00 

VO 

CM 

01 

O 

r* 

o 

o 

in 

CO 

o 

01 

CO 

CM 

o 

vo 

m 

co 

pH 

o 

CO 

p 

r* 

vo 

o 

CO 

CO 

co 

CO 

CO 

co 

co 

co 

CO 

CO 

CM 

CM 

CM 

CM 

CM 

CO 

00 

pH 

Oi 

01 

pH 

01 

00 

CM 

o 

in 

01 

o 

o 

pH 

Is* 

CM 

o 

CO 

in 

C' 

CO 

o 

■vt 

r* 

00 

c* 

co 

in 

01 

o 

00 

CO 

co 

CO 

CO 

CO 

CO 

co 

CO 

CO 

co 

co 

co 

co 

co 

CO 

CO 

CO 

rH 

CM 

rH 

CM 

rH 

CM 

rH 

CM 

CO 

in 

vO 

1 

1 

1 

1 

1 

1 

rH 

CM 

CO 

uo 

1 

1 

1 

1 

l 

1 

in 

in 

o 

o 

in 

in 

1 

1 

1 

l 

l 

id 

id 

id 

id 

id 

id 

Is* 

r» 

VO 

VO 

id 

<d 

id 

id 

id 

pH 

CM 

u 

u 

o 

u 

u 

u 

w 

w 

W 

59 

w 

cn 

fa 

fa 

fa 

fa 

w 

| 

1 

Eh 

Eh 

Eh 

Eh 

Eh 

Eh 

fa 

fa 

fa 

fa 

fa 

fa 

Eh 

Eh 

EH 

Eh 

Eh 

< 

< 

530 


Data  from  KO  (1966) 


TABLE  6.33 


AVERAGE 

TRIAXIAL  1 

STRENGTH  DATA 

FOR  STANDARD 

OTTAWA  SAND 

TEST 

M- 

n. 

1 

SIN  *(_) 

SIN  *(+) 

SIN  $ 

% 

TCa-1 

-1.000 

33.8 

0.698 

0.723 

0.710 

TCa-2 

35.1 

0.619 

0.672 

0.646 

TCa-3 

37.9 

0.591 

0.619 

0.605 

TCa-4 

38.9 

0.563 

0.591 

0.577 

TCa-5 

40.1 

0.534 

0.563 

0.548 

TCa-6 

34.9 

0.619 

0.672 

0.646 

RS75-1 

-0.464 

34.7 

0.736 

0.774 

0.755 

RS75-2 

37.8 

0.620 

0.659 

0.640 

RS60-1 

0.000 

34.2 

0.750 

0.775 

0.762 

RS60-2 

38.0 

0.650 

0.675 

0.662 

RS45-1 

0.464 

34.5 

0.755 

0.785 

0.770 

RS45-2 

37.9 

0.666 

0.695 

0.680 

TEa-1 

1.000 

33.4 

0.739 

0.774 

0.756 

TEa-2 

35.0 

0.706 

0.739 

0.722 

TEa-3 

39.0 

0.610 

0.641 

0.626 

TEa-4 

40.1 

0.578 

0.610 

0.594 

TEa-5 

34.7 

0.673 

0.706 

0.690 

Data  from  KO  (1966) 


TRIAXIAL  STRENGTH  DATA  FOR  RESEDIMENTED  BOSTON  BLUE  CLAY 
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and  DICKEY,  LADD  AND  RIXNER  (1968) 


TABLE  6.35 


INFLUENCE  OF  THE  INTERMEDIATE  PRINCIPAL  STRESS  ON  THE  STRENGTH 

OF  VOLGA  SAND 


°K 

r 

SIN  $ 

-1.0 

0.28062 

1.19057 

0.58653 

-0.9 

0.28007 

1.18824 

0.60929 

-0.8 

0.27837 

1.18102 

0.63065 

-0.7 

0.27551 

1.16889 

0.65008 

-0.6 

0.27164 

1.15247 

0.66726 

-0.5 

0.26699 

1.13274 

0.68207 

-0.4 

0.26182 

1.11081 

0.69445 

-0.3 

0.25642 

1.08790 

0.70457 

-0.2 

0.25103 

1.06503 

0.71258 

-0.1 

0.24586 

1.04310 

0.71872 

0 

0.24104 

1.02265 

0.72312 

0.1 

0.23669 

1.00419 

0.72605 

0.2 

0.23285 

0.98790 

0.72760 

0.3 

0.22956 

0.97394 

0.72797 

0.4 

0.22682 

0.96232 

0.72731 

0.5 

0.22461 

0.95294 

0.72570 

0.6 

0.22290 

0.94568 

0.72326 

0.7 

0.22164 

0.94034 

0.72005 

0.8 

0.22080 

0.93678 

0.71621 

0.9 

0.22033 

0.93478 

0.71178 

1.0 

0.22018 

0.93414 

0.70682 

r  -  3/2  Dk 


Data  for  LOMIZE  AND  KRYZHANOVSKY  (1967) 
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FIGURE  6.2 

CONSTANT  jJL  CONTOUR  OF  ASSUMED 
FAILURE  SURFACE 


D  O  CD  > 


^1+^3 

"~T 


POINT 


PHYSICAL  SIGWFICANCE 


HYDROSTATIC  TENSION 
PURE  TENSION 
PURE  SHEAR 
PURE  COMPRESSION 


>N 

} 


IN  1-3  PLANE 


FIGURE  6.3 

PHYSICAL  SIGNIFICANCE  OF  POINTS 
ON  A  FAILURE  SURFACE  CONTOUR 


\  i 


i  ) 


q.  Toct 


RGURE  6.4 

RELATION  BETWEEN  THE 
PARAMETERS  p.q./X,  ^OCT  WD  rOCT 
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2 


LOCATION  OF  A  STRESS  POINT  IN 


THE  OCTAHEDRAL  PLANE 
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FIGURE  6.6 

OCTAHEDRAL  PLANE  PLOT  OF  THE  COMPLETE 
MOHR— COULOMB  FARJJRE  CRITERION 
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FIGURE  6.7 

TRIAXIAL  STRENGTH  DATA  FOR  CARRARA  MARBLE 


FIGURE  6.8 

EFFECT  OF  og  ON  THE  STRENGTH  OF 
CARRARA  MARBLE 
10  KSK  40  KSI 

\  TESTS  BY  VON  KARMAN  (1911) 
ANO  BOKER  (1915) 

DATA  FROM  RUTLEDGE  (1939) 


-0.2 

-03 


SN  (ft 


0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  09 


-09 


541 


542 


DATA  FROM  RENOULIC  (1937) 
7-1.00  KG /CM2 


02.  0.4  02  02  1.0  IS 

FIGURE  6.10(a) 

COMPRESSION  DATA  FOR  REMOLDED  VIENNA  BLUE  CLAY 

TEST  NO.  8 


DATA  FROM  RENDUUC  (1937) 
P.  ■  2.00  KG/CM2 
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02  0.4  0£  08  IO  l.i 

FIGURE  6.10(c) 

COMPRESSION  DATA  FOR  REMOLDED  VIENNA  BLUE  CLAY 
_  TEST  NO.  10 


DATA  FROM  RENDUUC  (19(57) 
*»  ■  3.00  KG/C 


ESS  ION  DATA  FOR  REMOLDED  VIENNA  BLUE  CLAY 

TEST  NO.  II 
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FIGURE  6.10  (•) 

ION  DATA  FOR  REMOLDED  VIENNA  BLUE  CLAY 

TEST  NO.  12 


549 


DATA  FROM  RENDUUC  (1937) 


•M  TRI AXIAL  COMPRESSION  AND  EXTENSION 
REMOLDED  VIENNA  BLUE  CLAY 


DATA  FROM  HABIB  (1953)  AND  YONG  AND  WARKENTIN  (1966) 
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FIGURE  6.12 

TRIAXIAL  COMPRESSION  AND  EXTENSION  STRENGTH  DATA  FOR 

FONTAINEBLEAU  SAND 


552 


© 


FIGURE  6. 14 

EFFECTIVE  STRESS  PATHS  USED 
BY  BISHOP  AND  ELDIN  (1953)  FOR 
TRIAXIAL  TESTS  ON  BRASTED  SAND 


KIRKPATRICK  (1957) 


554 


TRIAXIAL  STRENGTH  DATA  FOR  LOCH  ALINE  SAND 


555 


556 


FIGURE  6.18 

EFFECT  OF  ON  THE  STRENGTH  OF 
THREE  SANDS 

@LEUCATE  SAND  (1.6  TO  2.0  MM) 

\(b)SIENNE  SAND  (0.5  TO  10  MM) 
©  LEUCATE  SAND  (0.5  TO  1.0  MM) 
DATA  FROM  PELTIER  (1957) 


SIN  (f> 


0.1  02  03  04  0.5  0.6  0.7  0.8  0.9 
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DATA  FROM  PARRY  (1956;  I960) 
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ON  REMOLDED 


559 


NORMALIZED  STRENGTH  DATA  FROM  TRI  AXIAL  EXTENSION 
TESTS  ON  REMOLDED  WEALD  CLAY 


DATA  FROM  PARRY  (1956) 


TESTS  ON  REMOLDED  LONDON  CLAY 


DATA  FROM  WOOO  (1996) 
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FIGURE  6.21 

TRIAXIAL  STRENGTH  DATA  FOR  GLEN  SHIRA  DAM  MATERIAL 


FIGURE  G22 

EFFECT  OF  o£  ON  THE  STRENGTH  OF 
GLEN  SHIR  A  DAM  MATERIAL 


DATA  FROM  WOOD  (1958) 


q.PSI 


DATA  FROM  CONFORTH  (1961) 


SYMBOL  TEST 

O  PLANE  STRAIN 

A  CYLINDRICAL  COMPRESSION 

Q  CYLINDRCAL  EXTENSION 

FIGURE  624(a) 

TRIAXIAL  STRENGTH  DATA  FOR 
BRASTED  SAND 


564 


DATA  FROM  CON  FORTH  (I960 


50  100  00  200  PS! 

SYMBOL  TEST 

O  PLANE  STRAIN 

A  CYLINDRICAL  COMPRESSION 

o  CYLINDRICAL  EXTENSION 

FIGURE  6.24  ( b) 

TRIAXIAL  STRENGTH  DATA  FOR 
BRASTED  SAND 


50  100  150  200  P5I 

SYMBOL  TEST 

O  PLANE  STRAIN 

A  CYLINDRICAL  COMPRESSOR 

a  CYLINDRICAL  EXTENSION 

FIGURE  6.24(c) 

TRIAXIAL  STRENGTH  DATA  FOR 
BRASTED  SAND 


566 


q.  PSI 


DATA  FROM  CONFORTH  (I960 


SYMBOL  TEST 

©  PLANE  STRAIN 

A  CYLINDRICAL  COMPRESSION 

■  CYLINDRICAL  EXTENSION 


FIGURE  6.24(d) 

TRIAXIAL  STRENGTH  DATA  FOR 
BRASTED  SAND 


567 


S,N  9  DATA  FROM  CONFORTH  (I960 
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FRICTION  OF  BRASTED  SAND  -  PLANE  STRAIN 


FIGURE  6.25  (b) 

FLUENCE  OF  DENSITY  ON  THE  APPARENT  ANGLE  OF  INTERNAL 
FRICTION  OF  BRASTED  SAND-  CYLINDRICAL  COMPRESSION 


DATA  FROM  CONFORTH  (1961) 


DATA  FROM  GONFORTH  (1961 


Q 


RGURE  6.26 

WFLUENCE  OF  DENSITY  ON  THE  INTERMEDIATE  PRINCIPAL  STRESS 
FOR  PLANE  STRAIN  TESTS  ON  BRASTED  SAND 


FIGURE  6.27 

EFFECT  OF  ^  ON  THE  STRENGTH  OF 

BRASTED  SAND,  FOR  FAILURE 
v  POROSITIES  BETWEEN  34.0%  AND  420% 


OATA  FROM  00 N FORTH  (1961) 


WWVW 

wwww 


nf  «420% - 

PLANE  STRAIN 
LINE 

nf  «  - - 


SIN  < ft 


0.2  0.3  0.4  0.5  06  0.7  0.8  0.9 


-0.2 

-0.3 

-04 

-0.3 

-06 

-0.7 

-06 

-0.9 

-1.0 
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DATA  FROM  WU,  LOH  AND  MALVERN  (1963) 


574 


TRIAXIAL  EXTENSION  STRENGTH  DATA  FOR  REMOLDED 
SAULT  STE.  MARIE  CLAY 


OATA  FROM  WU,  LOH  AND  MALVERN  0963) 


576 
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FIGURE  6.34 

EFFECTIVE  STRESS  PATHS  FOR  Ko  CONSOLIDATED  TRIAXIAL 

TESTS  CONDUCTED  BY  SOWA  (1963) 


CLAY 


FIGURE  6.38 

EFFECT  OF  S|  ON  THE  STRENGTH  OF 
REMOLDED  WEALD  CLAY 


DATA  FROM  SOWA  (1963),  SKEMPTON 
AND  SOWA  (1963)  AND  WADE  (1963) 


% 


SIN  $  \  ^ 

0.2  0.3  0.4  05  06  0.7  06  0^ 


-0.2 

-0.3 

-0.4 

-05 

-06 

-0.7 

-0.8 

-06 

-1.0 


6yf ,  %  DATA  FROM  WADE  (1963) 


SIN  $  DATA  FROM  WADE  (1963) 


FIGURE  6.40(0) 

INFLUENCE  OF  DENSITY  ON  THE  APPARENT  ANGLE  OF  INTERNAL 
FRICTION  OF  BELGIUM  SAND -PLAIN  STRAIN 


FIGURE  640(b) 

INFLUENCE  OF  DENSITY  ON  THE.  AFFERENT  ANGLE  OF  INTERNAL 
FRICTION  OF  BELGIUM  SAND  -  CYUNDR ICAL  COMPRESSION 


(£961)  30VM  HOMd  VIVO  $  NIS 


iu  .... up. I J' i|i  i|i)il|i  . *J|pii .  •! 
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-0.80 


FIGURE  6.41 

JLIENCE  OF  DENSITY  ON  THE  INTERMEDIATE  PRINQFAL 
FOR  PLANE  STRAIN  TESTS  ON  BELGIUM  SAND 


FIGURE  6.42 

EFFECT  OF  35  ON  THE  STRENGTH  OF 
BELGIUM  SAND,  FOR  FAILURE 
POROSITIES  BETWEEN  370% 
AND  44.0% 


589 


FIGURE  6.43  (a) 

EFFECT  OF  a£  ON  THE  STRENGTH  OF 
REMOLDED  COMMERCIAL  KAOLINITE 

\  °c  =  7  PSI 


DATA  FROM  CASBARIAN  (1964) 


-03 

-0.4 

-0.5 

-06 

-0.7 

-0.0 
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-1.0 
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FIGURE  6.43(c) 

EFFECT  OF  of  ON  THE  STRENGTH  OF 

REMOLDED  COMMERCIAL  KAOUNITE 
v.  Cfc  =  70  RSI 


DATA  FROM  CASBARIAN  (1964) 


SIN  $ 
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KG /CM*  DATA  FROM  SHI  BATA  AND  KARUBE 
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q,  KG/CM  data  FROM  SHIBATA  ANO  KARUBE  (1965) 


(IAXIAL  COMPRESSION  AND  EXTENSION  STRENGTH 
OA  FOR  REMOLDED  OSAKA  ALLUVIAL  CLAY  AT 
XX1MUM  PRINaPAL  STRESS  DIFFERENCE 


595 


FIGURE  6.47 

EFFECT  OF  (5|  ON  THE  STRENGTH  OF 
REMOLDED  OSAKA  ALLUVIAL  CLAY 

\  AT  <°i  -°3>MAX 


DATA  FROM  SHI  BATA  AND 
KARUBE  (1965) 


SIN  4> 
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DATA  FROM  SHIBATA  AND  KARUBE  (1965) 


I  ) 
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\  FIGURE  6.49 

\  EFFECT  OF  a$  ON  THE  STRENGTH  OF 

3qX  STANDARD  OTTAWA  SAND 

\  •  BEFORE  YIELD 

\  ■  AFTER  YIELO 

\  n»34%  ggcx 

\  DATA  FROM  BELL  (1965) 


•v 


sin  $ 

0.2  0.3  0.4  0.5  0.6  0.7  0.8  0^ 


OS 
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FIGURE  650 

EFFECT  OF  d£  ON  THE  STRENGTH  OF 
STANDARD  OTTAWA  SAND¬ 
'S  BELL'S  FAILURE  CRITERION 


OATA  FROM  BELL  (1965 ) 


SIN  $ 
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k  FIGURE  6.51 

EFFECT  OF  <3£  ON  THE  STRENGTH  OF 
STANDARD  OTTAWA  SAND  - 
TOPPING'S  FAILURE  CRITERION 


DATA  FROM  BELL  (1965)  AND 
TOPPING  (19550,  1955  b) 


SIN  $ 


0.2  0.3  0.4  0.5  0.6  0.7  0.8  OS' 
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DATA  FROM  LENOE  (1965) 


nmjjglQIiBsmnpnm  a  w  "  mqpnpai  vpni  cpnii 


If  Bjlff  M-*  p  ."I**  ' 
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FIGURE  6.52 

TRIAXIAL  COMPRESSION  STRENGTH  DAIA  FOR  A  SOY  SAND 
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APPLIED  STRESS  ON  THE  STRE 
COMMERCIAL  KAOUNITE 


\  FIGURE  6.55 

A  EFFECT  OF  Wz  ON  THE  STRENGTH  OF 
30°\  COMMERCIAL  KAOLINITE 


DATA  FROM  SAADA  AND  BAAH  (1966) 


SIN  $  X/ 
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FIGURE  656 

INFLUENCE  OF  DENSITY  ON  THE  APPARENT  ANGLE  OF  INTERNAL 
FRICTION  OF  STANDARD  OTTAWA  SAND 


FIGURE  6.57 

EFFECT  OF  o|  ON  THE  STRENGTH  OF 
STANDARD  OTTAWA  SAND 
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q  KB/CM2  Q®a  FR0M  L*00  AND  VARALLYAY  (1965),  MERKLE  (1967), 

DICKEY  (1967)  AND  RIXNER  (1967) 


07 
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DATA  FROM  DICKEY  (1967)  AND  RIXNER  (1967) 


H- 


Wf ,% 
FIGURE  6.59 


INFLUENCE  OF  WATER  CONTENT  ON 
LODE'S  RARAMETER  AT  FAILURE  FOR 
PLANE  STRAIN  TESTS  ON  RESEDIMENTED 
BOSTON  BLUE  CLAY 
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FIGURE  6.61 

EFFECT  OF  dfc  ON  THE  STRENGTH  OF 
VOLGA  SAND 
v  nj  *  39.3% 
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FIGURE  6.64 

EFFECT  OF  02  ON  THE  STRENGTH  OF 
THREE  DIFFERENT  SANDS 
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CHAPTER  7 


ANALYSIS  OF  MODIAP  FOOTING  TEST  RESULTS 


Purpose 

This  thesis  was  begun  in  the  Fall  of  1966  as  a  lab¬ 
oratory  study  of  the  load-settlement-time  behavior  of  a 
rigid  circular  footing  on  the  surface  of  resedimented  Boston 
blue  clay  At  that  time  the  Writer  was  in  residence  at  the 
Massachusetts  Institute  of  Technology  on  assignment  by  the 
Air  Force  Institute  of  Technology.  Unfortunately,  the 
Writer's  reassignment  by  the  Air  Force  prevented  completion 
of  all  scheduled  tests,  thereby  necessitating  a  reorientation 
of  the  thesis 

The  footing  tests  were  conducted  under  Project  MODIAP 
(MODel  Inter-American  Program),  sponsored  jointly  at  M.I.T. 
by  the  U.S.  Department  of  State,  the  Carnegie  Corporation, 
the  Creole  Foundation,  the  Dow  Chemical  Company  and  the 
Shell  Foundation.  For  a  summary  of  work  on  the  project  up 
to  1966  see  PEREZ-LA  SALVIA,  LUSCHER,  ALVEREZ-STELLING  AND 
GICOT  (1966) .  Project  MODIAP  was  initiated  during  the 
period  February  1962  to  August  1963  by  Professor  T.W.  Lambe, 
with  the  assistance  of  Professor  H.M.  Horn.  The  two  stated 
objectives  of  the  project  were:  HORN  (1963): 
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1)  "to  evaluate  the  ability  of  existing  theories 
to  predict  total  settlement,  the  time  rate  of 
settlement,  and  the  pore  pressures  which  build 

up  in  saturated  deposits  of  soil  which  are  subjected 
surface  loads,  and 

2)  to  attempt  to  formulate,  if  necessary,  new  theory 
which  will  make  possible  the  prediction  of  load- 
settlement-pore  pressure-time  behavior  of  saturated 
soil." 

Situations  where  settlement  is  not  one-dimensional, 
and  wherein  the  surface  load  is  an  appreciable  portion  of 
the  bearing  capacity  of  the  loaded  area  were  to  receive 
particular  attention.  Large  scale  model  tests  were  proposed 
in  1963,  and  it  was  the  design,  construction  and  proof 
testing  of  two  identical  three-foot  diameter  footing  test 
bins  which  absorbed  most  of  the  Writer's  time  during  the 
1966-67  academic  year.  At  the  time  the  Writer  left  M.I.T. 
in  May  1967,  proof  testing  of  the  large  bins  was  not  quite 
complete  and  a  structural  modification  was  in  progress.  At 
this  point  the  project  had  to  be  terminated  due  to  lack  of 
manpower.  To  the  Writer's  knowledge  no  further  work  has 
since  been  done  with  the  large  bins. 


to 


While  fabrication  of  the  large  bins  was  in  progress, 
the  Writer  ran  a  series  of  footing  tests  in  a  smaller  device 
built  and  described  by  ALVEREZ-S TELLING  (1966)  .  The  original 
objectives  of  these  tests  were: 

1)  to  provide  information  needed  to  design  tests  in 
the  large  bins,  and 

2)  to  provide  information  on  possible  scale  effects. 

The  tests  to  be  discussed  in  this  chapter  are  seven  bearing 
capacity  tests,  in  which  a  two-inch  diameter  footing  was  load¬ 
ed  to  failure  in  a  short  time  (5.8  minutes  average)  in  an 
attempt  to  minimize  consolidation  effects. 

The  purpose  of  this  chapter  is  to  propose  a  method  for 
predicting  initial  settlement,  based  on  an  analysis  of  the 
MODIAP  footing  test  results.  The  method  is  basically 
empirical,  and  is  similar  in  principle  to  the  current  method 
of  predicting  undrained  shear  strength.  Both  methods  hinge 
on  the  prediction  of  several  parameters  having  physical 
significance,  but  both  methods  can  also  be  viewed  simply 
as  curve-fitting. 

Particular  attention  will  be  focused  on  the  nonlinear 
or  plastic  component  of  initial  settlement.  The  bearing 
capacity  factor  will  be  discussed,  and  the  limit  of  usefulness 
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of  elastic  theory  will  be  defined.  Finally,  the  thesis 

I  j 

will  close  with  a  discussion  of  how  the  results  of  Chapters 
2  through  6  can  be  used  in  settlement  predictions. 

Empirical  Settlement  Curve 

There  are  two  important  reasons  for  wanting  to  have  a 
formula  relating  the  load  on  a  footing  to  the  resulting 
settlement: 

1)  A  formula  facilitates  settlement  predictions. 

2)  The  influence  of  soil  and  footing  properties  on 
settlement  can  be  studied  by  studying  their  in¬ 
fluence  on  the  parameters  in  the  settlement  formula. 

It  was  the  latter  reason  that  prompted  the  Writer  to  seek  a 

V 

general  expression  relating  load  and  settlement  in  the 

MODIAP  bearing  capacity  tests. 

The  general  shape  of  a  load-settlement  curve  is  shown 

in  Figure  7.1.  The  settlement  6  corresponding  to  a  given 

average  contact  pressure,  q,  is  the  sum  of  the  elastic 
E 

settlement,  6  ,  which  can  be  calculated  by  elastic  theory, 

P 

and  the  plastic  settlement,  6  ,  which  is  the  nonlinear  com¬ 
ponent  of  settlement, 

i  ) 
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5  =  +  §p 


(7.1) 


The  settlement  magnification  factor,  p,  is  the  ratio  of 
plastic  to  elastic  settlement  at  a  given  load. 


The  settlement  magnification  factor  corresponding  to  an 
average  contact  pressure  of  50  percent  of  the  bearing  capacity, 
,  is  denoted  by  the  symbol  p^Q  and  is  called  the  plastic 
settlement  parameter.  Using  Equation  (7.2),  Equation  (7.1) 
can  be  written  in  the  form 


6  -  6E(1  +  P) 


(7.3) 


Analyses  of  several  sets  of  load-settlement  and  stress-strain 

curves,  including  those  from  MODIAP,  show  that  a  unique 

and  simple  relation  exists  between  the  load  ratio,  q/q  , 

BC 

and  the  settlement  magnification  factors  p  and  /°^q* 


(7.4) 
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Notice  that  when  p  -  /O  ,  q/q__  *  0.50. 

5U  BC 

E 

The  elastic  settlement,  6  ,  can  be  calculated  from  the 
initial  slope  of  the  load-settlement  curve,  found  by  extra¬ 
polating  a  plot  of  log^g(q/6)  VERSUS  q  back  to  zero  load, 
as  shown  in  Figure  7.3.  Having  the  initial  slope,  the 
elastic  settlement,  the  plastic  settlement  and  the  settle¬ 
ment  magnification  factor  can  be  calculated.  The  parameters 
qBc  and  p^Q  are  then  found  by  fitting  a  straight  line  to  a 
plot  of  q  VERSUS  q/p,  as  shown  in  Figure  7.4,  utilizing  the 
fact  that  Equation  (7.4)  can  be  written  in  the  form 


The  value  of  p  is  most  conveniently  calculated  from  the 

jU 

relationship  shown  in  Figure  7.3, 


(7.6) 


Equation  (7.5)  was  suggested  by  J.G.  MERKLE  (1968)  as  an 
alternative  to  the  Southwell  plot  described  by  TIMOSHIENKO 
AND  GERE  (1961,  191)  . 

I 
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The  previous  analysis  can  be  summarized  by  the  following 


empirical  settlement  formula: 


q 


where  B  -  a  characteristic  footing  dimension 

M  =  Terzaghi's  coefficient  of  elastic  subgrade  reaction 


The  safety  factor  is  then 


qBC 

q 


(H*)  + 


+  so  -  1)9 


(7.8) 


where 


0 


6M 


(7.9) 


Discussion  of  Test  Data 


Properties  of  the  resedimented  Boston  blue  clay  used 
in  the  MODIAP  footing  tests  are  those  obtained  by  MERKLE 
(1967)  and  tabulated  in  the  discussion  of  Boston  blue  clay 
strength  data  in  Chapter  6.  The  clay  was  consolidated  in 
a  12  inch  diameter  oedometer,  using  a  Karol-Warner  Konbel 
loader,  to  obtain  a  cake  about  4  1/2  inches  in  height.  A 
2  inch  diameter  brass  footing,  with  its  bottom  surface 
roughened  by  concentric  circular  grooves,  and  which  was 
rigid  against  both  bending  and  tilting,  was  then  placed  on 
the  surface  of  the  cake.  Then  an  air  surcharge  equal  to 

2 

the  maximum  average  vertical  consolidation  stress  (2.0  KG/CM  ) 
was  applied  to  the  surface  of  the  clay  and  the  footing  by 
a  flexible  air  bag.  Finally,  in  the  bearing  capacity  tests, 
the  footing  was  loaded  by  dead  weights  until  the  time  rate 
of  settlement  indicated  that  the  test  had  progressed  beyond 
failure  into  the  penetration  phase.  Because  the  tests  were 
load-controlled  (as  most  field  loading  situations  are) , 
a  maximum  load  was  never  reached.  Instead,  the  test  was 


stopped  when  the  rate  of  rotation  of  the  pointer  on  the 
Ames  dial  which  measured  settlement  indicated  that  penetration 
was  occurring  at  a  rapid  and  esentially  constant  rate.  No 
external  drainage  was  permitted  during  these  tests,  so  the 
only  drainage  which  could  have  led  to  consolidation  or  swelling 
in  the  neighborhood  of  the  footing  was  internal  pore  water 
migration.  However,  the  average  test  duration  was  only  5.8 
minutes,  which  should  have  prevented  most  of  the  potential 
drainage  without  introducing  appreciable  viscous  effects. 

The  footing  test  data,  as  recorded,  are  tabulated  in 
Table  7.1  and  plotted  in  Figure  7.2.  The  amount  of  scatter 
in  Figure  7.2  is  considered  normal  for  load-controlled  footing 
tests  on  soft  clay. 

The  initial  settlement  under  a  given  load  is  here  de¬ 
fined  as  the  maximum  settlement  which  had  occurred  under 
that  load  at  the  time  the  next  load  increment  was  applied, 
that  is  the  last  settlement  reading  corresponding  to  a  given 
load  in  Table  7.1.  That  value  is  the  value  called  6  in  the 
empirical  settlement  formula.  The  data  used  to  determine 
the  elastic  subgrade  modulus,  M,  are  tabulated  in  Table  7.2. 

A  typical  semilogarithmic  plot  is  shown  in  Figure  7.3.  The 
resulting  elastic  subgrade  moduli  are  shown  below. 
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TEST 


7 r  MB 

KG/.001IN 


102 

14.9 

103 

11.4 

104 

8.4 

105 

15.7 

107 

4.6 

108 

1.7 

109 

11.4 

The  data  used  to  determine  the  bearing  capacity  and  plastic 
settlement  parameter  are  tabulated  in  Table  7.3.  A  typical 
modified  Southwell  plot  is  shown  in  Figure  7.4.  The  resulting 
bearing  capacities  and  plastic  settlement  parameters  are  shown 
below 


TEST 

PBC 

P50 

KG 

102 

75.0 

0.943 

103 

69.5 

2.279 

104 

66.5 

1.494 

105 

74.5 

2.661 

107 

65.5 

1.191 

108 

67.5 

1.071 

109 

75.0 

2.206 
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For  the  seven  tests,  the  average  values  of  the  settlement 
parameters  M,  qfic  and  are: 

3 

Elastic  Subrade  Modulus,  M  *  ^20  2 6 83 ^ ^ ^  *  480  KG/CM2 

Bearing  Capacity,  qBC  *  2CL2683  *  3*478  KG/CM2 

Plastic  Settlement 

Parameter,  p  ■  1.692 

5  U 

The  unique  relationship  defined  by  Equation  (7.4)  is 
shown  in  nonlinear  form  in  Figure  7.5  and  in  linear  form 
in  Figure  7.6.  These  two  figures  provide  the  experimental 
justification  for  Equation  (7.4).  Loads  above  the  bearing 
capacity  load  are  considered  to  be  associated  with  the 
penetration  phase  and  are  omitted.  Also  omitted  are  data 
obtained  at  low  loads,  which  show  obvious  seating  effects. 
Data  for  these  two  figures  are  Tabulated  in  Table  7.4. 

Figure  7.6  was  constructed  by  using  Equation  (7.4).  A 
more  direct  verification  of  the  accuracy  of  the  empirical 
settlement  formula  is  obtained  by  using  Equations  (7.8)  and 
(7.9)  to  compare  measured  and  calculated  loads.  Data  for 
this  comparison  are  tabulated  in  Table  7.5  and  plotted  in 
Figure  7.7.  Slight  differences  between  Figures  7.6  and  7.7 
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are  the  result  of  truncation  errors.  Figure  7.7  clearly 
establishes  the  accuracy  of  the  empirical  settlement  formula, 
for  all  safety  factors  greater  than  about  1.05.  This  in¬ 
cludes  all  loads  of  practical  interest. 

Thus  far  the  accuracy  of  the  empirical  settlement  curve 
has  been  established,  provided  the  elastic  subgrade  modulus, 

M,  the  bearing  capacity,  q  ,  and  the  plastic  settlement 

BC 

parameter,  P  ,  are  known.  The  practical  usefulness  of  the 
curve  depends  on  whether  these  three  settlement  parameters 
can  be  accurately  predicted. 

Predicting  the  Elastic  Subgrade  Modulus 

Elastic  theory  gives  the  following  formula  for  the 

elastic  subgrade  modulus  for  a  rigid  circular  punch  on  the 

surface  of  an  elastic  halfspace,  when  B  is  the  radius  of  the 
*  * 

punch: 

M  *  - 2E  '■  (7.10) 

7T  ( 1  _  V  ) 


where 


E  *  Young's  modulus 
vm  Poisson's  ratio 


625 


When  the  material  is  incompressible,  Poisson's  ratio  is 
1/2,  and  Equation  (7.10)  reduces  to 


M 


E 

1.179 


(7.11) 


Elastic  theory  also  gives  the  following  expression  for 
axial  strain  in  a  compressed  cylinder: 

<1  -  £  [tj.  -  *  ff3>]  (7.12) 


When  v  is  1/2  and  n ^  equals  which  is  the  case  in  a 
cylindrical  compression  test  on  an  incompressible  material. 
Equation  (7.12)  reduces  to 


(7.13) 

(7.14) 


i 


This  is  the  definition  of  the  modulus  E  for  triaxial  compression 
t  ests  starting  from  zero  shear  given  by  LADD  (1964) .  Data 
for  determining  the  initial  tangent  modulus  of  remolded  Boston 
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blue  clay  is  tabulated  in  Table  7.6  and  plotted  in  Figure  7.8, 
and  the  resulting  expression  relating  elastic  modulus  to 
the  major  principal  consolidation  stress  is 


280 


(7.15) 


In  the  MODI A P  footing  tests  the  major  principal  consolidation 
stress  was  2.0  KG/CM^,  so  that  the  predicted  value  of  the 
elastic  subgrade  modulus,  M,  for  these  tests  is 


280  rr 


M 


1C 


1.179 


560 


1.179 


475  KG/CM ' 


2 

The  actual  average  value  of  M  was  480  KG/CM  .  Thus,  it 
appears  that  the  elastic  subgrade  modulus  can  be  accurately 
predicted  by  a  combination  of  elastic  theory  and  the  results 
of  isotropically  consolidated  undrained  triaxial  compression 
tests,  for  the  case  of  initial  settlement  of  a  rigid  circular 
footing  on  normally  consolidated  saturated  Boston  blue  clay. 
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Predicting  the  Bearing  Capacit1 


SKEMPTON  (1951)  recommended  a  bearing  capacity  factor 
of  6  for  a  shallow  footing  on  clay,  so  that 

qBC  '  Vu  '  6  SU  <7-16) 

where 

su  *  undrained  shear  strength 

The  same  three  triaxial  compression  tests  which  were  used 
to  calculate  the  elastic  subgrade  modulus  can  also  be  used 
to  determine  the  bearing  capacity.  They  yielded  the  follow¬ 
ing  values  of  s  /tf,  : 

U  1C 


TEST 

s  /tr 

U  1C 

CIUC-1 

0.263 

CIUC-2 

0.308 

CIUC-3 

0.287 

Average 

0.286 

Therefore,  the  predicted  value  of  bearing  capacity  for  the 
MODIAP  tests  is 
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q  -  (6)  (0.286)5, _  -  (6)  (0. 286)  (2)  =  3.43  KG/CM2 

BC  J.C 

2 

The  actual  average  value  of  q  was  3.48  KG/CM  .  Thus,  it 

BC 

appears  that  the  bearing  capacity  of  a  rigid  circular  footing 
on  normally  consolidated  saturated  Boston  blue  clay  can  be 
accurately  predicted  by  a  combination  of  Skempton's  bearing 
capacity  factor  and  the  results  of  isotropically  consolidated 
undrained  triaxial  compression  tests.  As  a  matter  of  interest, 
the  bearing  capacities  and  bearing  capacity  factors  for  the 
seven  individual  tests  are  shown  below. 


TEST 

qBC 

kg/cm2 

Nc 

102 

3.70 

6.47 

103 

3.43 

6.00 

104 

3.28 

5.73 

105 

3.68 

6.43 

107 

3.23 

5.65 

108 

3.33 

5.82 

109 

3.70 

6.47 

Average 

3.48 

6.08 
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Predicting  the  Plastic  Settlement  Parameter 


The  plastic  settlement  parameter,  P5Q,  is  tlie  parameter 
which  distinguishes  a  local  from  a  general  bearing  capacity 
failure;  TERZAGHI  and  PECK  (1967),  It  is  the  opinion  of  the 
Writer  that  the  value  of  is  determined  primarily  by  the 
overconsolidation  ratio  for  saturated  clays.  Unfortunately, 
time  did  not  permit  an  experimental  investigation  of  the 
influence  of  overconsolidation  ratio  on  the  plastic  settle¬ 
ment  parameter,  under  Project  MODIAP. 

For  the  sake  of  comparison,  values  of  the  plastic  settle 
ment  parameter  for  a  few  soils  other  than  resedimented  Boston 
blue  clay  are  shown  below. 


SOIL 

REFERENCE 

P50 

Remolded  London  Clay 

SKEMPTON  (1951) 

1.25 

Yellow  Clay,  Wayne  County, 

Michigan 

HOUSEL  (1928) 

0.260 

Expansive  Clay,  Lackland  AFB 

LACKLAND  AFB 
(1968) 

1.00 

Wet  Silty  Clay 

OSTERBERG  (1948) 

4.19 
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Information  needed  to  accurately  predict  the  plastic 
settlement  parameter  can  be  obtained  in  at  least  two  ways: 

1)  by  a  series  of  model  footing  tests,  in  which  over¬ 
consolidation  ratio  is  the  primary  independent 
variable ,  and 

2)  by  a  parametric  computer  study  using  the  finite 
element  method. 

The  type  of  stress-strain  relation  to  be  used  in  a  finite 
element  parametric  study  will  depend  upon  whether  the  soil 
is  cross  anisotropic  or  isotropic.  When  the  soil  is  cross 

'>  a 

anisotropic,  use  should  be  made  of  the  results  of  Chapter  5. 
When  the  soil  is  isotropic,  a  stress-strain  relation  can  be 
formulated  by  extending  the  results  of  Chapter  6.  Both  cases 
will  now  be  discussed  in  more  detail. 

Finite  element  computer  programs  are  available  which 
can  accommodate  a  bilinear  stress-strain  relationship.  When 
the  soil  is  cross  anisotropic,  use  can  be  made  of  a  suggestion 
by  D'APPOLONIA  (1968)  that  the  criterion  for  changing  the 
slope  of  the  stress-strain  relationship  at  a  point  in  the 
soil  be  the  undrained  shear  strength  at  that  point.  The 
method  for  specifying  the  variation  of  undrained  shear 


strength  with  the  angle  0,  between  the  major  principal 
stress  axis  at  failure  and  the  material  axis  should  be  that 
introduced  in  Chapter  5,  because  the  qQ  effect  will  probably 
be  the  most  important  cause  of  variation  in  undrained  shear 
strength  with  the  angle  /8.  The  slopes  of  the  bilinear 
stress-strain  relationship  can  be  determined  as  functions 
of  the  overconsolidation  ratio  by  a  series  of  conventional 
triaxial  tests. 

When  the  soil  is  isotropic,  an  empirical  stress-strain 
relationship  of  deformation  type  can  be  formulated  by 
extending  the  results  of  Chapter  6.  The  stress-strain 
equations  for  a  homogeneous,  isotropic,  linearly  elastic 
material  are 

"OCT  "  K  CVOL 

r  *  G  X 
'OCT  aOCT 

M-  "  T) 

where 

t  gl  +  g2  +  ”3 
"OCT  "  3 


(7.17) 

(7.18) 

(7.19) 

4 

(7.20) 
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•*.  A 


tOCT  “3  V  <<T1  "  °2)2  +  <"2  -  "s’2  +  ^3  -  "l'2 


(7.21) 


a  - 

2 


'O’  +  CT 

1 _ 3 


(7.22) 


and 


*VOL  "  3fOCT  "  *1  +  (2  +  f3 


(7.23) 


OCT 


f  ^*7- 


C2^  +  ^f2  "  f3^  +  ^f3  ” 


lla 


V  - 


2  \  2 


'fl _ 111 


(7.24) 


(7.25) 


K  is  the  bulk  modulus  and  G  is  the  shear  modulus.  It  seems 
reasonable  to  formulate  stress-strain  relations  for  an 
isotropic  soil  in  terms  of  the  above  octahedral  stress  and 
strain  invariants,  not  only  because  they  have  fundamental 
physical  significance,  but  also  because  the  elastic  stress- 
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strain  relations  then  serve  as  a  convenient  reference  point. 
Therefore,  the  following  initial  assumptions  will  be  made: 

1)  The  soil  is  isotropic. 

2)  The  principal  axes  of  stress  and  strain  coincide. 

3)  The  soil  obeys  a  deformation- type  stress-strain 
relationship,  of  the  form 


€VOL  "  F1  ^OCT'  tOCT'  ^ 
^  OCT  =  F2  ^OCT'  rOCT'  ^ 


V 


^oct'  toct'  ^ 


(7.26) 

(7.27) 

(7.28) 


The  above  stress-strain  equations  imply  that  contours 
of  constant  volumetric  strain,  octahedral  shear  strain  or 
Lode's  strain  parameter  are  surfaces  in  principal  stress 
space.  Rendulic  assumed  that  surfaces  of  constant  volumetric 
strain  (isochors)  were  surfaces  of  revolution,  with  the 
hydrostatic  axis  as  the  axis  of  revolution.  Thus  he  was 
able  to  portray  a  volumetric  stress-strain  relationship 
by  means  of  contours  in  a  two-dimensional  plot.  However, 
he  was  not  able  to  investigate  the  validity  of  his  assumption. 
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Bell's  discovery  that  contours  of  equal  volumetric 

■V 

^  strain  and  equal  octahedral  shear  strain,  in  an  octahedral 

plane  (anr,T  ■  constant)  stress  plot,  are  approximately 
geometrically  similar  supplied  a  more  realistic  alternative 
to  Rendulic's  surface  of  revolution  assumption.  Bell's 
experimental  data  and  the  work  of  Lomize  and  Kryzhanovsky , 
and  Topping  suggest  the  following  additional  assumptions: 

4)  Contours  of  volumetric  strain,  cVOL*  and  octahedral 

shear  strain,  a  ,  in  an  octahedral  plane  are 
OCT 

geometrically  similar. 

5)  The  shape  of  strain  contours  is  the  same  for  all 
octahedral  planes,  and  the  size  of  the  contours 
is  determined  by  the  minimum  void  ratio  ever 
attained  and  the  present  void  ratio.  In  other 
words,  the  soil  exhibits  normalized  behavior. 

6)  The  shape  of  a  strain  contour  in  an  octahedral  plane 
is  given  by  the  expression 


r  -  rc  r 


(7.29) 
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where 


1  +  r^/r,, 

r  -  i - -*-£|  + 


1  -  VRc 


cos  2od 


(7.30) 


(T 


OCT 


(7.31) 


COS  CO 


u/ifT 


(7.32) 


Rc  “  R(p.  -  -1) 


(7.33) 


Re  "  R((x  “  1) 


(7.34) 


See  Figures  6.5  and  B.6. 


7)  Lode's  stress  and  strain  parameters  are  equal, 


The  resulting  stress-strain  equation,  which  can  be  represented 
by  contours  in  a  two-dimensional  plot  are 


f  VOL 


H,  (a 


OCT'  r0CT 


,/r  ) 


(7.35) 


'■OCT 


H2  ^OCT'  TOCT^r  * 


(7.36) 


T?  -  [l 


(7.37) 
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The  contours  represented  by  Equation  (7.35)  are  undrained 
effective  stress  paths.  Those  represented  by  Equation  (7.36) 
are  strength  mobilization  contours.  See  Figure  7.9.  Both 
sets  of  contours  can  be  obtained  from  conventional  triaxial 
compression  and  extension  tests,  and  can  be  incorporated 
into  a  finite  element  computer  program  by  means  of  fitted 
curves.  Thus  it  should  be  possible  to  investigate  the  in¬ 
fluence  of  any  stress -strain  parameter  on  any  of  the  three 
settlement  parameters. 

The  experimental  data  which  suggested  the  above  approach 
were  for  isotropically  consolidated  soils.  The  influence 
of  anisotropic  consolidation  is  not  certain. 

The  above  approach  can  perhaps  be  viewed  as  a  generalization 

»  ) 

of  the  stress-strain  theory  developed  by  the  Cambridge  Group, 

with  toct  rePlaced  hy  toCT /r  • 

Useful  Range  of  Elastic  Theory  in  Predicting  Initial  Settlement 

The  useful  range  of  elastic  theory  in  predicting  initial 
settlement  depends  on  the  value  of  the  plastic  settlement 
parameter.  As  the  overconsolidation  ratio  increases  the 
plastic  settlement  parameter  decreases  and  the  useful  range 
of  elastic  theory  increases.  The  useful  range  can  be  calculated 
by  rewriting  Equation  (7.4) .  An  elastic  analysis  will  under- 
_  estimate  initial  settlement  by  50%  (*  =  0.50  *)  when  the 
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settlement  magnification  factor  is  unity,  and  the  safety 
factor  is 


<sf)el  ■  fso  +  1 

For  the  seven  MODIAP  tests,  the  limit  of  usefulness  of 
elastic  theory  is  shown  below. 


TEST 

(sF)el 

102 

1,9 

103 

3.3 

104 

2.5 

105 

3.7 

107 

2.2 

108 

2.1 

109 

3.2 

The  average  safety  factor  at  which  elastic  theory  is  no 
longer  useful  for  estimating  initial  settlement  for  these 
tests  is  2.7.  Since  this  is  not  a  large  safety  factor,  it 
appears  that  elastic  theory  is  useful  in  many  practical  cases 
for  predicting  initial  settlement.  At  this  safety  factor 
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the  maximum  shear  stress  along  the  footing  axis,  as  pre¬ 
dicted  by  elastic  theory,  is  about  0.45  times  the  undrained 
shear  strength  for  a  rigid  circular  footing,  and  about 
0.65  times  the  undrained  shear  strength  for  a  uniform 
circular  load,  so  there  should  be  no  difficulty  in  applying 
the  stress  path  method  proposed  by  LAMBE  (1964) . 

Size  Effects 

If  the  settlement  of  a  surface  footing  under  a  given 
pressure  is  not  proportional  to  the  size  of  the  footing,  it 
is  due  to  variation  of  soil  stress-strain  characteristics  with 
depth.  The  large  MODIAP  bins  were  not  intended  to  investigate 
size  effects,  but  rather  to  permit  measurements  of  total 
stress,  pore  pressure  and  displacement  at  points  within  the 
clay,  with  devices  which  could  be  considered  fairly  small 
compared  with  the  footing  dimensions.  It  is  doubtful  if 
size  effects  would  have  been  evident  in  the  MODIAP  tests, 
because  the  stress  history  of  the  clay  was  to  have  been 
essentially  constant  with  depth. 
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Formulas  based  on  simplified  assumptions  can  be  found 
in  several  textbooks,  which  attempt  to  reflect  the  influence 
of  footing  size  on  settlement.  However,  these  formulas 
may  not  be  applicable  in  many  practical  cases,  because  the 
assumed  mode  of  variation  of  strength  or  compressibility 
with  depth  may  be  far  from  the  truth.  In  practice,  it  is 
best  to  plot  the  undrained  shear  strength,  the  initial  tan¬ 
gent  modulus  and  the  plastic  strain  parameter  VERSUS  depth, 
and  then  use  average  values  of  these  parameters  in  predict¬ 
ing  the  values  of  the  three  settlement  parameters. 

influence  of  Stress  System 

The  model  footing  tests  conducted  by  the  Writer  under 
project  MOOIAP  and  discussed  in  this  chapter  do  not,  by 
themselves,  reveal  the  influence  of  stress  system  variables 
on  load-settlement  behavior,  because  they  were  all  run  on 
normally  consolidated  clay.  Had  their  purpose  been  to  in¬ 
vestigate  the  influence  of  stress  system  variables,  then  in 
view  of  the  information  developed  in  Chapters  3-5,  it  is 
clear  that  they  should  have  been  run  on  clay  at  several 
stages  of  overconsolidation.  The  main  reason  for  doing 
so  is  to  observe  the  influence  of  anisotropic  initial  stresses. 


640 


i.e.  the  qQ  effect.  The  end  result  would  be  a  plot  of  the 

modulus  of  subgrade  reaction,  M,  the  ultimate  bearing  capacity, 

qfic,  and  the  plastic  settlement  parameter,  p5Q,  as  a  function 

of  the  overconsolidation  ratio,  OCR  *  n  w,  ,/r r  for  a  given 

uv,MAX  vo 

initial  effective  stress. 

If  all  the  footing  tests  are  run  on  material  at  the  same 
initial  average  effective  stress, 

p  »  1.5  KG/CM2 

and  if  the  modulus  of  subgrade  reaction  is  proportional  to 
the  maximum  past  vertical  effective  stress, 


M  -  237.5 


ctv,MAX 


then  the  modulus  of  subgrade  reaction  can  be  calculated  from 

the  relationship  between  OCR  and  K  .  See  D'APPOLONIA  (1968, 

o 

73).  These  calculations  are  performed  in  Table  7.7. 

The  ultimate  bearing  capacity  q  for  anisotropic  soils 
can  be  calculated  from  results  presented  by  DAVIS  AND 
CHRISTIAN  (1971),  provided  the  directional  variation  of 
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undrained  shear  strength  is  known,  and  that  can  be  obtained 
by  the  method  presented  in  Chapter  5.  The  results  shown  in 
Figure  7.10  were  obtained  by  assuming  that 

$  -  26° 

and  that  the  pore  pressure  response  is  isotropic,  with  Af 
varying  with  OCR  in  a  manner  similar  to  that  for  remolded 
Weald  Clay;  HENKEL  (1958,  Fig.  8).  The  assumption  of 
isotropic  strength  parameters  and  pore  pressure  response 
was  made  here  because  of  lack  of  conclusive  test  data  to 
the  contrary  for  resedimented  Boston  blue  clay,  but  such  an 
assumption  is  not  essential  to  the  method  developed  in 
Chapter  5.  The  calculations  of  ultimate  bearing  capacity 
are  performed  in  Table  7.8. 

An  analysis  of  the  results  of  a  finite  element  computer 
study  reported  by  D'APPOLONIA  (1968)  suggests  a  possible 
connection  between  the  plastic  settlement  parameter  p__ 
and  the  parameter 
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where 


s  -  s  q.(0)  -  q _(90) 
uv  uh  f _  f 


s  +  s  q*(0)  +  q-(90) 

uv  uh  f _  f 


°i :  *3 


The  parameter  4  is  the  ratio  of  the  distance  between  the 

q  point  in  Figure  7.10  and  the  midpoint  of  the  horizontal 
o 

axis  of  the  polar  strength  plot,  divided  by  one  half  the 

length  of  that  axis.  It  appears  that  when  the  material  is 

normally  consolidated,  and  the  parameter  is  near  1.0 

(qQ  point  near  the  right  hand  portion  of  the  polar  strength 

plot) ,  local  yielding  beneath  the  footing  begins  at  fairly 

low  contact  stresses.  But  this  zone  of  initial  yielding 

directly  beneath  the  footing  is  contained  by  the  surrounding 

material  which  has  not  yet  yielded  and  so  ultimate  failure 

is  delayed.  Because  of  the  early  initial  yielding,  the 

plastic  settlement  parameter  p ^  is  relatively  large .  As 

the  overconsolidation  ratio  increases,  so  does  K  ;  the 

o 

qQ  point  moves  in  toward  the?  origin  of  the  polar  strength 
plot,  and  the  parameter  4q  decreases.  Initiation  of  yield¬ 
ing  is  delayed,  but  yielding  of  the  material  which  provides 
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lateral  confinement  for  the  material  directly  beneath  the 
footing  occurs  sooner  after  the  latter  material  begins  to 
yield,  and  the  transition  to  the  penetration  phase  occurs 
more  rapidly.  A  general  bearing  capacity  failure  results. 
Figure  7.11  is  a  plot  of  the  plastic  settlement  parameter 
P5Q  VERSUS  the  parameter  po  for  seven  cases  investigated  by 
D'APPOLONIA  (1968) .  The  values  of  were  measured  graph¬ 
ically.  There  does  appear  to  be  a  relationship  between  p, 
and  p5Q,  and  on  this  basis  a  relationship  between  and 
p5Q  for  the  Boston  blue  clay  used  in  MODIAP  has  been  estimated, 
using  the  one  measured  value  obtained  by  the  Writer  and 
assuming  a  trend  similar  to  that  shown  by  D'Appolonia  data. 

The  resulting  relationship  between  the  overconsolidation  ratio 
and  the  plastic  settlement  parameter  is  shown  in  Table  7.9. 

The  load-settlement  curves  in  Figure  7.12  have  been 
calculated  using  the  values  of  M,  qBC  and  p5Q  from  Tables  7.7, 
7.8  and  7.9,  which  are  also  summarized  below. 


OCR 

M 

qBC 

P50 

KG/CM2 

kg/cm2 

1.0 

475 

3.24 

1.69 

1.5 

677 

4.38 

1.05 

to 

. 

o 

843 

5.37 

0.63 

3.0 

1169 

7.08 

0.45 

4.0 

1477 

8.58 

0.36 

5.0 

1781 

10.20 

0.32 
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The  difference  between  the  ultimate  bearing  capacity  for  the 

2 

normally  consolidated  case  predicted  here  (3.24  KG/CM  )  and 

2 

that  predicted  earlier  (3.43  KG/CM  )  is  due  to  a  slight 
difference  in  the  assumed  pore  pressure  response,  and  to  the 
use  of  the  average  of  the  vertical  and  horizontal  strengths 
here,  while  the  previous  prediction  used  only  the  vertical 
strength.  The  difference  in  q  is  small  (6%) .  Plots  of 
M,  q  and  p^Q  VERSUS  OCR  appear  in  Figure  7.13. 

The  above  calculations  illustrate  how  the  information 
developed  in  Chapters  3,  4  and  5,  dealing  with  anisotropy  of 
the  effective  stress  shear  strength  parameters,  anisotropic 
pore  pressure  response  and  the  qQ  effect  can  be  applied  to 
the  prediction  of  initial  settlement.  The  information  pre¬ 
sented  in  Chapter  6  serves  mainly  to  justify  confidence  in 
the  reliability  of  the  Revised  Coulomb  strength  equation  in 
the  solution  of  practical  problems. 

Summary 

A  method  for  predicting  initial  settlement  has  been 
introduced,  which  depends  on  three  empirical  parameters: 
Terzaghi's  elastic  subgrade  modulus,  the  bearing  capacity 
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and  the  plastic  settlement  parameter.  The  plastic  settle¬ 
ment  parameter,  which  is  introduced  in  this  chapter,  is  the 
ratio  of  plastic  to  elastic  settlement  at  a  safety  factor 
of  two.  The  first  two  parameters  can  be  accurately  predicted 
by  means  of  conventional  triaxial  compression  tests.  More 
information  is  needed  to  be  able  to  accurately  predict  the 
plastic  settlement  parameter.  Major  steps  toward  obtaining 
this  information  are  the  method  for  determining  undrained 
shear  strength  as  a  function  of  the  orientation  of  the  prin¬ 
cipal  stresses  at  failure,  introduced  in  Chapter  5,  and  gen¬ 
eral  isotropic  stress-strain  equations  introduced  in  this 
chapter  by  extending  results  presented  in  chapter  6. 


<> 

f 

A 


1  i 


g 

s 

Eh 

W 

w 

Eh 


2 

03 

rH 

rH 

<T> 

<n 

CTi 

<n 

o\ 

O'! 

O' 1 

03 

rH 

<o 

H 

CN 

CM 

in 

in 

C" 

c n 

rH 

<n 

VO 

av 

av 

CN 

CM 

00 

rH 

o 

o 

• 

O 

• 

o 

• 

O 

• 

o 

• 

o 

• 

o 

• 

o 

• 

rH 

• 

rH 

• 

CM 

• 

CN 

• 

CO 

• 

i 

• 

in 

• 

in 

• 

VO 

• 

n* 

o 

o 

rH 

KG 

vo 

VO 

VO 

VO 

VO 

(Ti 

<n 

<n 

CO 

CO 

CO 

VO 

vO 

VO 

00 

00 

00 

Ov 

b 

CO 

a 

• 

• 

• 

• 

• 

• 

• 

• 

• 

00 

ft 

ft 

00 

• 

• 

• 

• 

* 

ft 

b 

o 

0 

in 

in 

in 

rH 

rH 

rH 

00 

-vf 

o 

o 

o 

VO 

2 

rH 

in 

in 

in 

VO 

vO 

VO 

VO 

VO 

VO 

p' 

t'- 

00 

00 

00 

00 

Eh 

rH 

CO 

W 

Eh 

2 

<N 

CN 

m 

o 

in 

p* 

in 

CM 

00 

CO 

CM 

00 

r* 

in 

CM 

CM 

o 

o 

-p 

H 

Ov 

rH 

CM 

in 

vO 

CTi 

CM 

in 

00 

CTi 

rH 

CO 

vO 

<n 

o 

o 

2 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

b 

• 

• 

• 

ft 

0 

rH 

CM 

CM 

CM 

CM 

CM 

CM 

co 

CO 

CO 

CO 

CO 

tj* 

Ht 

in 

o 

•O 


a 

H 


o.  g 


rH 

O 


§ 

w| 


CN 

o 


o 

CO 

CO 

CO 

p* 

o 

o 

ft 

rH 

CM 

!N 

CM 

•n 

IT* 

9 

• 

• 

ft 

• 

• 

• 

0 

• 

• 

9 

• 

O 

• 

0 

b 

b 

b 

c 

o 

rH 

rH 

rH 

CM 

CM 

CN 

CO 

CO 

CO 

in 

in 

2 

H 

CM 

CM 

CM 

o 

CO 

rH 

rH 

rH 

CM 

CM 

CN 

CO 

CO 

CO 

rH 

CM 

CN 

CN 

CO 

CO 

-p 


VO 

p- 

o 

CO 

o 

in 

VO 

in 

o 

o 

o 

rH 

rH 

CM 

CO 

CM 

o 

o 

rH 

rH 

CN 

CO 

VO 

rH 

in 

CO 

00 

o 

o 

o 

o 

o 

o 

rH 

o 

o 

o 

o 

O 

o 

o 

o 

rH 

rH 

'Ifr 

o 

o 

o 

o 

o 

o 

0 

9 

• 

• 

• 

• 

• 

• 

• 

• 

• 

ft 

• 

ft 

ft 

ft 

ft 

0 

ft 

o 

rH 

£h 

CO 

• 

H 

o 

r- 

u 

rH 

W 

< 

cu 

Q» 

KG 

VO 

VO 

in 

in 

r~ 

P* 

<n 

<n 

rH 

rH 

't 

• 

rH 

H 

CM 

CM 

CM 

in 

VO 

P 

< 

ft 

ft 

• 

ft 

ft 

ft 

ft 

• 

• 

• 

• 

ft 

o 

• 

ft 

ft 

ft 

€ 

0 

0 

tg 

u 

in 

in 

VO 

vO 

vO 

CM 

CM 

Ov 

<T> 

in 

2 

rH 

rH 

CM 

CM 

CM 

CO 

< 

Ht 

in 

in 

VO 

VO 

VO 

r" 

P* 

n* 

C" 

00 

rH 

H 

CM 

CM 

CM 

CO 

Eh 

o 

Eh 

2 

C/3 

H 

W 

« 

Eh 

s 

m 

2 

in 

00 

in 

in 

CM 

o 

in 

00 

P» 

CO 

in 

CO 

o 

O 

00 

P' 

00 

r* 

-P 

H 

p' 

o 

CM 

o 

CM 

H# 

H 

CO 

p- 

00 

o 

in 

in 

P* 

O 

rH 

vO 

S 

ft 

ft 

ft 

ft 

ft 

ft 

ft 

ft 

• 

ft 

ft 

ft 

ft 

0 

e 

0 

0 

u 

0 

& 

< 

H 

H 

CM 

CM 

CM 

CM 

CO 

CO 

CO 

in 

in 

o 

o 

o 

O 

H 

rH 

rH 

Q 

o 

o 

CO 

in 

00 

av 

in 

rH 

00 

m 

in 

rH 

rH 

CM 

<N 

N* 

o 

o 

o 

o 

rH 

i— 1 

rH 

CO 

10 

VO 

rH 

CM 

o 

O 

o 

O 

O 

O 

o 

o 

o 

o 

O 

o 

O 

o 

O 

O 

in 

in 

O 

o 

O 

o 

O 

O 

o 

o 

in 

p' 

CO 

o 

r* 

CO 

LO 

CO 

in 

O 

O 

00 

o 

00 

If) 

in 

o 

rH 

CO 

VO 

00 

rH 

CO 

LO 

r*- 

03 

o 

o 

m 

CT> 

o 

*n 

ft 

• 

• 

ft 

ft 

• 

ft 

• 

0 

0 

• 

ft 

0 

0 

0 

0 

u 

0 

o 

o 

o 

o 

o 

rH 

rH 

rH 

rH 

rH 

CM 

CM 

o 

o 

o 

r—* 

rH 

rH 

647 


■ 


MODIAP  BEARING  CAPACITY  TEST  DATA 


j  ii..  ill  | lull'll 'M J 


.iui.i.ij  ■IU.  . 


z 

H 


u 

0*  g 


z 

-M  H 
2 


(N 

i" 

p» 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

rH 

«H 

CM 

CO 

TP 

O 

CM 

co 

CO 

CM 

ID 

O 

CM 

ID 

ID 

Cn 

o 

o 

o 

O 

o 

O 

iH 

rH 

CM 

CO 

CO 

ID 

ID 

ID 

10 

V0 

0» 

o 

o 

o 

o 

o 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

« 

• 

• 

• 

• 

• 

o 

o 

rH 

ID 

in 

00 

00 

00 

CM 

CM 

CM 

TP 

^p 

^P 

to 

• 

•H 

rH 

CM 

CM 

ID 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

o 

• 

• 

• 

• 

• 

OV 

cn 

ID 

in 

ID 

CM 

CM 

CM 

00 

00 

00 

*P 

z 

rH 

iH 

CM 

CM 

CO 

IX) 

10 

r-' 

r" 

0* 

00 

00 

00 

00 

00 

00 

CTi 

C_| 

iH 

»H 

CM 

CM 

CO 

w 

w 

Eh 

0- 

o 

CM 

r* 

CO 

CM 

ID 

I"- 

00 

CM 

o 

CO 

r- 

O 

00 

CM 

in 

cn 

pH 

CM 

r* 

cn 

O 

*p 

r* 

OV 

o 

cn 

o 

VO 

I-" 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

Mp 

rp 

«sp 

ID 

ID 

ID 

ID 

to 

to 

V0 

to 

o 

o 

rH 

pH 

rH 

rH 

pH 

CM 

CO 

<P 

{-' 

00 

CM 

<p 

ID 

o 

CO 

in 

CM 

ID 

00 

CM 

CM 

o 

o 

O 

o 

O 

O 

o 

i H 

H 

iH 

CM 

CM 

CM 

CO 

CO 

CO 

ID 

tO 

o 

• 

o 

• 

o 

• 

o 

• 

O 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

O 

• 

O 

• 

O 

• 

o 

• 

O 

• 

o 

• 

O 

• 

o 

• 

ft  U 


in  I 

o 


o 

z 

W| 

£ 


rH 

rH 

CM 

CM 

ID 

ID 

10 

10 

to 

r- 

r* 

0> 

o 

o 

o 

CM 

CM 

CM 

ID 

rH 

rH 

CM 

CM 

CO 

CO 

TP 

^p 

<p 

o 

o 

o 

r- 

CO 

CO 

CO 

OV 

pH 

rH 

CM 

CM 

CO 

CO 

It 

"*p 

<p 

ID 

ID 

ID 

ID 

ID 

ID 

tO 

ID 

10 

to 

z 

o 

r* 

ID 

CO 

CO 

00 

00 

r» 

ID 

00 

CO 

CO 

CO 

00 

00 

CM 

o 

o 

o 

H 

s 

o 

CO 

TP 

ov 

o 

^p 

ID 

r* 

O 

H 

*P 

00 

o 

CM 

rP 

o 

cn 

o 

o 

o 

o 

o 

H 

rH 

rH 

pH 

CM 

CM 

CM 

CM 

CM 

CO 

CO 

CO 

CO 

CO 

4 

<o 


z 

H 


CM 

CO 

^p 

10 

o 

CO 

rH 

CO 

o 

10 

o 

00 

00 

ID 

ID 

ID 

o 

ID 

ID 

ID 

O 

o 

o 

o 

rH 

rH 

CM 

CM 

CO 

CO 

^p 

ID 

t0 

0- 

<7! 

CM 

*p 

CM 

00 

CM 

o 

• 

o 

f 

o 

• 

o 

• 

o 

0 

o 

• 

O 

• 

O 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

O 

• 

rH 

« 

rH 

• 

CM 

• 

CM 

• 

CO 

* 

'O 

<u 

p 

c 

■H 

-P 

c 

o 

u 


«•  § 


z 

•P  H 
2 


CO 

^p 

^P 

ID 

ID 

10 

t0 

CO 

CO 

00 

rH 

rH 

rH 

<P 

*p 

TP 

r> 

r- 

o 

rH 

CM 

CM 

CO 

CO 

<p 

o 

o 

o 

r* 

r'' 

0* 

CO 

CO 

CO 

cn 

cn 

cn 

io 

rH 

CM 

CM 

CO 

CO 

*p 

^p 

ID 

ID 

ID 

ID 

ID 

ID 

10 

10 

V0 

io 

VO 

io 

r" 

r> 

CM 

r* 

o 

CO 

in 

CO 

ID 

CM 

o 

CM 

C' 

o 

CM 

CM 

CO 

CM 

00 

CM 

*P 

V0 

o 

CM 

UO 

r' 

pH 

CM 

'P 

V0 

o 

^P 

00 

o 

CM 

V0 

00 

rH 

CO 

ID 

o 

o 

rH 

rH 

rH 

rH 

CM 

CM 

CM 

CM 

CO 

CO 

CO 

rp 

^P 

^P 

^p 

ID 

ID 

ID 

648 


069  2.05  33.5  .006 


rH 

in 

CN 

co 

CO 

CO 

in 

CO 

CO 

CO 

00 

CO 

CO 

CO 

CO 

CO 

00 

in 

•o  S 

** 

in 

ID 

CO 

O' 

o 

CM 

in 

CO 

rH 

00 

o 

CO 

00 

rH 

rH 

in 

CO 

o 

• 

o 

• 

O 

• 

o 

ft 

o 

• 

H 

• 

rH 

• 

rH 

• 

rH 

• 

CM 

ft 

CM 

ft 

CO 

ft 

CO 

ft 

ft 

ft 

in 

• 

iD 

ft 

ID 

• 

a 

P 

KG 

r* 

• 

r* 

• 

• 

o 

ft 

o 

• 

o 

• 

CN 

• 

CM 

ft 

CM 

ft 

in 

• 

in 

• 

in 

• 

00 

ft 

00 

ft 

CO 

ft 

CM 

ft 

CM 

• 

CM 

« 

«* 

o 

o 

o 

r* 

c- 

CO 

CO 

CO 

O' 

O' 

O' 

in 

in 

in 

CM 

CM 

CM 

00 

in 

in 

in 

in 

in 

in 

10 

ID 

ID 

ID 

ID 

ID 

00 

00 

00 

00 

E-i 

c* 

CO 

00 

co 

00 

O 

O 

CO 

O 

CO 

O 

CM 

CM 

00 

t''- 

o 

c- 

CO 

CM 

< 

Z 

ID 

00 

O' 

H 

CM 

in 

id 

CO 

O' 

rH 

CM 

CO 

f" 

00 

O' 

rH 

p 

4J  H 

ft 

ft 

ft 

• 

ft 

ft 

• 

ft 

ft 

ft 

• 

ft 

ft 

ft 

ft 

ft 

ft 

G 

0 

TEST 

X 

rH 

rH 

rH 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

rH 

O' 

vo 

rH 

VO 

VO 

CM 

CM 

CO 

in 

c- 

00 

rH 

in 

VO 

CO 

m 

«o 

<4 

rH 

rH 

m 

00 

O' 

00 

O 

O 

o 

o 

o 

o 

rH 

rH 

rH 

CM 

CO 

H 

rH 

rH 

rH 

rH 

rH 

CO 

o 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

u 

• 

• 

• 

• 

• 

ft 

ft 

ft 

ft 

• 

ft 

ft 

ft 

• 

ft 

0 

0 

•H 

< 

• 

a> 

r-> 

r'- 

< 

o 

u 

rH 

3 

o 

CM 

VO 

VO 

• 

rH 

rH 

rH 

<* 

T* 

in 

m 

in 

VD 

VO 

(Q 

z 

A 

w 

ft 

• 

• 

• 

ft 

ft 

o 

• 

• 

• 

ft 

ft 

ft 

ft 

ft 

ft 

ft 

ft 

2 

H 

HH 

CM 

CO 

00 

00 

Tf 

* 

z 

rH 

rH 

rH 

CM 

CM 

CM 

CO 

CO 

CO 

Eh 

« 

00 

00 

00 

00 

O' 

O' 

H 

H 

rH 

CM 

CM 

CM 

CO 

CO 

CO 

h 

W 

CD 

m 

W 

cu 

< 

53 

in 

CO 

o 

CM 

r- 

O 

00 

[•" 

00 

O 

> 

r- 

CO 

CO 

CO 

H 

-P 

H 

VO 

O' 

CM 

CO 

o 

rH 

CO 

VO 

00 

o 

H 

"M 

P 

s 

ft 

ft 

ft 

ft 

ft 

ft 

• 

ft 

ft 

ft 

ft 

ft 

ft 

0 

ft 

0 

Q 

r» 

00 

00 

o 

o 

o 

o 

o 

o 

o 

H 

rH 

rH 

rH 

r> 

O' 

CM 

in 

VO 

o 

CM 

CO 

VO 

CM 

CO 

O' 

rH 

VD 

rH 

CO 

00 

o 

o 

iH 

rH 

rH 

CM 

CM 

CM 

CM 

CO 

CO 

CO 

in 

VD 

VD 

00 

00 

o 

o 

O 

O 

o 

O 

O 

O 

o 

O 

o 

o 

O 

o 

O 

O 

O 

o 

o 

0  ft  g 


in 

vo 

VD 

vo 

c* 

r* 

o 

o 

o 

CM 

CM 

CM 

in 

in 

00 

00 

00 

CM 

CO 

o 

o 

o 

r* 

r* 

C' 

CO 

CO 

CO 

O' 

O' 

in 

in 

in 

CM 

CO 

** 

in 

in 

in 

in 

in 

in 

VO 

vo 

VO 

VO 

VO 

r-~ 

r* 

r>- 

00 

d 

z 

t" 

CO 

r" 

O 

00 

CM 

00 

in 

CO 

CM 

in 

00 

CM 

o 

r" 

CM 

in 

o 

0 

4J  H 

CM 

vo 

rH 

CM 

O' 

rH 

CO 

00 

O' 

CM 

VD 

o 

H 

VD 

00 

u 

s 

ft 

ft 

ft 

• 

ft 

ft 

ft 

• 

ft 

ft 

• 

ft 

• 

ft 

« 

« 

0 

CM 

CM 

CM 

CO 

CO 

CO 

CO 

Tj- 

in 

in 

in 

vo 

VO 

VD 

vD 

VO 

649 


= 13  82.2  .101  1.55  44.6  .035 


MODIAP  BEARING  CAPACITY  TEST  DATA 


CU  « 


A  X 


*  g 


00 

o 

co 

r** 

o 

o> 

in 

co 

in 

r» 

o 

o 

o 

o 

in 

in 

o 

o 

in 

in 

o 

rH 

rH 

rH 

CM 

CM 

co 

10 

00 

o 

in 

o 

ro 

rH 

in 

00 

CO 

10 

00 

o 

• 

o 

• 

o 

• 

o 

• 

O 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

t 

H 

• 

rH 

• 

CM 

• 

CM 

• 

co 

• 

CO 

• 

m 

• 

• 

• 

• 

CM 

CO 

CO 

CO 

f" 

rH 

rH 

rH 

* 

r» 

r*» 

O' 

O' 

CO 

** 

in 

in 

in 

10 

10 

10 

CO 

CO 

CO 

on 

O' 

O' 

in 

in 

in 

H 

i H 

CO 

in 

in 

in 

V0 

10 

10 

r* 

r* 

00 

00 

00 

O' 

O' 

00 

00 

CM 

p* 

CM 

o 

CM 

00 

00 

CM 

CO 

00 

in 

in 

CO 

r* 

r» 

o 

in 

CO 

V0 

rH 

00 

O' 

rH 

CM 

id 

00 

O' 

CM 

io 

O' 

rH 

CM 

10 

O' 

00 

00 

oo 

4 

'Sj' 

tJ1 

'Cf 

uo 

in 

in 

in 

in 

10 

10 

i0 

vo 

O' 

r* 

r* 

rH 

rH 

rH 

rH 

H 

10 

rH 

H 

rH 

10 

rH 

o 

rH 

rH 

CO 

CO 

■V* 

in 

CO 

00 

CO 

CO 

CO 

in 

CO 

CM 

CM 

10 

CM 

o 

o 

o 

o 

o 

o 

o 

o 

CO 

• 

co 

• 

• 

■<* 

• 

in 

• 

in 

• 

10 

• 

• 

00 

• 

00 

• 

O' 

• 

o 

• 

o 

t 

o 

• 

o 

§ 

o 

• 

o 

• 

o 

• 

o 

• 

in 

in 

p~ 

r* 

O' 

O' 

O' 

CM 

CM 

CM 

» 

o 

H 

rH 

CM 

CM 

CM 

CM 

CM 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

o 

• 

• 

• 

t 

• 

• 

• 

• 

CO 

CO 

O' 

O' 

O' 

in 

m 

in 

CM 

CM 

CM 

z 

o 

rH 

rH 

CM 

CM 

CM 

CO 

CO 

io 

VO 

vo 

vo 

VO 

r> 

r-* 

r~ 

00 

00 

00 

rH 

rH 

CM 

CM 

CM 

CO 

CO 

z 

00 

o 

00 

o 

00 

CM 

CM 

00 

CO 

CM 

in 

o 

CM 

00 

r* 

Is* 

o 

CO 

00 

■P  H 

rH 

in 

r« 

00 

O 

rH 

CO 

in 

V0 

C" 

o 

CM 

in 

O' 

CM 

VO 

VO 

O' 

s 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

CO 

CO 

co 

co 

CO 

*}• 

o 

o 

o 

o 

rH 

H 

rH 

CM 

o 

VO 

CO 

't 

00 

O' 

H 

Is* 

o 

rH 

O' 

rH 

VO 

rH 

VO 

vo 

VO 

rH 

rH 

o 

o 

o 

o 

rH 

rH 

rH 

CO 

CO 

in 

VO 

00 

O' 

CM 

CO 

in 

o 

CO 

00 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

rH 

t 

rH 

• 

rH 

• 

CM 

t 

CM 

• 

CM 

• 

o 

rH 

H 

rH 

CM 

CM 

CM 

CO 

CO 

CO 

vo 

V0 

V0 

O' 

O' 

O' 

CM 

CM 

CM 

in 

o 

rH 

rH 

rH 

CM 

CM 

CM 

CO 

CO 

CO 

o 

o 

o 

r-' 

i"- 

CO 

rH 

rH 

H 

CM 

CM 

CM 

CO 

CO 

CO 

in 

in 

m 

in 

in 

in 

VO 

z 

o 

in 

uo 

CO 

00 

00 

CM 

CM 

CO 

in 

r* 

o 

o 

CM 

CM 

00 

o 

V  H 

o 

rH 

CO 

VO 

CO 

o 

CM 

Tj* 

in 

I-* 

O' 

O 

CM 

CO 

VO 

r- 

00 

O' 

O 

o 

s 

• 

o 

• 

o 

• 

o 

• 

o 

• 

o 

• 

rH 

• 

rH 

• 

rH 

• 

rH 

• 

rH 

• 

rH 

• 

CM 

• 

CM 

• 

CM 

• 

CM 

• 

CM 

• 

CM 

• 

CM 

• 

CM 

• 

co 

650 


535 


(Continued)  TABLE 


'  II  i  u  Vj 


i 


in 

in 

o 

i  i 

CM 

ID 

M 

00 

00 

• 

• 

cu 

KG 

fO 

• 

CO 

• 

<* 

o 

o 

iH 

rl 

.  & 

CM 

00 

•p 

M 

00 

s 

• 

• 

00 

00 

< 

g 

OT 

IN 

o 

o 

w 

E-i 

<o 

o 

in 

H  H 

•  u 
r"  < 

Ol 


o 

a 


s 

$ 

CQ 

0< 

< 

H 

Q 

S 


0.  g 


00 

cn 


in 

m 


o 


00 

in 


oo  oo 


o 

o 

o 

r* 

o 

in 

m 

10 

10 

*  S 


CT> 

o 

O 

• 

• 

• 

00 

00 

<* 

<T> 

<Ti 

P  5 

S 


CM 

CO 

<T> 

o 

•H 

• 

• 

• 

r- 

GO 

CO 

651 


»YW."iT 


<o 

o 

VD 

co 

o 

o 

0> 

r- 

CN 

CO 

co 

VD 

CM 

<7> 

r- 

CO 

\ 

o 

H 

rH 

r- 

CO 

o 

CM 

00 

in 

co 

CM 

H 

rH 

CO 

rH 

00 

cu 

• 

• 

• 

• 

• 

• 

ft 

ft 

• 

• 

• 

• 

• 

ft 

• 

ft 

\ 

O 

o 

CO 

<N 

CN 

rH 

o 

o 

o 

o 

O 

O 

rH 

rH 

o 

o 

r- 

00 

* 

o 

o 

rH 

rH 

CM 

CM 

• 

o 

CO 

00 

VO 

in 

CM 

r* 

00 

00 

CO 

00 

• 

0 

00 

CJv 

O 

o 

4 

CM 

cn 

z 

o 

o 

rH 

co 

VO 

o 

00 

o 

00 

in 

z 

O 

rH 

X* 

tn 

VO 

o 

o 

o 

o 

O 

rH 

H 

CO 

xf 

vo 

O 

o 

O 

s 

• 

• 

b 

ft 

ft 

• 

• 

ft 

• 

• 

ft 

ft 

• 

H 

ft 

• 

ft 

w 

W 

% 

w 

W 

w 

Eh 

Eh 

D 

£ 

CM 

x* 

rH 

xf 

in 

VO 

o 

CM 

in 

00 

CM 

rH 

CM 

CO 

o 

KG 

ft 

ft 

• 

ft 

ft 

ft 

ft 

• 

ft 

ft 

ft 

ft 

• 

ft 

ft 

o 

CM 

00 

rH 

CM 

CO 

xl* 

o 

p* 

CO 

Ol 

m 

CM 

rH 

CM 

CO 

2 

00 

00 

rH 

CM 

CO 

in 

in 

vO 

VO 

00 

rH 

CM 

CO 

w 

o 

*o 

o 

in 

o 

in 

CM 

in 

x* 

rH 

X* 

O 

o 

o\ 

ov 

o 

co 

CM 

in 

Ht 

ffl 

\ 

o 

vo 

VO 

CO 

H 

Ht 

00 

in 

CM 

rH 

X* 

C' 

rH 

CM 

vo 

o 

in 

CM 

D 

ft 

ft 

ft 

ft 

• 

ft 

ft 

ft 

ft 

• 

ft 

• 

• 

ft 

ft 

ft 

ft 

ft 

cn 

\ 

in 

in 

CO 

CM 

rH 

o 

o 

o 

H 

X* 

CO 

CM 

rH 

rH 

o 

O 

o 

X* 

in 

H 

o 

X 

o 

O 

H 

rH 

rH 

CM 

H 

ft 

CO 

« 

• 

< 

o 

CM 

x»* 

o 

H 

in 

00 

in 

in 

o 

rH 

CO 

t"> 

xt 

CO 

in 

CM 

r* 

CM 

a 

<o 

A 

z 

o 

o 

H 

CM 

CO 

VO 

CM 

00 

z 

o 

o 

o 

rH 

CM 

co 

VO 

CM 

CM 

w 

w 

o 

o 

o 

O 

O 

o 

rH 

CM 

o 

o 

o 

o 

O 

o 

o 

H 

CO 

l-l 

Eh 

• 

• 

ft 

ft 

ft 

ft 

• 

ft 

Eh 

ft 

ft 

ft 

• 

ft 

ft 

ft 

• 

ft 

a 

w 

CO 

CO 

X 

W 

W 

£ 

O 

Eh 

Eh 

z 

CO 

X* 

in 

VO 

00 

H 

X* 

r* 

rH 

CM 

in 

vO 

P» 

o 

CM 

in 

00 

H 

KG 

ft 

ft 

ft 

ft 

ft 

ft 

ft 

ft 

• 

ft 

ft 

ft 

ft 

ft 

ft 

ft 

ft 

z 

& 

rH 

CM 

CO 

X* 

o 

!■" 

CO 

«n 

rH 

CM 

co 

xt 

o 

r* 

CO 

cn 

m 

H 

rH 

CM 

CO 

X* 

in 

in 

VO 

vo 

H 

CM 

CO 

xT 

in 

in 

VO 

VO 

W 

E-i 

W 

Q 

OS 

s 

£ 

a 


z 

H 

rH 

O 

o 

00 

r** 

00 

CO 

00 

O 

in 

CM 

CM 

<r> 

CO 

VO 

00 

■Xf 

<o 

o 

rH 

rH 

CO 

CO 

CM 

«# 

vo 

rH 

rH 

in 

rH 

o 

VO 

CM 

rH 

rH 

\ 

o 

• 

• 

ft 

• 

« 

ft 

ft 

• 

• 

ft 

ft 

• 

• 

ft 

ft 

• 

• 

Om 

• 

rH 

rH 

CO 

vO 

rH 

o 

o 

H 

in 

CO 

CM 

rH 

o 

o 

o 

o 

\ 

rH 

rH 

rH 

o 

CM 

CO 

O 

o 

rH 

• 

rH 

• 

o 

rH 

CM 

X* 

r* 

CO 

in 

in 

o 

o 

rH 

xf 

< n 

rH 

rH 

0> 

X* 

xf 

x* 

•O 

z 

o 

O 

o 

o 

rH 

xt* 

rH 

CO 

z 

o 

o 

o 

CM 

in 

cr> 

VO 

CM 

00 

o 

o 

o 

o 

o 

o 

H 

XJ* 

o 

o 

o 

O 

o 

o 

CM 

x* 

in 

Eh 

• 

ft 

ft 

• 

• 

• 

• 

ft 

Eh 

ft 

ft 

• 

ft 

• 

• 

ft 

ft 

• 

CO 

CO 

W 

w 

Eh 

Eh 

o 

* 


rH 

CM 

in 

vO 

in 

r- 

Ov 

rH 

H 

CM 

in 

VO 

VO 

<71 

co 

vo 

00 

• 

ft 

• 

ft 

• 

ft 

ft 

• 

• 

• 

» 

ft 

• 

• 

ft 

ft 

• 

rH 

CM 

co 

x* 

in 

vo 

CM 

<7\ 

rH 

CM 

CO 

x* 

in 

rH 

00 

Xi< 

o 

rH 

CM 

co 

in 

vo 

r* 

rH 

CM 

CO 

in 

VO 

VO 

r- 

00 

652 


W  'MWVI  ■  .11,'  .if*  wiii.i  iifi  4.1  "1. 1*1  ,»  Pjju.il  U,l. '  j’  "  ILLM.  imyjjuji 


a 

H 


'V 

cu 


o 

o 

• 

\ 


O' 

O) 

00 

10 

<N 

M 

CN 

rH 

rH 

iH 

rH 

• 

• 

• 

• 

• 

• 

O 

o 

o 

o 

o 

o 

o 

in 

in 

o 

o 

in 

)— j 

o 

in 

co 

O' 

o 

10 

CN 

M 

in 

O' 

00 

• 

• 

• 

• 

• 

• 

C0 

D 


Q 

s 


04 

« 

o» 


w 

p 

I 


w 

Q 

S 

u 


w 

u 

H 

Eh 

W 

a 

w 

w 


o 

53 

H 

& 

H 


H 

1 

O 

CO 

0t 

KG 

•  • 

m  <n 

• 

in 

• 

rH 

• 

o 

• 

O' 

O' 

CO 

o 

CO 

o 

rH 

S3 

H 

H 

O 

o 

in 

in 

H 

00 

*° 

O 

H 

in 

H 

10 

in 

O' 

\ 

• 

• 

• 

• 

• 

• 

• 

0) 

\ 

«  H 

in 

CN 

rH 

o 

0 

<T> 

rH 

o 

tO 


H 


i 

Eh 

W 

W 

Eh 


H  Tf 
O  O 
O  O 

•  I 


co  O'  m 

OHM 

o  o  o 

•  •  > 


H 

CN 

CN 

M 

• 

$ 

• 

• 

• 

H 

CN 

M 

in 

H 

CN 

M 

in 

w 

Eh 

W 

Q 

« 

s 

0 

g 


S3 

H 

H 

in 

O' 

in 

r* 

CO 

rH 

\ 

O 

in 

M 

CN 

rH 

rH 

rH 

0t 

O 

• 

« 

• 

• 

• 

• 

• 

\ 

0 

« 

O 

O 

o 

o 

o 

o 

to 


S3 

H 


rH 

V0 

rH 

rH 

rH 

00 

M 

CO 

00 

CO 

o 

H 

CN 

CO 

in 

• 

• 

• 

• 

• 

T3 

<U 

d 

c 

•H 

■M 

C 

o 

u 


CO 

<J\ 

CN 

in 

O 

<n 

CN 

• 

• 

• 

• 

• 

• 

• 

o 

fH 

M 

OC 

in 

CN 

in 

in 

10 

C0 

O' 

00 

653 


921  0.09  66.7  .087 


— 


Eh 

2 

W 

X 

w 

B 


w 

!S 

04 

w 

K 

E< 


VO 

pH 

0 

H 

00 

*p 

01 

H 

VO 

<P 

rH 

00 

01 

01 

<7\ 

a 

<P 

01 

0 

CO 

CM 

CO 

CM 

ai 

pH 

0 

CM 

CM 

00 

in 

in 

rH 

ai 

\ 

04 

KG 

CM 

CO 

CO 

CM 

r* 

CO 

0 

rH 

pH 

VO 

O 

10 

CO 

pH 

rH 

0 

CO 

VO 

CO 

CM 

pH 

CM 

rH 

pH 

*p 

w 

CM 

CM 

01 

ai 

«H 

*p 

co 

"P 

r* 

Ht 

CO 

00 

t" 

CM 

VO 

CM 

co 

CO 

^P 

-<P 

r* 

co 

01 

in 

O 

01 

CM 

in 

VO 

VO 

in 

co 

VO 

01 

ai 

CO 

co 

CO 

rt 

O 

in 

ai 

0 

0 

0 

CO 

TP 

CM 

0 

r- 

co 

u 

H 

a. 

• 

0 

• 

O 

• 

0 

• 

rH 

• 

CM 

• 

Oi 

• 

CM 

• 

01 

• 

0 

• 

pH 

• 

CM 

• 

•<p 

• 

on 

• 

t'* 

« 

CO 

• 

CO 

• 

•H 

Eh 

CM 

pH 

*p 

VO 

00 

04 


•O 


m 

0 

CM 

VO 

*P 

rH 

vo 

CO 

CM 

00 

co 

0 

01 

vo 

CM 

PM 

in 

rH 

m 

0 

CM 

0 

01 

CM 

in 

VO 

00 

CM 

r* 

0 

in 

pH 

H 

CM 

in 

r" 

0 

CM 

in 

H 

vo 

O 

0 

O 

0 

rH 

in 

0 

HP 

01 

0 

0 

0 

rH 

HCj* 

01 

O 

0 

Ht 

O 

CM 

VO 

VO 

co 

co 

VO 

rH 

CM 

rH 

*p 

01 

m 

pH 

Is* 

H 

Hp 

CM 

Ht 

in 

04 


u 

0) 


% 

in 

M 

in 

0 

00 

co 

<P 

VO 

CO 

01 

*p 

r- 

00 

CM 

t" 

O 

pH 

*p 

00 

co 

>• 

Q_ 

w  0 
*0  0 

Ht 

<r> 

^p 

01 

CM 

P' 

01 

0 

r* 

*p 

CO 

rH 

CO 

01 

HP 

00 

• 

r- 

Eh 

H 

% 

r* 

• 

tp 

• 

CM 

• 

01 

• 

r* 

• 

• 

00 

• 

CO 

• 

01 

• 

01 

• 

a> 

• 

01 

• 

00 

• 

TP 

• 

01 

• 

in 

• 

0 

• 

U 

PS 

0 

rH 

CM 

CM 

CO 

TP 

in 

0 

rH 

CM 

CO 

HP 

in 

in 

VO 

r- 

w 

►q 

ffl 

6 


oi 

0 

o 

25 

3 

s 

m 

w 

Eh 

O 


40 


2 

U 

0 

O 

0 

0 

0 

0 

0 

O 

O 

0 

O 

0 

O 

0 

0 

O 

O 

0 

O 

0 

0 

0 

0 

0 

O 

O 

0 

O 

0 

O 

0 

0 

O 

O 

PI 
— 1 

0 

O 

0 

0 

0 

0 

0 

O 

O 

0 

O 

0 

O 

0 

0 

O 

O 

■  1 

< 

• 

• 

• 

« 

« 

• 

• 

• 

• 

• 

• 

• 

• 

t 

• 

• 

Qj 

O 

iH 

CM 

CO 

in 

in 

O 

rH 

HP 

01 

iH 

H 

01 

HP 

TP 

^P 

VJ 

1— 1 

"ip 

r-l 

CO 

CM 

in 

01 

VO 

CM 

00 

H 

*P 

CM 

<P 

in 

2 

rH 

CM 

in 

vo 

in 

01 

rH 

rH 

CM 

in 

vo 

VO 

01 

CO 

vo 

00 

H 

2 

P 

KG 

• 

rH 

t 

CM 

• 

CO 

• 

• 

in 

• 

vo 

• 

CM 

• 

01 

• 

rH 

• 

CM 

• 

co 

• 

Ip 

• 

in 

• 

H 

• 

00 

• 

■<p 

• 

0 

H 

rH 

CM 

CO 

TP 

in 

vo 

p* 

p* 

H 

CM 

co 

<p 

in 

VO 

VO 

r> 

00 

W 

Eh 

W 

Q 

05 

£ 

g 

g 


CO 


2; 

H 

\ 

s 


Eh 

CO 

W 

Eh 


01 


CM 

o 


TP 

H 


CO 

O 


654 


IHIH|IBW.M|.IWUIPWUI',II^M>II-I*I|WI|J')  ii).r)rHJl.»»-M^IPUW»  !;wl.»wil!l«  1-,  H-'l  II!  II,  i.i 


'»w 


Eh 

S3 

O 

o 

iH 

cn 

rH 

CD 

ft 

Ql 

CM 

CO 

CM 

o 

VO 

CO 

o 

O 

2 

\ 

CD 

• 

• 

• 

• 

« 

• 

• 

• 

w 

ft 

CO 

CM 

in 

o 

VO 

* 

CM 

PI 

Eh 

CM 

CM 

rH 

1— I 

Eh 

ft 

CD 

u 

r^ 

o 

GO 

in 

r" 

CO 

H 

VO 

H 

00 

o 

O 

in 

00 

o 

VO 

HSt 

Eh 

uo 

in 

cn 

r-' 

o 

in 

CO 

W 

CL 

• 

• 

• 

• 

• 

• 

• 

• 

< 

o 

o 

H 

CM 

CD 

in 

CO 

P 

rH 

CO 

ft 

ft 

H 

0V 

<n 

in 

00 

o 

ov 

rH 

m 

CO 

CO 

00 

n* 

VO 

cn 

CM 

VO 

CO 

in 

rH 

00 

r" 

VO 

<T> 

rH 

00 

VO 

eg 

rH 

o 

o 

CM 

rH 

rH 

rH 

CM 

o 

00 

CO 

CM 

00 

Her 

CO 

H 

CM 

00 

CM 

CM 

Hfr 

o 

00 

<n 

cr> 

rH 

H 

CM 

O') 

rH 

VO 

VO 

vD 

VD 

<n 

O 

H 

CM 

CO 

vO 

00 

rt 

r- 

in 

00 

rH 

rH 

CM 

VO 

cn 

CM 

B 


Q 

in 

CO 

CM 

o 

CM 

CM 

CM 

CM 

CO 

VO 

VO 

cn 

rH 

o 

in 

CO 

CM 

o 

z 

in 

CO 

rH 

cn 

m 

O 

in 

O 

<n 

00 

VD 

in 

C" 

r- 

r" 

> 

vO 

r- 

ft  H 

VO 

co 

o 

vo 

cn 

CM 

r- 

CM 

in 

00 

rH 

CO 

cn 

m 

»H 

r-~ 

CO 

O  H 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

0 

« 

% 

o 

o 

«H 

VO 

in 

00 

rH 

r» 

VO 

O 

iH 

■vT 

rH 

cn 

rH 

t" 

CM 

r" 

VO 

VD 

U 

o 

rH 

CM 

VO 

H 

rH 

rH 

CO 

in 

CM 

H 

rH 

00 

CQ 

• 

rH 

CM 

H 

CO 

m 

VO 

ft 


H 

o 

2 

in 

O' 

00 

o 

00 

00 

00 

00 

H* 

M" 

rH 

cn 

o 

in 

t'' 

00 

vo 

o 

u 

in 

pa 

H 

VO 

00 

rH 

cn 

o 

rH 

CO 

Ht 

CM 

CO 

CM 

CM 

CM 

CO 

CO 

CO 

< 

Q. 

o 

rH 

CO 

VO 

cn 

CO 

o 

in 

CM 

H 

00 

CM 

vo 

o 

00 

CM 

VO 

• 

ft 

o 

• 

• 

• 

• 

• 

■ 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

r" 

< 

% 

o 

rH 

CM 

CO 

in 

VO 

vo 

00 

o 

rH 

CM 

CM 

CO 

CO 

in 

in 

u 

ft 

• 

pa 

ft 

pi 

o 

H 

pQ 

2 

<n 

H 

Jjr 

ft 

< 

ft 

o 

O 

o 

o 

O 

o 

o 

o 

o 

o 

O 

O 

o 

o 

o 

o 

o 

o 

o 

w 

FQ 

< 

S3 

o 

O 

o 

o 

o 

o 

o 

o 

o 

o 

O 

O 

o 

o 

o 

o 

o 

o 

o 

ft 

H 

o 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

O 

o 

o 

o 

o 

o 

o 

o 

w 

«o 

H 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

« 

• 

• 

• 

o 

CM 

o 

rH 

in 

00 

in 

in 

H 

CO 

r- 

CO 

in 

CM 

t" 

CM 

CM 

CM 

o 

rH 

CM 

CO 

VO 

CM 

00 

rH 

CM 

co 

VO 

CM 

CM 

CM 

cn 

Eh 

• 

rH 

CM 

H 

CO 

in 

VO 

CD 

£ 

H 

g 

KG 

CO 

in 

VD 

00 

rH 

r~ 

«H 

CM 

in 

VO 

r- 

o 

CM 

in 

00 

CM 

s 

pa 

pj 

ft 

rH 

CM 

CO 

o 

r" 

co 

cn 

H 

CM 

co 

o 

r- 

CO 

cn 

in 

CM 

00 

rH 

CM 

CO 

in 

in 

vo 

vo 

H 

CM 

co 

in 

in 

VO 

vo 

00 

CD 

w 

p 

CO 

« 

1 

o 

o 

13 

■Vt 

ft 

iH 

H 

• 

$ 

'O 

K 

\ 

00 

in 

0) 

< 

S 

CD 

rH 

d 

Eh 

t= 

ft 

q 

< 

•3 

P 

-p 

c 

o 


Eh 

cn 

ft 

o 

Eh 

rH 

If) 

o 


655 


E-* 

Z 

w 


w 

00 

<sf 

00 

O0 

VO 

O' 

00 

<T> 

CO 

<n 

co 

<T( 

VO 

in 

O 

co 

H 

in 

PI 

a 

VO 

00 

cn 

o 

cn 

<t 

<T> 

in 

VO 

(N 

co 

cn 

co 

co 

<T 

00 

o 

in 

Eh 

\ 

0 

• 

• 

• 

• 

• 

• 

• 

• 

t 

• 

• 

• 

• 

• 

• 

• 

* 

« 

• 

• 

Eh 

ft 

* 

in 

-t 

n* 

o 

> 

<t 

co 

CN 

CN 

(T» 

00 

rH 

r-4 

-«t 

CTi 

VO 

in 

in 

<t 

« 

co 

CN 

rH 

rH 

<t 

co 

(N 

rH 

CO 

u 


CO 

co 

co 

o 

in 

in 

<t 

in 

CN 

rH 

in 

in 

CN 

i" 

CN 

m 

o 

rH 

cn 

r" 

< 

*t 

it 

ao 

rH 

CN 

co 

00 

00 

rH 

CN 

CN 

in 

Tt 

00 

-vt 

vo 

o 

in 

-it 

CN 

VO 

r-H 

vO 

vo 

vO 

0 

co 

CO 

00 

CN 

o 

o 

in 

00 

CN 

cn 

rH 

o 

& 

Q. 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

t 

• 

• 

• 

t 

• 

• 

• 

o 

o 

rH 

CN 

r* 

CN 

<T ( 

00 

in 

O 

o 

rH 

CN 

CO 

in 

<n 

rH 

in 

00 

w 

rH 

rH 

CN 

CO 

rH 

H 

rH 

z 

r* 

o 

*t 

CO 

cn 

rH 

rH 

CN 

o 

rH 

rH 

CN 

in 

cn 

CO 

r-> 

o 

CO 

% 

H 

00 

CO 

rH 

o 

r- 

o 

VO 

cn 

CN 

co 

r> 

-«T 

rH 

VO 

m 

in 

o 

in 

u 

ft  H 

in 

rH 

CO 

cn 

vo 

CN 

00 

in 

rH 

-it 

cn 

O' 

o 

CO 

vo 

o 

CO 

VO 

CQ 

o  o 

• 

• 

• 

• 

• 

• 

« 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

t 

• 

a . 

o 

o 

CO 

CO 

in 

o 

^t 

Tt 

CN 

vo 

o 

rH 

in 

o 

<t 

VO 

i-" 

CO 

o 

VO 

CN 

• 

CN 

in 

cn 

cn 

VO 

*t 

CN 

in 

o 

<n 

-vt 

cn 

f' 

r-' 

% 

rH 

CN 

Tt 

VO 

rH 

rH 

CO 

Tt 

VO 

00 

3 

C 

-H 

-P 

c 

o 

u 


H 

o 

a 

m 

< 

a_ 

ft 

z 

CO 

o 

CO 

vo 

CN 

rH 

cn 

Ov 

00 

o 

cn 

cn 

00 

uo 

H 

CO 

o 

r-' 

CO 

m 

< 

% 

w 

H 

rH 

(■" 

00 

<n 

CN 

cn 

CO 

O 

r* 

CN 

in 

00 

CO 

-it 

-it 

in 

o 

*t 

uo 

• 

u 

ft 

<o 

H 

CO 

CN 

vo 

O 

CO 

rH 

it 

00 

uo 

o 

in 

CN 

cn 

vO 

CO 

o 

VO 

CO 

w 

o 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

t 

• 

• 

0 

Eh 

o 

CN 

Hfr 

r- 

cn 

rH 

CN 

CO 

uo 

VO 

vo 

CO 

cn 

VO 

cn 

00 

r~ 

rH 

it 

00 

W 

z 

W 

• 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

CN 

CN 

00 

CO 

^t 

^t 

't 

PI 

H 

ffl 

a 

2 

< 

< 

Eh 

w 

< 

CQ 

ft 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

O 

O 

o 

o 

o 

o 

o 

W 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

O 

o 

o 

o 

o 

o 

X 

z 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

O 

O 

o 

o 

o 

o 

o 

Eh 

«o 

H 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

t 

• 

• 

• 

rH 

CO 

00 

VO 

uo 

CN 

r" 

CO 

00 

CO 

00 

00 

cn 

o 

rH 

VO 

rH 

rH 

rH 

rH 

rH 

0 

o 

rH 

CO 

VO 

o 

CO 

o 

00 

UO 

rH 

^t 

00 

CO 

CO 

00 

00 

CN 

CN 

Z 

o 

rH 

H 

CO 

*t 

VO 

rH 

CN 

CO 

uo 

O' 

cn 

H 

• 

z 

M 

w 

rH 

Tt 

uo 

VO 

o 

CN 

uo 

00 

CN 

rH 

CN 

CO 

VO 

<n 

CN 

in 

cn 

CN 

W 

ft 

KG 

rH 

CN 

CO 

Tt 

o 

[■" 

CO 

cn 

m 

CN 

•H 

CN 

CO 

*t 

o 

f- 

CO 

cn 

in 

CN 

Q 

rH 

CN 

CO 

*t 

uo 

uo 

VO 

vo 

n* 

00 

rH 

CN 

CO 

UO 

in 

vo 

VO 

f" 

00 

ft 

O 

ft 

CO 

< 

o 

Z 

VO 

r* 

Eh 

rH 

H 

• 

• 

T) 

< 

X 

\ 

Tt 

rH 

a> 

Q 

X 

0 

Eh 

CO 

w 

Eh 


O 

rH 


00 

o 


656 


«Kt» 

i 


■%  f 


Eh 

13 

ft 

H 

VO 

o 

m 

CO 

rH 

CN 

cn 

rH 

CN 

CN 

rH 

ft 

a 

rH 

o 

o 

rH 

cn 

00 

in 

PO 

CN 

rH 

Eh 

\ 

o 

• 

t 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

Eh 

ft 

rH 

rH 

CTi 

m 

00 

CN 

rH 

rH 

rH 

rH 

rH 

W 

H 

CN 

rH 

rH 

W 

a 

H 

Eh 

CO 

r* 

in 

<N 

cn 

CN 

OV 

CN 

rH 

CO 

VO 

1=0 

CN 

ID 

t" 

O 

VO 

OV 

VO 

in 

rH 

PO 

o 

O 

r* 

n 

CN 

00 

rH 

<n 

00 

O' 

in 

ft 

a 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

o 

rH 

rH 

on 

VO 

PO 

o 

o\ 

o 

<n 

o 

m 

w 

rH 

co 

VO 

vo 

00 

m 

e 


AND 

25 

VO 

PO 

00 

Ht 

o 

cn 

00 

in 

CN 

<n 

rH 

% 

H 

CN 

in 

00 

rH 

<# 

00 

cn 

00 

cn 

o 

in 

U 

& 

H 

O 

o 

o 

rH 

rH 

rH 

in 

o 

cn 

** 

00 

ft 

«o 

o 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

ft 

o 

o 

CN 

in 

PO 

o 

rH 

cn 

00 

f" 

rH 

rH 

in 

• 

rH 

PO 

00 

cn 

in 

VD 

cn 

m 

B 

o 

H 

cn 

in 

vo 

00 

H 

in 

u 

<C 

ft 

Q_ 

% 

H 

r-' 

CN 

VO 

o 

rH 

CN 

in 

CO 

rH 

vo 

cn 

PO 

ft 

ft 

rH 

f'- 

M- 

rH 

00 

VO 

in 

H 

vo 

rH 

VO 

cn 

• 

a 

ft 

to 

o 

cn 

cn 

<T> 

00 

00 

00 

<* 

cn 

m 

O 

in 

rH 

Eh 

o 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

o 

fj} 

• 

o 

rH 

CN 

PO 

in 

vO 

vO 

r* 

CO 

CO 

cn 

w 

53 

s 

ft 

H 

2 

ft 

pi 

55 

fd 

2 

< 

Eh 

[~t] 

ft 

ft 

o 

o 

O 

o 

o 

o 

O 

o 

o 

o 

o 

o 

w 

53 

o 

o 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

ft 

H 

o 

o 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

Eh 

to 

H 

• 

• 

• 

• 

• 

• 

• 

• 

• 

t 

• 

• 

O 

H 

00 

in 

!>• 

o 

in 

in 

o 

o 

m 

O 

O 

rH 

cn 

00 

o 

m 

vo 

t" 

o 

VO 

2; 

• 

CN 

cn 

in 

r* 

00 

H 

13 

ft 

rH 

CN 

CN 

cn 

r- 

rH 

a> 

o 

cn 

Eh 

KG 

• 

• 

9 

• 

• 

• 

• 

• 

• 

• 

• 

• 

ft 

ft 

H 

CN 

cn 

in 

VO 

m 

cn 

in 

rH 

00 

P 

rH 

CN 

cn 

in 

VO 

r- 

00 

0) 

cn 

o 

i— i 

ft 

o 

ft 

cn 

< 

o 

13 

Eh 

iH 

H 

• 

x> 

< 

X 

\ 

rH 

<D 

a 

2 

(9 

rH 

t= 

a 

•H 

-P 

c 

Eh 

o 

W 

u 

ft 

o 

w 

Eh 

rH 

657 


TABLE  7.4 


RELATION  BETWEEN  LOAD  AND  SETTLEMENT  MAGNIFICATION 


TEST 

P 

KG 

q/qBC 

p/fpso+p) 

p/  P50 

102 

22.2 

0.296 

0.266 

0.363 

33.5 

0.447 

0.452 

0.826 

44.6 

0.595 

0.587 

1.420 

55.5 

0.740 

0.725 

2.642 

66.7 

0.889 

0.906 

9.601 

72.9 

0.972 

0.960 

23.863 

103 

22.2 

0.319 

0.316 

0.462 

33.5 

0.482 

0.475 

0.905 

44.6 

0.642 

0.657 

1.917 

55.6 

0.800 

0.806 

4.150 

61.9 

0.891 

0.883 

7.561 

68.3 

0.983 

0.950 

18.897 

104 

33.5 

0.504 

0.502 

1.009 

44.6 

0.671 

0 . 664 

1.978 

50.8 

0.764 

0.762 

3.204 

57.1 

0.859 

0.858 

6.026 

63.4 

0.953 

0.912 

10.416 

105 

11.1 

0.149 

0.135 

0.156 

22.2 

0.298 

0.296 

0.422 

33.5 

0.450 

0.461 

0.857 

44.6 

0.599 

0.596 

1.476 

50.7 

0.680 

0.697 

2.301 

57.0 

0.765 

0.764 

3.248 

63.2 

0.848 

0.844 

5.413 

69.5 

0.933 

0.912 

10.405 

658 
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(Continued) 

TABLE 

7.4 

RELATION 

BETWEEN 

LOAD  AND 

SETTLEMENT 

MAGNIFICATION 

TEST 

P 

q/qBC 

P/(P50+P} 

p/e5o 

KG 

107 

11.1 

0.169 

0.169 

0.204 

22.4 

0.342 

0.350 

0.540 

33.5 

0.511 

0.501 

1.005 

44.6 

0.681 

0.687 

2.191 

50.7 

0.774 

0.795 

3.883 

57.0 

0.870 

0.865 

6.410 

63.2 

0.965 

0.914 

10.650 

108 

11.1 

0.164 

0.174 

0.210 

22.2 

0.329 

0.298 

0.425 

33.3 

0.493 

0.493 

0.973 

44.6 

0.661 

0.661 

1.949 

50.9 

0.754 

0.768 

3.307 

57.2 

0.847 

0.846 

5.476 

63.5 

0.941 

0.896 

8.590 

109 

22.2 

0.296 

0.323 

0.478 

33.2 

0.443 

0.442 

0.792 

44.3 

0.591 

0.605 

1.530 

55.4 

0.739 

0.738 

2.811 

66.7 

0.889 

0.863 

6.287 

73.1 

0.975 

0.932 

13.686 

659 


TEST 

102 


103 


104 


TABLE  7.5 


COMPARISON 

OF  MEASURED 

AND  CALCULATED ,  LOADS 

PMEAS 

KG 

(q/qg^MEAS 

6MEAS 
.001  IN 

P 

CALC 

KG 

(q/qBC^cALc 

11.1 

0.148 

1 

12.5 

0.167 

22.2 

0.296 

2 

21.6 

0.288 

33.5 

0.447 

4 

33.7 

0.449 

44.6 

0.595 

7 

44.3 

0.590 

55.5 

0.740 

13 

54.7 

0.729 

66.7 

0.889 

45 

67.8 

0.904 

72.9 

0.972 

115 

72.0 

0.960 

11.1 

0.160 

1 

8.6 

0.124 

22.2 

0.319 

4 

22.1 

0.318 

33.5 

0.482 

9 

33.2 

0.478 

44.6 

0.642 

21 

45.3 

0.652 

55.6 

0.800 

51 

55.9 

0.805 

61.9 

0.891 

99 

61.4 

0.884 

68.3 

0.983 

264 

66.1 

0.951 

11.3 

0.170 

2 

12.5 

0.188 

22.4 

0.337 

4 

20.3 

0.305 

33.5 

0.504 

10 

33.4 

0.503 

44.6 

0.671 

21 

44.3 

0 . 666 

50.8 

0.764 

35 

50.7 

0.763 

57.1 

0.859 

68 

57.0 

0.858 

63.4 

0.953 

125 

60.9 

0.916 
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(Continued) 


TABLE  7.5 


COMPARISON  OF  MEASURED  AND  CALCULATED  LOADS 


TEST 

105 


107 


108 


p 

MEAS 

(q^qBC^MEAS 

6  MEAS 

P 

CALC 

^q//qBC^  CALC 

KG 

.001  IN 

KG 

11.1 

0.149 

1 

10.8 

0.145 

22.2 

0.298 

3 

22.2 

0.297 

33.5 

0.450 

7 

34.0 

0.456 

44.6 

0.599 

14 

44.5 

0.597 

50.7 

0.680 

23 

51.6 

0.693 

57.0 

0.765 

35 

57.0 

0.765 

63.2 

0.848 

62 

62.9 

0.845 

69.5 

0.933 

127 

68.1 

0.914 

11.1 

0.169 

3 

11.1 

0.169 

22.4 

0.342 

8 

22.6 

0.345 

33.5 

0.511 

16 

33.1 

0.506 

44.6 

0.681 

35 

44.9 

0.685 

50.7 

0.774 

62 

51.8 

0.791 

57.0 

0.870 

107 

56.7 

0.866 

63.2 

0.965 

188 

60.1 

0.918 

11.1 

0.164 

8 

11.2 

0.166 

22.2 

0.329 

19 

21.5 

0.319 

33.3 

0.493 

40 

33.3 

0.493 

44.6 

0.661 

81 

44.6 

0.661 

50.9 

0.754 

136 

51.6 

0.765 

57.2 

0.847 

231 

57.1 

0.846 

63.5 

0.941 

381 

60.8 

0.900 

661 


(Continued) 


TABLE  7.5 


COMPARISON  OF  MEASURED  AND  CALCULATED  LOADS 


TEST 

PMEAS 

KG 

^qBC*MEAS 

6MEAS 

.001  IN 

P 

CALC 

KG 

(q//qBC*CALC 

109 

11.1 

0.148 

1 

8.8 

0.117 

22.2 

0.296 

4 

23.0 

0.307 

33.2 

0.443 

8 

33.2 

0.442 

44.3 

0.591 

17 

45.0 

0.600 

55.4 

0.739 

35 

55.3 

0.738 

66.7 

0.889 

87 

65.0 

0.866 

73.1 

0.975 

200 

70.1 

0.935 

TABLE  7.6(a) 


ft  f  - 

'*> 


DATA  FOR  DETERMINING  THE  INITIAL  TANGENT  MODULUS,  E  ,  FOR  RE- 

o 

MOLDED  BOSTON  BLUE  CLAY 


REF 

TEST 

<1 

% 

(crro3>/clc 

(Ci“Cp3 )  / CT 

(1) 

CIUC-1 

0.100 

0.170 

170 

0.135 

0.228 

169 

0.190 

0 . 266 

140 

0.230 

0.328 

143 

0.290 

0.376 

130 

0.460 

0.444 

96.5 

0 . 666 

0.494 

74.2 

0.945 

0.505 

53.4 

1.080 

0.514 

47.6 

1.270 

0.522 

41.1 

1.430 

0.523 

36.6 

3.440 

0.525 

15.3 

(1) 

CIUC-2 

0.020 

0.072 

360 

0.086 

0.211 

245 

0.216 

0.426 

197 

0.280 

0.466 

166 

0.430 

0.533 

124 

0.590 

0.562 

95.2 

0.800 

0.587 

73.4 

1.060 

0.601 

56.7 

1.390 

0.607 

43.7 

2.120 

0.610 

28.8 

2.340 

0.615 

26.3 

2.590 

0.615 

23.7 

2.777 

0.615 

22.1 

663 


(Continued)  TABLE  7.6(a) 

DATA  FOR  DETERMINING  THE  INITIAL  TANGENT  MODULUS,  E^,  FOR  RE¬ 
MOLDED  BOSTON  BLUE  CLAY 


REF 

TEST 

€1 

% 

(1) 

CIUC-3 

0.040 

0.110 

0.210 

0.350 

0.520 

0.660 

0.820 

0.940 

1.110 

1.280 

1.710 

1.970 

2.490 

3.090 

3.690 


(CTi-<73)/aic  ^i_tT3)//(Tlc€l 


0.097 

242 

0.271 

246 

0.353 

168 

0.423 

121 

0.465 

89.4 

0.489 

74.0 

0.513 

62.6 

0.525 

55.8 

0.534 

48.1 

0.542 

42.3 

0.553 

32.3 

0.556 

28.2 

0.562 

22.6 

0.563 

18.2 

0.574 

15.6 

664 


TABLE  7.6(b) 


V 

•4P 


DATA  FOR  DETERMINING  THE  INITIAL  TANGENT  MODULUS,  E  ,  FOR  RE- 

o 

MOLDED  BOSTON  BLUE  CLAY 


REF 

S.F. 

(Oi-a3>  / f 

E/q 

(2) 

5 

0.200 

242 

3 

0.333 

212 

2 

0.500 

174 

1.5 

0.667 

120 

1.2 

0.833 

72 

REF 

TEST 

EcAlc 

(1) 

ciuc-1 

170 

(1) 

CIUC-2 

345 

(1) 

CIUC-3 

325 

(1) 

Average 

280 

(2) 

280 

t  ) 


665 


TABLE  7.7 


PREDICTED  INFLUENCE  OF  OVERCONSOLIDATION  RATIO  ON  MODULUS 


OF 

SUBGRADE 

REACTION 

OCR 

K 

o 

Po 

av,MAX 

M 

KG/CM2 

KG/CM2 

KG/CM 

1.0 

0.50 

1.50 

2.00 

475 

1.5 

0.58 

1.50 

2.85 

677 

2.0 

0.69 

1.50 

3.55 

843 

3.0 

0.83 

1.50 

4.92 

1169 

4.0 

0.93 

1.50 

6.22 

1477 

5.0 

1.00 

1.50 

7.50 

1781 

666 
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FIGURE  7.1 


IDEALIZED  INITIAL  SETTLEMENT  CURVE 


FOOTING  SETTLEMENT 


FOOTING  SHAFT  LOAD ,  P  ,  kg. 

0  10  20  30  40  50  60  70  60  90  IOO 


TEST 

K>2 

103 

104 

105 
107 

106 
109 


FOOTING  DIAMETER  =  2  IN. 

9*c  =  2.0  kg/cn£ 

FIGURE  7.2 

SETTLEMENT  CURVES  FOR  MODIAP 
BEARING  CAPACITY  TESTS 
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FIGURE  74 

MODIFIED  SOUTHWELL  PLOT 
FOR  DETERMINING  THE 
BEARING  CAPACITY  AND  THE 
PLASTIC  SETTLEMENT 
PARAMETER 
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FIGURE  76 

UNIFIED  PLASTIC  SETTLEMENT  DIAGRAM 
FOR  MODIAP  FOOTING  TESTS 
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FIGURE  7.7 

COMPARISON  OF  CALCULATED  AND 
MEASURED  LOADS  FOR  MODIAP 
FOOTING  TESTS 


676 


0  OJ  0.2  03  0 A  0.5  05  0.7  05  0.9  10 


FIGURE  7.8(b) 

SEMILOGARITHMIC  PLOT  FOR  DETERMINING 
THE  INITIAL  TANGENT  MODULUS,  E„ 

TEST  CIUC-2 
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°i~°3  DATA  FROM  LADD  AND  VARALLYAY  (1965) 
%C€\ 


Ole 

FIGURE  78  (c ) 

SEMILOGARITHMIC  PLOT  FOR  DETERMINING 
THE  INITIAL  TANGENT  MODULUS,  E0 

TEST  CIUC*  3 
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J-  DATA  FROM  LADD  (1964, Flg.2(o)) 
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FIGURE  78(d) 


SEMILOGARITHMIC  PLOT  FOR  DETERMINING 
THE  INITIAL  TANGENT  MODULUS,  Eo 
REMOLDED  BOSTON  BLUE  CLAY 
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NCE  OF  OVERCON  SOUDATION  ON  THE  DIRECTIONAL 
ATION  OF  UNDRAINED  SHEAR  STRENGTH 
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□  MOOIAP  (ESTIMATED) 


FIGURE  7.11 

INFLUENCE  OF  INITIAL  STRESS  ON 
THE  PLASTIC  SETTLEMENT  PARAMETER 
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FIGURE  713 

PREDICTED  NFUJENCE  OF  OVERCONSOLIDATION 
RATIO  ON  THE  EMPIRICAL  SETTLEMENT 

PARAMETERS 
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CHAPTER  8 


GENERAL  SUMMARY 


The  objectives  of  this  thesis  are: 

(a)  On  the  basis  of  theory  and  available  experimental 
data,  explain  the  influence  of  stress  system  (i.e.,  anisotropy, 
pore  pressure  response,  rotation  of  principal  planes  and  the 
intermediate  principal  stress)  on  the  undrained  shear  strength 
of  saturated  clay,  in  terms  of  effective  stress. 

(b)  Use  the  developed  theory  to  explain  the  influence 
of  stress  system  on  the  results  of  model  footing  tests  con¬ 
ducted  under  Project  MODIAP  at  the  Massachusetts  Institute 
of  Technology. 

Detailed  technical  summaries  appear  at  the  ends  of 
Chapters  3,  4,  5,  6  and  7.  The  purpose  of  this  General  Summary 
is  to  assess  the  relative  importance  of  the  four  stress 
system  variables  considered: 

1.  anisotropy  of  the  effective  stress  shear  strength 
parameters, 

2.  anisotropic  pore  pressure  response, 

3.  the  q  effect,  and 

o 

4.  influence  of  the  intermediate  principal  stress. 


The  influence  of  the  intermediate  principal  stress  on 
the  shear  strength  of  both  cohesive  and  granular  soils  can 
safely  be  neglected  by  the  practicing  engineer,  provided  his 
strength  estimates  are  based  on  the  results  of  triaxial  com¬ 
pression  tests.  This  is  because  the  angle  of  shearing  re¬ 
sistance  is  generally  a  minimum  in  triaxial  compression,  as 
compared  with  any  other  state  of  stress. 

Most  natural  clays  exhibit  a  directional  variation  of 
undrained  shear  strength,  when  tested  in  unconfined  compression 
or  consolidated  undrained  triaxial  shear.  Although  relatively 
few  investigators  have  obtained  pore  pressure  measurements 
in  the  course  of  studying  undrained  shear  strength  anisotropy, 

i 

they  have  all  concluded  that  anisotropic  pore  pressure  res¬ 
ponse  was  the  main  cause  of  anisotropic  undrained  shear 
strength,  for  the  material  which  they  tested. 

Research  on  anisotropic  pore  pressure  response  should 
be  given  high  priority  among  the  research  needs  in  soil 
mechanics  and  foundation  engineering  by  ASCE. 

To  the  Writer's  knowledge,  there  never  has  been  an  in¬ 
vestigation  to  determine  the  actual  variation  of  cohesion  and 
internal  friction  with  failure  plane  orietation,  so  the 
relative  importance  of  these  two  is  unknown.  Each  is  capable 
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of  producing,  by  itself,  a  significant  directional  variation 
of  the  effective  stress  strength  envelope. 


The  qQ  effect  is  caused  by  the  dependence  of  excess 
pore  pressure  on  the  applied  principal  total  stress  incre¬ 
ments,  rather  than  on  the  resulting  changes  in  principal 
total  stress.  It  leads  to  a  directional  variation  of  un¬ 
drained  shear  strength  even  in  soils  which  are  isotropic 
with  respect  to  both  the  effective  stress  shear  strength 
parameters  and  pore  pressure  response.  It  must  be  consider 
ed  in  any  investigation  of  undrained  shear  strength  aniso¬ 
tropy.  The  qQ  effect  is  probably  the  most  important  cause 
of  undrained  shear  strength  anisotropy  in  one-dimens ionally 
normally  consolidated  and  heavily  overconsolidated  clays, 
i.e.  those  for  which  Kq  is  either  considerably  less  than  or 
considerably  greater  than  unity.  Because  of  it,  the  IN- 
SITU  directional  variation  of  undrained  shear  strength  may 
be  far  different  from  that  exhibited  by  even  the  most  care¬ 
fully  prepared  isotropically  consolidated  laboratory  test 
specimens.  For  this  reason,  whenever  a  series  of  triaxial 
tests  is  conducted  to  help  predict  the  IN-SITU  directional 
variation  of  undrained  shear  strength,  the  tests  must  in¬ 
clude  pore  pressure  measurements  in  order  to  be  of  any 

(  ) 
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substantial  value,  and  the  subsequent  analysis  must  include 
consideration  of  the  qQ  effect  in  order  to  yield  a  reliable 
prediction  of  undrained  shear  strength.  If  an  investigator 
is  not  willing  to  obtain  pore  pressure  measurements,  it  is 
the  Writer's  opinion  that  he  might  just  as  well  consider  the 
undrained  shear  strength  behavior  of  the  material  to  be 
isotropic. 

The  analysis  of  model  footing  tests  on  clay  in  Chapter 
7,  together  with  theoretical  considerations  suggest  that  the 
influence  of  stress  system  on  initial  settlement  is  controlled 
primarily  by  the  overconsolidation  ratio,  together  with  the 
maximum  past  vertical  effective  stress.  This  is  because  of 
the  tendency  of  the  soil  skeleton  to  change  volume  when 
sheared,  and  thereby  generate  excess  pore  water  pressure. 

In  the  opinion  of  the  Writer,  the  single  most  important 
fact  brought  out  in  this  thesis  is  the  strong  influence  of 
the  qQ  effect  on  undrained  shear  strength  anisotropy.  Because 
of  it,  no  study  of  undrained  shear  strength  anisotropy  or 
its  practical  engineering  consequences  should  ignore  the 
importance  of  pore  pressure  response. 
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APPENDIX  A 

EXCESS  PORE  PRESSURE  RESPONSE  IN  AN  ISOTROPIC  SOIL 

If  Ac^  Ac £  and  Ac^  are  the  principal  strain  increments 
at  a  point  in  an  isotropic  soil  mass,  caused  by  applied 
total  stress  increments  Aer^,  An Atr^,  then  the  coefficients 
Sq,  s, ,  and  s2  in  the  equations 

-  2 
&€1  =  Sq  A  <r  +  s^  A  cr^  +  s2  ( Ar^) 

*‘2  *  80  4  5  +  S1  &a2  +  a2{en2)2 

Ac3  ■  sQ  A  a  +  a1  A  orj  +  s*(Arr3)2  (A.l) 

where 


*i 

1 

V, 

<s 

II 

At 

-  *2  - 

At 

=  *3  - 

At 

(A. 2) 
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Act  - 


(A. 3) 


Act,  +  Anr  +  Arr 

_ 1 _ 2 _ 3 

3 

Act  =  Act  -  Au  (A. 4) 

can  always  be  found,  because  the  determinant 

1  Arr|  (Act^)2 

i  ^ 

1  Act^  (  Act^)  2 

is  Vandermonde's  determinant,  which  is  zero  if  and  only  if 
the  applied  principal  total  stress  increments  are  not  all 
distinct. 

When  two  of  the  applied  total  stress  increments  are 
equal,  the  corresponding  principal  strain  increments  in  an 
isotropic  soil  will  also  be  equal,  and  no  inconsistency 
will  arise  in  Equations  (A.l).  it  will  then  be  convenient 
to  set  the  coefficient  s^  equal  to  zero,  and  obtain  unique 
values  for  s^  and  S2»  Similarly,  when  all  three  applied 
total  stress  increments  are  equal,  the  three  principal 
strain  increments  in  an  isotropic  soil  will  also  all  be 
equal,  and  again  no  inconsistency  will  arise  in  Equations 
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{ 


(A.l).  In  this  case,  the  deviator  terms  in  Equation  (A.l) 
will  all  be  identically  zero,  so  that  a  unique  value  of  sQ 
can  be  obtained. 

When  the  soil  is  anisotropic,  the  same  principal 
strain  increments  will  not  be  equal  under  the  above  conditions, 
so  that  inconsistencies  will  arise  in  Equations  (A.l)  and 
no  solutions  will  be  possible.  Hence,  Equations  (A.l)  are 
appropriate  only  for  an  isotropic  material.  The  coefficients 
Sq,  s^  and  s ^  will  therefore  depend  only  on  stress  and 
strain  invariants,  and  thus  will  be  independent  of  the 
orientation  of  the  applied  principal  total  stress  increments. 

If  Equations  (A.l)  are  written  for  the  case  of  undrained 
loading  of  a  saturated  isotropic  clay,  for  which  the 
volume  change  is  zero,  then  summing  the  three  equations 
yields 


+  ^3  =  0  =  3  Sg  (At  -  Au) 

+  s  [(Arp2  +  (&jj)2  +  (At^)2  ] 
and  therefore  to  the  condition 
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(A. 5) 


4*1  +  4y  +  4l  a  r 

Au  =  - 5 -  +  9  [<^1  -  ^2) 


+  (A?2  -  4t3)2  +  ( Act3  -  ^T1) 2  ] 


where 


and  because 


(A. 6) 


(Ar^)2  +  <A^>2  +  <Aj')2  -  j  [(At1  -  At2)2 
+  <*2  '  ^3)2  +  (4t3  '  V'  ] 


(A. 7) 


Of  course,  the  numerical  values  of  the 
v  s1  and  s2  are  dependent  upon  the  actual 
relationship  of  the  clay,  the  determination 
beyond  the  scope  of  this  thesis.  It  is  the 
Equation  (A. 7)  which  is  important  here. 


coefficients 
stress  -  strain 
of  which  is 
form  of 
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APPENDIX  B 

ANALYSIS  OF  STRESS  IN  SOIL 


Purpose 

In  Chapter  1  it  is  predicted  that  there  will  be  an 
increasing  demand  for  the  results  of  soil  stress  -  strain 
tests  to  be  cast  in  general  form?  in  Chapter  3  the  three- 
dimensional  Mohr  stress  circle  is  used;  and  in  chapter 6 
various  soil  failure  criteria  are  examined,  using  devices 
such  as  two-dimensional  plots  in  principal  stress  space. 

The  purpose  of  this  appendix  is  to  present  a  thorough 
development  of  the  concepts  and  equations  employed  in  the 
analysis  of  stress,  adapted  for  Soil  Mechanics  from 
Continuum  Mechanics,  Rheology  and  Plasticity,  so  that 
they  may  be  conveniently  referred  to  throughout  the  thesis. 
Stress  Transformation  Equations 

First,  consider  plane  ABC  of  tetrahedron  OABC  in  Figure 
B.l,  having  the  outward  unit  normal  vector 


> 
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n  =  a  ,e. 
nl  1 


°n2e2  + 


“n3e3 


(B.l) 


Line  OP  is  the  shortest  line  from  the  coordinate  origin  to 
plane  ABC,  and  is  therefore  normal  to  the  plane,  so  that 
the  normal  unit  vector  n  can  be  drawn  along  OP.  Let  the 
distance  OP  be  h,  and  let  the  coordinates  of  any  other 
point,  R,  which  also  lies  in  plane  ABC  be  (x. ,  x  ,  x  ). 

•I  «  J 

Then  since  the  line  OP  is  normal  to  the  plane,  the  pro¬ 
jection  of  OR  on  n  must  be  of  magnitude  h,  i.e. 


n  •  OR  *  h 


(B,  2) 


or 


°nlXl  +  °n2X2  + 


“n3X3 


a  .x.  =  h 
ni  1 


(B.3) 


Equation  (B.3)  is  the  equation  of  a  plane  in  rectangular 
Cartesian  coordinates,  and  it  follows  that 


oa| 

II 

< 

II 

_ 

>1 

ob| 

CM 

: 

II 

m 

n 

oc| 

_ h_ 

=  C  =  an3 

(B  .4) 
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Because  the  area  of  a  cross  section  of  a  pyramid, 
taken  parallel  to  the  base,  is  proportional  to  the  square 
of  the  perpendicular  distance  from  the  cross  section  to 
the  appex,  the  volume  of  a  pyramid  is  given  by  the  well 
known  formula 


volume  = 


height 

3 


x  base  area 


Therefore,  the  volume  of  the  tetrahedron  OABC  can  be 
expressed  in  any  of  four  ways: 


V  *  ~  (area  ABC) 


~  (area  BOC)  =  j  (area  AOC)  =  j  (area  AOB) 


from  which  it  follows  that 


area  BOC  h 

—  -  ss  —  a  a  . 

area  ABC  A  nl 

area  AOC  h 

— — — — — — —  =  —  —  d 

area  ABC  B  n2 


area  AOB  h 

area  ABC  C  ”  °n3 


(B.5) 
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Consider  now  the  stresses  exerted  BY  the  tetrahedron 


ON  the  surrounding  material,  shown  in  Figure  B.2.  The 

stress  vectors  an,  -<r^,  -nr^  and  -<y  are  equal  to  the 

resultant  forces  exerted  across  faces  ABC,  BOC,  AOC  and 

AOB,  respectively,  divided  by  the  area  of  the  face 

on  which  they  act.  In  the  limit,  as  the  dimensions  of  the 

tetrahedron  approach  zero,  the  stress  vectors  each  represent 

a  uniformly  distributed  force  per  unit  area.  Equilibrium 

considerations  dictate  that  the  vector  sum  of  all  forces 

acting  on  the  tetrahedron  be  zero.  Body  forces,  such  as 

gravity  and  inertia,  need  not  be  included  in  the  vector 

equilibrium  equation  for  an  infinitesimal  tetrahedron, 

3 

s ince  their  magnitudes  are  proportional  to  h  ,  whereas 

2 

the  magnitudes  of  surface  forces  are  proportional  to  h  . 

The  body  forces  therefore  approach  zero  more  rapidly  than 
do  the  surface  forces,  as  the  tetrahedron  dimensions  approach 
zero.  Therefore  the  following  development  is  as 
applicable  to  problems  of  wave  propagation  as  it  is  to 
the  static  problems  considered  in  this  thesis.  The  vector 
equilibrium  equation  for  the  infinitesimal  tetrahedron  is 
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v  -cr  (area  ABC)  +  <y,  (area  BOC)  +  <r_(area  AOC) 

«*>  n  1  2 

+  rr ^  (area  AOB)  =  0 

Dividing  both  sides  of  the  above  equation  by  (area  ABC) 
yields 


an  =  “nlffl  +  an2a2  +  “nS^S 


a  .n . 
m  i 


(B.6) 


Equation  (B.6)  is  commonly  referred  to  as  Cauchy's  equation. 

Each  of  the  stress  vectors  in  Figure  B.2  can  be  written 
in  component  form,  and  in  particular. 


or.  =  cr.  ,e.  +  <y  e_  +  or,  „e,  *  a.  .e  . 
1  11  1  12  2  13  3  1}  j 


*2  =  a2lel  +  CT22e2  +  CT23e3  =  a2j®j 


CT3  =  ^31®!  +  CT32e2  +  <T33®3  =  a3j®j 


The  above  expressions  can  all  be  represented  concisely  by 
the  single  expression 

a  .  *  tr .  .e  .  (B .  7 ) 

i  ID  D 


) 
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which,  when  substituted  into  the  concise  form  of  Equation 
(B.6)  yields 


(j 


n 


a  .a .  .e  . 

m  13  3 


or,  in  matrix  form 


1  c 

= 

U  } 

L  n  J 

l  nj 

(B.8) 


(B.9) 


Since  Equations  (B.8)  and  (B.9)  give  the  component^  of  the 

stress  row  vector,  <y  ,  the  component  of  n  in  the  direction 

n  n 

of  the  unit  vector  m  in  Figure  B.2  must  be 


=  a  •  m  = 

{  a  ]  T  2.  ■ 

fa) 

n 

InJ 

l  m  J 

(B. 10) 


From  Equation  (B.10)  it  follows  that  the  normal  component 

of  (j  ,  denoted  a  ,  is  simply 
n  nn 


a 


nn 


a 

n 


(B.ll) 


Principal  Stresses 

It  is  of  interest  to  investigate  the  change  in  or 

nn 

due  to  an  infinitesimal  change  in  n.  Figure  B.3  shows 


720 


that,  since  n  must  remain  a  unit  vector,  it  can  only  change 
direction,  so  that 


where 


dn  =  dXt 


t  •  n  =  0 


(B. 12) 


(B.13) 


Equations  (B.12)  and  (B.13)  merely  state  that  an  infinitesimal 

change  in  the  unit  vector  n  must  lie  in  a  direction  normal 

to  n.  The  increment  in  a  due  to  dn  can  therefore  be 

nn 

obtained  from  Equation  (B.ll)  in  the  form 


^nn  *  {a“n)T  *  K)  +  {"nF  *■  W 

-  kf  <* +  aT)  W -  k)T  <£  +  *T)  k) 

(B.14) 

However,  in  view  of  the  fact  that  there  are  assumed  to  be 
no  distributed  torques,  the  stress  matrix  is  symmetric, 
so  that 

£T  -  2.  (B.15) 
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and  therefore,  by  virtue  of  Equations  (B.15)  and  (B.10), 
Equation  (B.14)  reduces  to 

^nn  *  2dX  K)T  2  K)  =  2dXffnt  (B'16) 

where  ct  is  the  shearing  component  of  rr  in  the  direction 
of  t.  From  Equation  (B.16)  it  can  be  immediately  deduced 
that  stationary  values  of  normal  stress  occur  on  planes  of 
zero  shear.  Therefore,  to  locate  stationary  values  of  normal 
stress,  one  seeks  those  directions  for  which  the  stress 
vector  an  has  no  component  normal  to  n,  and  therefore  for 
which 


a  =  (T  n  (B .  17) 

n 

Using  Equation  (B.9),  Equation  (B.17)  can  be  written  in  matrix 
form  as 

|_%  J  *  k}T  2  - a  KY 

or,  transposing  the  above  expression  and  using  Equation 
(B.15) , 

SLT  {aj  =  2  {*J  =  a  {«n}  (B.  18) 
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An  even  more  convenient  form  is 


(a  -  a  I)  {aj  =  {0} 

The  expanded  form  of  Equation  (B.19)  is 


(B .  19) 


(B.20) 

and  since  Equations  (B.20)  are  a  set  of  homogeneous  linear 
equations,  they  possess  a  unique  solution  if  and  only  if 
the  determinant  of  the  coefficient  matrix,  in  this  case 
referred  to  as  the  characteristic  determinant,  is  zero. 

The  equation  expressing  this  condition  is  the  characteristic 
equation 


11  - a 

*12 

*13 

- 

*21 

*22  ~  * 

CT23 

- 

0 

(B.21) 

*31 

*32 

"33  *  * 
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Expansion  of  Equation  (B.21)  yields 


(oH  '  CT>  (o22  "  a)  (ff33  ‘  0)  *  °12°23<,31  +  ff13°21a32 


-  (au  -  <r>a23°32  "  ®i2®21 (ff33  ‘  o)  ’  a13(<,22  '  a)o31 


or 


a3  +  (an  +  <r22  +  cr33)a2  -| 


ail  Cr12 

a22  CT23 

+ 

a21  a22 

a32  a33 

CT33  a3l 


ff13  ail 


ar  + 


*11  ct12  ff13 


ff21  CT22  CT23 


ff31  ff32  a33 


a3  -  ixa2  -  x2a  -  i3  «  0 


(B.22) 


where  the  stress  invariants,  1^,  I3  are  defined  as 
follows: 


h  - 


11 


+  cr 


22 


+  a 


33 


(B.23) 
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X2  =  " 


a  0 

11  12 

*22  *23 

*33  *31 

+ 

+  I 

*21  *22 

*32  *33 

CT13  *11 

(B. 24) 


*11  *12  *13 
*3  =  *21  *22  *23 


(B.25) 


*31  *32  *33 


Equation  (B.22)  is  a  cubic  equation,  and  therefore  has  three 
roots;  COURANT  AND  ROBBINS  (1941,  269).  It  can  therefore 
be  written 


(o  -  t^)  (a  ~  a2)  (<r  -  0-3)  =  0 


(B. 26) 


3  2 

c  -  (a,  +  <r„  +  a,)cr  +  (a^  +  +  0.^)0 


12  ~3' 


"  crl(J2a3  =  0 


(B. 27) 
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and  therefore 


I1=C1+<J2  +  a3 


(B . 28) 


I2  =  "  <V2  +  °2<33  +  <J3<71) 


(B.29) 


X3  =  <Jl<T2ff3 


(B.30) 


Now 


(ct  +  CT  +  or  ) 
12  3 


a2  +  ct2  +  ct2  +  2  (ct  a  +  ct  ct  +  ct  ct  ) 
1  2  3  1223  31 


and 


(ffl  -  a2>2  +  <o2  -  a3)2  +  <a3  -  <t3)2  = 


2  2  2 

2  *al  +  a2  +  CT3)  “  2^ala2  +  <72Cr3  +  ff3CTl) 


and  therefore 


*2  =  "  +  a2CT3  +  a3CTl) 


1  r  /  2  2  ,  2t  /T  x  21 

'  7  L(al  +  °2  +  a3'  ‘  (I1>  J 


”  6  ‘  °2)2  +  (02  -  ff3)2  (03  '  ®1)2]*2(I1)2} 


(B . 31) 
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Since  2.  is  real  and  symmetric,  the  roots  of  Equation 
(B.22)  are  assured  of  being  all  real;  HILDERBRAND  (1952,  31). 
It  is  therefore  convenient  to  define  the  deviatoric  stress 
matrix,  £  by  the  expressions 


SL 


(B. 32) 


cr  =  s 


(B . 33) 


Equation  (B.19)  then  becomes 


(.4*)-  (-4)  i 


« ■  M 


or  simply 


(A  -  s  I)  R)  ■=  {o} 


(B . 34) 


The  invariants  of  the  deviatoric  stress  tensor  are 


J,  = 


Su  +  *22  +  *33 


S.  +  S„  +  S_ 

12  3 


(B . 35 ) 


S11  S12 
S21  ®22 


S22  ®23 
S32  S33 


S33  ®31 
S13  S11 


-<*1*2  +  *2*3  *  Vl’ 


727 


2  2  2 
S1  +  S2  +  a3 


6  [(S1  '  S2> 2  +  (S2  ‘  S3)2  +  (S3  '  Sl)2  ] 


1 

6 


<al  -  n2)2  +  (°2  '  °1)2  + 


<-r3  '  »i)2  ] 


(B .  36) 


S11  S12  S13 


S21  S22  S23 


S31  S32  S33 


S1S2S3 


(B .  37) 


and  therefore  Equation  (B.22)  reduces  to 


s  ~  J2S  ”  J3  *  0 


(r -38) 


The  s  term  is  absent  from  Equation  (B.38)  because  is 
zero,  and  Equation  (B.38)  is  therefore  referred  to  as  the 
reduced  characteristic  or  reduced  cubic  equation;  DICKSON 
(1922,  45) . 

The  solution  to  Equation  (B.38)  begins  by  assuming 

that 


S  "  2  + 


(B.  39) 
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which  means  that 


2  x  _i  n 

z  -  sz  +  ~  ■  0 


(B.40) 


Equation  (B.40)  implies  that  s  is  the  sum  of  two  values  of 

J2 

z,  the  product  of  which  is  ”  •  Substitution  of  Equation 
(B.39)  into  Equation  (B.38)  yields  a  quadratic  equation  for 


8  -  J2S  -  J3 


2  3 

3  J2  J2  J2 

^  }  'J2  (Z^)"J3 


3±  .V3  i  _ 

z  +  (  3  )  3“J3*0 

z 


3  2  3  J2  ^ 

u  r  -  J3z  +  (  -f  )  -  0 


(B.41) 


The  solution  to  Equation  (B.41)  is 


>3-^  ±  V<^>2-  <^)3 


(B.42) 


729 


The  question  immediately  arises  whether  the  quantity  under 
the  radical  is  positive  or  negative,  which  can  be  answered 
by  evaluating  the  ratio 


Since  the  roots  of  Equation  (B.22),  and  therefore  of 
Equation  (B.38)  are  known  to  be  real,  it  can  be  assumed  that 


so  that  if 


s 


3 


s 


1 


+ 


2 


r 


(B.43a) 


and 


(B.43b) 


(B.44) 
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Vr-' 


*«*• 

then  si  ■  r  +  q 

s2  *  r  +  uq 

s3  -  r  -  q 

In  addition,  Equation  (B.35)  requires  that 


i  ) 


81  +  ®2  +  ®3  *  3r  +  M  "  0 


so  that  the  deviator  stress  parameters  r  and  q  are  related 
by  the  expression 


- 

3 


r  -  -  T  q 


and  therefore  the  principal  deviator  stresses  can  all  be 
expressed  in  terms  of  the  parameters  p.  and  q  as  follows: 


si  m  (1  -  3  ’  q 


2 11 

s  ■  q 

2  3  4 


(B.45) 


•3  ‘  ’  (1  +  3  ,q 


1  } 
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Substitution  of  Equations  (B.45)  into  the  ratio  in  question 
reduces  it  it  a  function  of  p.  only,  as  follows. 


According  to  Equation  (B.44)  the  parameter  p.  varies  between 
-1  (when  s2  *  s3)  and  +1  (when  s2  *  s^  .  The  ratio  in 
Equation  (B.46)  therefore  also  varies  between  +1  and  -1, 
as  can  be  verified  by  direct  calculation,  and  therefore 
the  radicand  in  Equation  (B.42)  is  nonpositive.  This  being 
the  case,  the  roots  of  Equation  (B.41)  are  complex,  and  can 
therefore  be  represented  by  an  Argand  diagram  as  shown  in 
Figure  B.4(a) . 

The  two  complex  roots  of  Equation  (B.41)  shown  in 
Figure  (B.4a)  are 


732 


3 

z 


2 


J  >3/2  +  i3oo 

1  3  '  6 


where 


cos  3co  - 


i 


<f  >3/2 


.uil  ±  u)  LL  ~  u) 

,,  +  2^3/2 
(3  +  [i  ) 


(B.48) 


Equation  (B.48)  is  plotted  in  Figure  (B.4b) 
The  desired  values  of  z  are  therefore 


(j  -  1/2,3) 


where 


co 


1 


CO  ■  CO 

2 

2tt 

“3  “  ®  +  3 


(B. 49) 


i  ! 
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0) 


1  -1 
3  COS 


<^,3/2 


and  the  three  roots  of  s  are  the  sums  of  complex 
pairs  of  z  values. 


s . 
D 


Therefore,  if  we  let 


.2  .  i 

OCT  3 


-  ?  [(sx  -  s2)  +  (s2  -  s3) 


+  (S3  ‘  S1  >2  ] 


then  the  roots  of  Equation  (B.38)  are 

s .  ■  /2  T  cos  a).  (j  ■  1,2,3) 

J  OCT  J  J 

The  geometrical  and  physical  significance  of  t'q^t 
be  explored  later. 


(B.50) 

conjugate 


(j  -  1,2,3) 


(B.51) 


(B.52) 

will 
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In  order  to  calculate  the  principal  stresses,  or  , 
cr2  and  when  the  stresses 


aU  °12  al3 
a  “  a21  a22  a23 

^31  ^32  a33 


are  given  one  does  the  following: 


1 .  Calculate 

2 .  Calculate 

3 .  Calculate 

4.  Calculate 

5 .  Calculate 

6 .  Calculate 

7 .  Calculate 

8.  Calculate 

9.  Calculate 


1^  from  Equation  (B.23). 

the  deviatoric  stresses  from  Equation  (B.32) 

J2  from  Equation  (B.36). 

T  from  Equation  (B.51). 

OCT 

J3  from  Equation  (B.37) . 

a>2  from  Equation  (B.50). 

and  3  from  Equations  (B.49). 

s. ,  s  ,  and  s  from  Equations  (B.52). 

12  3 

ai'  °2  an<*  a3  fr°m  E<Juati°n  (B.32). 


Once  the  principal  stresses  have  been  calculated,  the 
direction  cosines  associated  with  each  can  be  obtained 
from  three  separate  solutions  of  Equation  (B.20),  in  which 


or  is  successively  set  equal  to  or^,  and  cr3*  In  ©®ch 
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solution,  at  least  one  of  the  equations  will  be  redundant, 
so  that  a  corresponding  number  of  the  direction  cosines  will 
be  arbitrary.  The  directions  thus  obtained  are  those  of 
the  principal  stress  axes.  They  are  mutually  orthogonal, 
because  the  matrix  rr  is  symmetric,  which  means  that  planes 
of  zero  shear  stress  must  occur  at  right  angles  to  one 
another.*  Thus,  if 

« *  [  K)  i  {“2}  S  K}  1  (B-53) 

where  #  {a2j  and  i ^3 }  are  the  three  principal  directions, 

then 

aT  a  =  I  (B. 54) 

Cavlev  -  Hamilton  Theorem 

Using  Equation  (B.53),  Equation  (B.18)  can  now  be 
written 


<r  a  =  o  L 


(B .  55 ) 


*A  mathematical  proof  is  also  easily  performed;  HILDERBRAND 
(1952;  31). 
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I; 

n  > 


where 


[%  0 

o  <y„ 


o  o 


o 

o 


(B. 56) 


and  therefore,  by  virtue  of  Equation  (B.54) 


SL  2.  «  *  5 


(B.57) 


SL  5  &  *  2. 


(B.58) 


It  is  a  simple  matter  to  generalize  Equations  (B.57)  and 
(B.58)  for  higher  powers  of  <7  and  S.  For  example, 

a?2  aT  *  (a  5  &T)  (a  5  sT)  =  a2 

and  so  forth. 

If  Equation  (B.22)  is  written  for  each  of  the  principal 
stresses,  cr^ ,  a 2  and  and  the  result  put  in  matrix  form, 
the  result  is 

£3  -  I1  S2  -  I2  5  -  I3  I  =  0  (B . 59) 
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T 

Premultiplication  by  £  and  postmultiplication  by  Of  then 
yields 

j3  -  Ix  o2  -  I2  2  "  I3  I  5  0  (B.60) 

Equation  (B.60)  states  that  the  stress  matrix  satisfies 
its  own  characteristic  equation,  and  is  a  particular  form 
of  the  Cayley  -  Hamilton  theorem.  A  similar  equation  holds 
for  the  deviatoric  stress  matrix,  s.. 

s3  -  J2  s  -  J3  I  =  0  (B.61) 


and  since 


Tr(s.)  =  s1  +  s2  +  s3  *  0 


it  follows  that 


J3  *  3  Tr(a3) 


3  3  3 

s.  +  s_  +  s_ 

1  2  3 


(B.62) 


The  following  expressions  for  the  stress  invariants 
are  of  interest. 
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One  of  the  many  reasons  for  investigating  the  directions 
of  the  principal  stress  axes  is  that  many  of  the  previous 
expressions,  as  well  as  further  analyses,  are  considerably 
simplified  if  the  coordinate  axes  at  a  point  coincide  in 
direction  with  the  principal  stress  axes.  For  example,  when 
this  is  the  case. 


It  is  particularly  convenient  to  work  only  with  the  principal 
stresses  when  a  material  has  isotropic  stress  -  strain 


739 


properties,  because  then  the  directions  of  the  principal 
axes  have  no  influence  on  stress  -  strain  behavior. 

Stress  Dyadic 

Cauchy's  equation  (B.6)  originally  suggested  the 
treatment  of  stress  as  a  dyadic?  WESTERGAARD  (1952,  56)  . 

a  *  <7 ..  e.  e  .  (B.65) 

13  1  j 

The  dyadic  a  is  an  entity,  the  component  of  which  in  any 
direction  is  a  vector,  in  the  same  way  that  a  vector  is  an 
entity,  the  component  of  which  in  any  direction  is  a 
scalar.  A  dyadic  is,  of  course,  a  tensor  of  order  2, 
since  a  tensor  of  order  n  is  an  entity,  the  component  of 
which  in  any  direction  is  a  tensor  of  order  n  -  1. 

Equation  (B.6)  can  thus  be  written 

a  =  n  •  a  (B.66) 

n 

and  Equation  (B.10)  as 

<7  =  m  •  n  •  or  (B.67) 
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When  the  coordinate  axes  coincide  with  the  principal  stress 


axes.  Equation  (B.65)  reduces  to 


a  s  <r^  e^  e^  +  e2  +  ^3  e3  e3  (B.68) 


so  that 


and 


cr  ■  n  •  a 
n 


=  *1  °nl  el  +  a2  an2  e2  +  *3  an3  e3 


(B.69) 


tJ 


or  5  m  •  <y 
nm  n 


=  *1  °nl  "ml  +  °2  °n2  "m2  +  "3  "n3  "m3 


(B . 70) 


Stresses  on  an  Octahedral  Plane 
In  particular,  when 


ro 


=  n  =  n0CT  (®1  +  ®2  +  ®3) 


(B . 71) 
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so  that  the  plane  under  consideration  is  an  octahedral 
plane,  making  equal  angles  with  each  of  the  principal  stress 
axes,  then  Equation  (B.70)  yields 


nn 


=  rr 


OCT 


+  (X  +  ff 


(B. 72) 


whereas  Equation  (B.69)  yields 


(a 


1  ”1 


+  er. 


+  er. 


e3) 


(B.73) 


The  stress  vector  <r  can  be  resolved  into  components  normal 

OCT 

and  parallel  to  the  octahedral  plane,  by  writing 


°  OCT  =  aOCT  nOCT  +  TOCT 


(B . 74) 


so  that  the  octahedral  shear  stress  is 


_1_ 
/  3 


TOCT  =  ° OCT  ”  aOCT  nOCT 


75  (S1  el  +  s2  e2  +  s3  e3> 


(B. 75) 
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and  therefore  the  magnitude  of  the  octahedral  shear  stress 
is  given  by 


toct  =  toct 


2  2  2 

s .  +  s_  +  s. 

JL _ 2 _ 1 


OCT 


(B. 76) 


which  is  identical  to  the  second  of  Equations  (B.63) 

The  stress  vector  acting  on  the  octahedral  plane 
whose  normal  unit  vector  is  given  by  Equation  (B.71) 

stress  axes,  and  can  be  resolved  into  components  normal 

and  parallel  to  the  octahedral  plane,  of  magnitude 

a _ and  t _ respectively.  The  shear  component,  f _ , 

OCT  OCT  OCT 

Ll 

/  3 

axes. 

Octahedral  Plane  Stress  Plot 

The  form  of  Equation  (B.73)  suggests  that  the  vector 


la 

/  3 


along  the  principal  stress 


has  projections 


( !i 

v3 


!a 

/ 3 


) 


along  the  principal 


■  /3  cr 


OCT 


=  a 


1  °1 


t  or. 


+  or 


3  3 


(B.77) 


be  plotted  in  principal  stress  space,  as  shown  in  Figure 
(B.F) .  The  vector  n  can  be  expressed  as 
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<7 


+  T 


(B. 78) 


n^m 

OCT 


where 


n 

OCT 


+  e. 


(B.79) 


=  /3  fOCT  =  =1  S1  +  S2  *2  +  S3  *3 


(B.80) 


The  deviator  stress  vector,  T,  lies  in  a  plane  normal  to 

n0CT'  ^*e*  in  an  octahedral  plane,  and  when  viewed  by 

looking  in  along  the  -n___  direction,  appears  as  shown  in 

OCT 

Figure  B.6.  It  is  convenient  to  establish  rectangular 
Cartesian  coordinates  XYZ,  with  the  origin  O’  at  the  tail 
of  the  f  vector,  the  Z  axis  pointing  in  the  n0CT  direction, 
and  the  X  and  Y  axes  lying  in  the  octahedral  plane  containing 
r.  The  unit  vector  is  obviously  equal  to  n0^T» 


*1  +  A 


-  JL  ~ 

e2  +  / 3  e3 


(B.81) 


The  direction  cosines  of  e  are  determined  from  the  conditions 

x 
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«*► 


e  •  n._m  =  0 
x  OCT 


e  *  e„ 
x  2 


e  *  e, 
x  1 


=  0 
>  0 


e  *  e  =1 
x  x 


which,  by  inspection,  indicates  that 


(B. 82) 


e  = 
x 


1  - 


/ 2  ®1  “  /2  c3 


1  - 


(B . 83) 


The  direction  cosines  of  e  are  easily  determined  by  the 

y 

condition  that  the  XYZ  system  be  right  handed,  so  that 


u 


e  =  e  x  e  = 
y  z  x  /6 


e  e 
1  2 


1 

1 


1 

0 


1 

-1 


JL  -  x  JL  -  _L  - 

/ 6  ®1  /6  ®2  “  / 6  ®3 


(B.84) 


The  coordinates  (X,Y)  are  therefore 
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x  ■  r  .  e  = 


s  -  s 

_i _ 


/2 


y  -  T  ■  e  = 
■*  •  * 


2sj_  ~  si 


-  s. 


/ 6 


(B.85) 


In  view  of  Equation  (B.35),  Equation  (B.85)  can  be  written 


y  =  /3  TOCT  008  “2  =  jl  a2 


■(T 


8. 


which  yields  again  the  second  of  Equations  (B.52), 


S  a  /2  T  cos  0). 
2  OCT  2 


The  angle  ^ >  in  Figure  B.7  is  therefore  the  same  angle 
used  to  solve  the  reduced  characteristic  equation;  c.f. 
Equation  (B.41) .  In  addition, 


cot  a>2 


(B.86) 
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The  octahedral  shear  stress,  t  ,  controls  the  length  of 

UL  X 

the  vector  r  in  an  octhahedral  plane  stress  plot,  and  the 

ratio  |x  controls  its  orientation.  Thus  the  relationship 

between  the  angle  ,  Lode's  parameter  p,,  and  the  invariants 

and  J_  is  made  clear. 

OCT  3 

As  a  consequence  of  the  above  results,  the  projections 


of  r  along  the  projected  axes  lpnd  3  in  Figure  B.6  are 
seen  to  be  fTB  i ana  j| j  ^ s3,  respectively,  so  that 
Figure  B.6  is  a  graphical  representation  of  Equations  B.52. 


respectively,  so  that 


The  interior  of  the  triangle  ABC  represents  that  portion 
of  the  octahedral  plane  for  which  all  three  principal 
stresses  are  positive  (compressive) .  Reference  to  Figure 
B.l  shows  that  point  B  represents  the  point  (0,  a2>  °)> 
so  that  at  B 


°2  ~  3(7 OCT 
8 2  “  2<TOCT 


and  therefore  in  Figure  B.6, 


B  =  ff  (20fOCT^  =  ff0CT 


0  '  A  ■  0  '  C 
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Figure  B.6  is  the  basis  for  the  construction  of  octahedral 
plane  stress  plots  in  Chapter  6- 

Physical  Interpretation  of  the  Octahedral  Invariants  r  T  and 
Before  concluding  this  appendix  with  a  discussion  of 
Mohr's  representation  of  a  traixial  state  of  stress,  a 
physical  interpretation  will  be  given  to  the  parameters 
f oct  and  a*2t  si-in^^ar  to  a  suggestion  made  by  NOVOZHILOV 
(1952)  . 

Although  it  is  not  necessary  to  have  the  condition 


81  ^  S2  *  S3 


be  satisfied  in  plotting  the  stress  point  in  Figure  B.6, 

*  "  ,«  , 

t  _ 

if  it  is  satisfied,  the  projection  of  T  on  the  X  axis  will 
S1  '  s3 

be  - .  y  =  / 2  t  .  Lode's  parameter  |j.  thus  controls 

v  Z  MAX 

the  ratio  T„„ or  vice  versa,  through  the  relation 
MAX  OCT  3 


tmax  .13  . 

w  f*  51 


sin  a).  = 


2  ^2  (3  +  m.2) 


which  has  already  been  used  in  Equation  (B.  48) 
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Equation  (B.69)  gives  an  expression  for  the  stress 


vector,  crn»  acting  on  a  plane  with  unit  normal  n. 


“n  ■  “hi  “l  el  +  “r>2  °2  e2  +  “n3  °3  *3  (B’69) 


The  tangential  component  of  an  has  the  same  magnitude  as 
the  vector 


J  ) 


•l 

*2 

*3 

“n  X  5  ' 

«nl  CT1 

“h2  °2 

“n3  “ 

«nl 

“n2 

“n3 

=  “n2  “n3(a2 

-  “3,;1  +  “n3  “nl 

(°3  -  “l 

+  “hi  “n2  (°l  '  02>*3 


so  that  the  square  of  the  magnitude  of  the  resultant  shear 
stress  is 


2  2  2  , 

Tn  =  “nl  “n2  <“l 


“2>2  +  “n2  “n3(a2  '  ff3* 


+  “n3  “nl<°3  '  “l1 


(B. 87) 
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The  above  derivation  of  Equation  (B.87)  is  considerably 
shorter  than  that  resulting  from  a  straightforward  application 
of  the  Pythagorean  theorem. 

It  can  easily  be  demonstrated  that 

J  “ni  “nj  ds  *  «  (i  +  j) 

s 

where  S  is  the  surface  of  a  unit  sphere,  so  that  the  root 
mean  square  shear  stress  at  a  point,  r^g,  is  found  from 
the  equation 

r2  *  f  t2  ds 
RMS  J  n 

S 

*  W  [(,T1  '  °2)2  *  ^2  '  n3)2  +  '"s  "  "l'2] 


-  T2  =  -  R2 
5  OCT  5 


(B. 88) 


where  R  is  the  radius  of  the  octahedral  stress  point  in 
Figure  B.6.  The  above  result  was  obtained  by  NOVOZHILOV 
(1952)  by  another  method. 

As  a  matter  of  interest,  if  an  attempt  is  made  to 
calculate  the  components  of  the  vector  t  from  the  formula 
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T  ■  n  x  n  x  n 
n  n 


one  obtains  the  well  known  result 


u 


1  ) 


f  =  (n  .  n)cr  -  ((7  •  n)n 

n  n  n 

=  -  (ct  •  n)  n 

n  n 


by  virtue  of  a  mathematical  identify.  Thus,  while  the 
expression  x  n  provides  a  quick  means  of  evaluating  the 
magnitude  of  the  vector  r^,  it  offers  no  real  help  in 
calculating  the  components  of  the  shear  stress  vector 
itself. 

Mohr's  Representation  of  a  Triaxial  State  of  Stress 

The  most  useful  two-dimensional  representation  of  a 
triaxial  state  of  stress  is  that  due  to  Mohr;  WESTERGAARD 
(1924) .  The  mathematical  justification  of  the  Mohr 
circle  construction  is  based  on  interpreting  the  equations 


«2,  + 
nl 


2 

°n2  + 


n3 

*1  °nl  +  n 2  4  +  *3  4 


22  22,22 

al  °nl  +  °2  “n2  +  *3  “n3 


(B. 89) 
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as  a  set  of  simultaneous  linear  equations  in  the  variables 
2  2  2 

nr  - ,  nr  _,  «  The  determinant  of  the  matrix  of  co¬ 
ni  n2  n3 

efficients  is,  again,  Vandermonds 1 s  determinant,  which 
appeared  in  Appendix  A.  Application  of  Cramer's  rule  to 
Equations  (B.89)  thus  yields  the  following  solutions: 


(<r  ”  "  J  (<T 

nn  2  nn 


(<r  -  rr, )  (at 

nn  1  nn 


(nr  —  nr_ )  (rr 
nn  1  nn 


<V 


°2) 


2 

anl('T1  -  <*2*^1  "  *3)  (B.90a) 

“n2("2  '  ,1)(',2  ‘  V  <B-90b) 
an3  (ff3  •  ®l)(l73  •  n2)  (B-90C) 


When  one  of  the  direction  cosines  is  zero,  the  corresponding 
equation  in  (B.90)  reduces  to  a  particularly  simple  form: 


"nl 

=  0  : 

(B.90a)  -*  T2 
n 

+ 

(n 

nn 

-  V  <v 

a3) 

=  0 

(B.91a) 

°n2 

=  0  : 

(B. 90b)  -  t2 
n 

+ 

(a 

nn 

’  °1>  ("nn 

-  a3) 

=  0 

(B.91b) 

°n3 

=  0  : 

(B. 90c)  -  T2 
n 

4* 

(rr 

nn 

’  ffl>  (rTnn 

"  a2) 

=  0 

(B. 91c) 

Each  of  Equations  (B.91)  describes  a  circle  in  Figure  B.8b, 


with  its  center  on  the  normal  stress  axis,  as  shown  below: 


Equation 

Center 

Radius* 

_  + 

Curve 

B.  91a 

*2  *  a3 

2 

2 

B'C' 

B.91b 

ql  +  g3 

2 

°i  ' a? 

2 

C  1 A 1 

B.  91c 

"l  +  °2 

2 

al  ’  a2 

2 

A '  B ' 

*  Assuming  that  cr^  >  n ^  >  n 

*  See  Figure  B.7 


Referring  to  Figure  B.8,  the  following  mappings  are  thus 
effected,  from  the  unit  sphere  to  a  two-dimensional  plot: 

O 


Curve  on  Unit  Sphere 

Mohr  Mapping 

AB 

A '  B ' 

BC 

B’C 

CA 

C’A 

Point  D'  in  Figure  B.8b,  which  corresponds  to  Point  D 
in  Figure  B.8a,  is  located  from  the  conditions 
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0 


o 


nl 


n2 


n3 


cos  $ 
sin  ♦ 


Under  these  conditions,  the  second  of  Equations  (B. 89) 
reduce  i  to  the  familiar  form 


\ 


2  A  .  2  . 
n  -  <7  „  cos  9  +  a  sm  • 
nn  2  3 

-  frill)  +  cos  2* 

which  justifies  locating  Point  D'  as  shown.  Points  E',  F1 

and  G'  are  located  in  a  similar  fashion. 

Point  P'  in  Figure  B.8b,  which  corresponds  to  Point  P 

in  Figure  B.8a,  can  be  located  by  noticing  that  Point  P  lies 

at  the  intersection  of  arc  DE,  for  which  a  ,  =  sin  ♦  = 

n3 

constant,  and  arc  FG,  for  which  a  ,  *  cos  9  =  constant. 

nl 

Points  D' ,  E',  F'  and  G'  are  assumed  to  have  already  been 

located,  as  described  above.  When  a  _  =  sin  9  =  constant, 

n3 

Equation  (B.90c)  remains  the  equation  of  a  circle,  with 
al  +  ct2 

center  at  -  and  radius  such  that  the  circle  connects 

2 

Point  D'  and  E',  as  it  must.  Thus  is  arc  D'E’  located, 
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Point 


and  similarly  arc  F'G'  with  its  center  at 

P'  is  located  at  the  intersection  of  arcs  D'E1  and  F'G', 

and  has  coordinates  (a  ,  T  ) . 

nn  n 

Since  cTqqT  and  tqct  are  t*le  norma^  an<^  s^ear  stresses 

acting  on  a  plane  whose  normal  makes  equal  angles  with 

each  of  the  principal  axes,  and  can  be  found 

OCT  OCT 

graphically  by  setting 


9 


OCT 


=  cos”1(0. 5773503)  =  54°44*  52’ 


*  m  =  35°15 ' 53" 
OCT 


Note  that 


cos  0 


OCT 


sin  9oct 


so  that 


sin  20. __  =  2  sin  0_^m  cos  0___ 
OCT  OCT  OCT 


2/2 

3 


cos  20 


OCT 


=  2  cos  0 


OCT 


-  1 


1 

3 


i  I 
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Thus ,  when 


°OCT 


T 


OCT 


q 


and  when  a *  or^/ 


(B.92) 


(B. 93) 


A  typical  construction  for  determining  ff0CT  and  tqct 
graphically  is  shown  in  Figure  B.9. 

In  applications  dealing  with  cross  anistropy,  such  as 
those  considered  in  Chapter  3,  it  is  more  convenient  to 
employ  the  spherical  coordinates  6  and  tj) ,  shown  in  Figure 
B.10,  than  to  use  the  coordinates  6  and  ♦  shown  in  Figure 
B.8a.  In  this  case,  the  three  direction  cosines  are 
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a  ,  =  cos  6 
nl 


a  _  *  sin  6  sin  ^ 
n2 


(B. 94) 


a  -  *  sin  6  cos  ib 
n3 


and  therefore,  the  last  two  of  Equations  (B.89)  assume 
the  form 


2  222  22  2  22  2 
<y  +  r  *  <r,  cos  6  +  or-  sin  6  sin  ib  +  cr_  sin  6  cos  lb 
nn  n  i  2  J 


2  2  2  2  o 

o  *  cos  6  +  <y_  sin  6  sin  0  +  sin  6  cos 2  ib 
nn  12  3 


In  view  of  the  fact  that  the  equation  of  a  circle  in  (a,  r) 
space,  with  its  center  on  the  a  axis,  has  the  form 


2  2 

(a  +  t  )  -  a  <y  =  b 


where  ~  is  the  location  of  the  center  of  the  circle  (see 
Figure  B.7),  one  is  led  to  form  the  expression 


<"nn  +  Tn>  '  a  "nn  =  ffl(trl  ‘  a,cos2  6 
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2  2  2  2 
+  0^2  (<^2  “  sin  6  sin  ip  +  <y^  -  a)  sin  6  cos  ip 


2  r  i  2  r  2 

=  cos  6  L17!  (^1  "  a>  J  +  sib  Lff2  ^2  ”  sin  ^ 


.  2 


+  <*3(03  “  a)  cos2  «/)] 


(B. 95) 


When  the  angle  ip  is  constant,  the  angle  6  can  be  eliminated 
from  Equation  (B.95)  by  setting 


2  2 

<Tl^Cri  "  =  °2^a2  ~  a)  Sin  ^  +  CT3  ^3  "  a)cos  0  =  b 


(B. 96) 


which  will  be  satisfied,  provided 


;  1  )  ™  2-  -  "i 


(B . 97 ) 


Thus,  the  relation  between  cr  and  r  along  a  meridian  of 

nn  n  3 

longitude  in  Figure  B.10  is  also  circular,  in  the  Mohr 
circle  mapping. 
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When  rn  «  0,  6  *  0,  and  Equation  (B.95)  reduces  to 


a  (a 
nn  nn 


a) 


-a) 


so  that 


a 


nn 


When  ip  m  0°,  Equation  (B.97)  reduces  to 


a 


+  a. 


and  when  ip  ■  90°,  Equation  (B.97)  reduces  to 


a 


+  a 


2 


The  center  of  the  circular  arc  A'H'  in  Figure  B.lOb 
is  at  J' ,  and  is  located  as  follows: 
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1.  S, _  and  S,  _  are  the  centers  of  circles  A 'B 1  and 

12  13 

A 1 C 1  respectively. 

2.  Draw  a  circle  through  and  S^3#  with  center  on 
the  normal  stress  axis. 

3.  With  H'  determined  by  0,  draw  line  H'A',  intersecting 
the  circle  S12  S13  at  I ' .  The  angle  I'S^  S13 
should  be  0 . 

4.  Draw  I'J'  perpendicular  to  line  H'A'.  The  center 
of  the  circular  arc  H'A'  is  at  J' . 
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FIGURE  B.2 

STRESSES  EXERTED  BY  TETRAHEDRON 
OABC  ON  THE  SURROUNDING  MATERIAL 
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FIGURE  B.4  (a) 

REPRESENTATION  OF  THE  ROOTS  OF 
EQUATION  (B.4I)  IN  AN  ARGANO 
DIAGRAM 


w 


H- 


FIGURE  B.4  (b) 

RELATION  BETWEEN  fl  ANDO) 
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CO  £  soo 


FIGURE  B.5 

SCALED  OCTAHEDRAL  STRESS  VECTOR 
IN  PRINCIPAL  STRESS  SPACE 
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{  ) 


FIGURE  B.6 

GEOMETRY  OF  THE  OCTAHEDRAL  PLANE 
STRESS  PLOT 
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(l f2+x2)  -  (x,+xj  X  +  XjXg*  0 
y2  +  (x-x,)(x-x2).o 

CHARACTERISTICS 

1.  COEFFICIENT  OF  BOTH  yZ  AND  >T IS  UNITY. 

2.  NO  UNEAR  TERM  M  y. 

3.  CENTER  AT  (X,+X2) 

4.  RADIUS  £(X,-X^ 

FIGURE  a  7 

EQUATION  OF  A  CIRCLE  WITH  CENTER 
ON  THE  X  AXIS 
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FIGURE  B.8 

MOHR  ORCLE  CONSTRUCTION  FOR 
TRIAXIAL  STRESS 


2  9^  •  t0«*88'l6"«  109*28*1 6“ 
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B 


H 


(o )  UNIT  SPHERE 


°Z  %3  °Z  V'  *\Z  °i 


FIGURE  B.IO 

MOHR  MAPPING  OF  A  MERIDIAN  OF 
LONGITUDE  ON  A  UNIT  SPHERE 


APPENDIX  C 


STRENGTH  OF  A  FACE -CENTERED  CUBIC  PACKING  OF  EQUAL 

ROUGH  RIGID  SPHERES 

Data  presented  in  Chapter  6,  dealing  with  the  influence 
of  the  intermediate  principal  stress  on  shear  strength,  show 
that  many  soils  exhibit  a  significant  increase  in  the  effective 
angle  of  shearing  resistance  as  Lode's  parameter  begins  to 
exceed  -1.  Such  results  are  so  common  that  they  probably  do 
reflect  true  soil  behavior,  rather  than  imperfect  test 
technique.  If  so,  a  physical  explanation  is  of  interest, 
which  is  the  object  of  this  appendix. 

This  has  been  achieved  by  analyzing  the  strength  of  a 
face-centered  cubic  packing  of  equal,  rough,  rigid  spheres. 

The  same  packing  has  been  analyzed  by  several  other  investi¬ 
gators,  including  RENNIE  (1959),  THURSTON  AND  DERESIEWICZ 
(1959)  and  PARKIN  (1965) .  The  results  obtained  here  differ 
in  detail  from  those  of  Parkin,  due  to  a  different  assumption 
concerning  the  magnitude  of  contact  friction  forces  at  the 
instant  of  slipping.  Parkin  assumed  all  contact  friction 
forces  to  be  equal  in  magnitude,  whereas  here  it  will  only 
be  assumed  that  each  contact  friction  force  is  equal  to  f 
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times  the  corresponding  contact  normal  force,  at  the  instant 
of  slipping.  The  results  obtained  here  are  algebraically 
simpler  than  those  of  Parkin,  and  therefore  permit  a  more 
direct  physical  interpretation.  In  particular,  it  will  be 
possible  to  offer  a  simple  physical  explanation  for  variation 
of  the  effective  angle  of  shearing  resistance  with  the 
relative  value  of  the  intermediate  principal  stress. 

Consider  a  face-centered  cubic  array  of  equal  spheres, 
in  which  the  centers  of  non-contacting  spheres  of  diameter 
d  are  located  a  distance  f 2d  apart  in  eac.-i  of  three  mutually 
perpendicular  directions,  starting  from  the  center  of  any 
sphere  in  the  array.  In  addition,  consider  the  cube  formed 
by  the  centeres  of  eight  non-contacting  spheres,  of  side 
length  ^2d.  There  is,  in  addition,  a  sphere  with  its  center 
at  the  center  of  each  of  the  six  faces  of  the  cube.  (See 
Figure  C.l) 

A  second  way  of  viewing  a  face-centered  cubic  array  is 

in  a  direction  normal  to  one  of  the  cube  axes  and  making 
o 

45  angles  with  each  of  the  other  two  axes.  Viewed  from 
this  angle,  the  face-centered  cubic  array  appears  as  a  series 
of  layers,  each  of  which  is  a  square  array  with  the  centers 
of  contacting  spheres  located  a  distance  d  apart  in  each  of 


two  perpendicular  directions,  starting  from  the  center  of 
any  sphere  in  the  layer.  Each  sphere  in  one  layer  rests  in 
the  depression  between  four  contacting  spheres  in  the  layer 
beneath,  hence  the  term  "pyramidal".  (See  Figure  C.2) 

Still  a  third  way  of  viewing  a  face-centered  cubic  array 
is  in  a  direction  making  equal  angles  with  each  of  the  three 
cube  axes.  Viewed  from  this  angle,  the  face-centered  cubic 
array  appears  again  as  a  series  of  layers,  each  of  which  is 
now  a  hexagonal  array  with  the  centers  of  contacting  spheres 
located  a  distance  d  apart  in  each  of  three  directions  parallel 
to  the  sides  of  an  equilateral  triangle,  starting  from  the 
center  of  any  sphere  in  the  layer.  Each  sphere  in  one  layer 
rests  in  the  depression  between  three  contacting  spheres  in 
the  layer  beneath,  which  depression  is  in  turn  located  above 
a  similar  but  unfilled  depression  in  the  layer  beneath  it. 

The  same  translation  brings  any  hexagonal  layer  into  the 
position  of  the  contacting  layer  immediately  above  it.  (See 
Figure  C.3)  This  is  one  of  two  possible  close-packed  arrays 
composed  of  hexagonal  layers.  The  other,  called  hexagonal 
close  packed,  is  the  same  as  described  above,  except  that 
each  sphere  in  one  layer  is  located  directly  over  a  sphere 
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in  the  second  layer  beneath  it;  DERESIEWICZ  (1958) .  The 
hexagonal  or  tetrahedral  viewpoint  is  common  in  studies  of 
the  molecular  structure  of  clay  minerals. 

Perhaps  the  easiest  way  of  illustrating  the  unity  of  the 
above  three  views  of  the  face-centered  cubic  array  is  by  means 
of  Figure  C.4.  From  it  one  can  see  that  the  characteristic 
3x3  matrices,  used  to  obtain  the  coordinates  of  any  sphere 
center,  starting  from  any  other  sphere  center,  and  commonly 
associated  with  the  face-centered  cubic,  pyramidal  and  tetrahedral 
hexagonal  unit  elements,  can  be  obtained  from  each  other  by 
simple  rotational  coordinate  transformations,  or  even  by  simple 
vector  addition. 

In  the  strength  analysis  to  follow  it  will  be  convenient 
to  consider  the  pyramidal  unit  element  shown  in  Figure  C.5. 

In  the  center  of  the  element  is  a  sphere  (the  center  sphere) , 
which  has  its  center  at  the  coordinate  origin.  It  contacts 
each  of  the  eight  corner  spheres,  and  is  also  tangent  to  the 
element  sides  at  the  four  points  where  the  2  and  3  axes  enter 
and  leave  the  element. 

Since  the  pyramidal  element  diagonal  is  2d,  and  the 
length  and  width  are  both  d,  the  height  must  be  /2d,  so 


that  the  total  volume  is 


(C.l) 


V  -  /2  d3 

The  volume  of  solids  equals  the  volume  of  two  spheres  of  dia 
meter  d. 


V 

s 


(C.  2) 


The  solid  density,  i.e.  the  volume  of  solids  per  unit  of 
total  volume  is 


D  "  V  '  3/2  *  °-74  (C-3) 

The  porosity,  i.e.  the  volume  of  voids  per  unit  of  total  volume 
is 


n  -  (1  -  D)  x  100%  «  26% 


(C.4) 


and  the  void  ratio,  i.e.  the  volume  of  voids  per  unit  volume 
of  solids  is 


e 


7 r 


0.35 


(C.5) 
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As  with  any  other  finite  element  analysis,  (the  spheres 
being  the  finite  elements  in  this  case)  three  basic  sets  of 
equations  describe  the  mechanical  response  of  the  pyramidal 
array: 

1.  equilibrium  equations,  which  relate  contact  forces 
to  boundary  stresses, 

2.  force-deformation  equations,  which  state  that  a 
contact  friction  force  equals  f  times  the  corresponding  contact 
normal  force,  and  acts  in  the  direction  of  slip,  and 

3.  continuity  equations,  which  state  that  each  corner 
sphere  remains  in  contact  with  the  center  sphere  during  slip. 

It  is  convenient  to  perform  the  deformation  analysis 
first,  in  which  it  is  assumed  that  the  element  in  Figure  C.5 
is  part  of  a  continuum,  composed  of  identical  but  randomly 
oriented  elements,  and  that  this  particular  element  is  one 
for  which  the  1,  2  and  3  axes  coincide  with  the  principal 
strain  axes.  It  will  aid  the  reader  to  keep  in  mind  that 
this  is  what  one  might  call  a  strain-controlled  analysis, 
because  we  shall  specify  the  principal  strains  and  then 
calculated  the  associated  boundary  stresses.  Referring 
to  Figure  C.6,  and  treating  compressive  normal  strains  as 
positive,  the  displacement  of  point  S  can  be  written 
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(C  .6) 


u 

s 


e 


3 


It  is  convenient  to  let 


€  *  —  2 A  sin  0 

2  (C. 7) 

-  -  2A  cos  0 


so  that  the  displacement  of  point  S  becomes 


€,*  _ 

u  - 7 -  e,  +  Aj(sin  0  e.  +  cos  0  e_)  (C.8) 

s  /  2  1  2  3 


The  requirement  that  sphere  S  remain  in  contact  with  the 
center  sphere  during  slip  leads  to  the  requirement  (for 
infinitesimal  strains)  that  the  displacement  of  point  S  occur 
in  a  plane  normal  to  line  OS,  hence  normal  to  the  direction 


n 

s 


Thus,  setting  -u  •  n  -0  yields 

s  s 


(C.  9) 


*  A(sin  0  +  cos  0) 


(C.10) 
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so  that  the  strain  tensor  becomes 


<£)► 


"€1 

0 

o' 

sin  9  +  cos  0 

0 

0 

f  .  .  - 
ID 

0 

*2 

0 

*  A 

0 

-2  sin  0 

0 

_  0 

0 

0 

0 

-2  cos  0  ~ 

(C.ll) 

where,  because  the  corner  spheres  are  assumed  to  be  initially 
in  contact,  and  therefore  cannot  move  toward  each  other*: 


{.) 


0 


<  9  ^ 


IE 

4 


Under  this  restriction, 


(C . 12) 


€1  >  C2  ^  e3 


(C . 13) 


The  displacement  of  point  S  will  therefore  be  in  the 
direction 


♦This  assumption  was  made  by  Parkin,  It  will  be  relaxed  here 
later. 
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(C. 14) 


-(sin  0  +  cos  0)e  +  /2  sin  0  e  +  /2  cos  0  e 

_ _ _ * _ “ _ 


where 


F  «  y  3  +  sin  20  (C. 15) 

Proceeding  next  to  the  force-deformation  analysis,  we 
see  that  the  contact  friction  force  exerted  on  the  center 
sphere  by  S  must  act  in  the  direction  given  by  Equation  (C.14). 
The  directions  of  the  other  contact  friction  forces  are  given 
by  expressions  identical  in  form,  except  for  changes  in  sign 
of  components. 

Finally  the  equilibrium  analysis,  which  Rennie  performed 
by  an  elegant  application  of  the  Divergence  Theorem,  will  be 
accomplished  here  in  a  more  conventional  manner.  The  self- 
equilibrating  contact  normal  forces  p,  q,  r  and  s,  correspond¬ 
ing  to  the  corner  sphere  pairs  P-P',  Q-Q',  R-R'  and 
S  -  S'  in  Figure  C.5,  and  the  contact  normal  force  t  (which 
is  zero  if  9  >  0)  must  each  act  along  a  line  from  the  origin 
to  the  center  of  the  corresponding  contacting  sphere.  Con¬ 
sequently  the  contribution  to  the  boundary  stresses  from 
the  contact  normal  forces  will  be 
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r-  n 

*11 

o  n 

0  n 

12 

13 

n 

n 

n 

*21 

*22 

*23 

n 

n 

n 

-*31 

*32 

*33 

where,  referring  to  Figure  C.5,  (y_  is  the  stress  component 
acting  in  the  (-)j  direction  on  a  rectangular  cross  section 
of  the  entire  pyramidal  element  containing  the  origin  and 
with  its  outward  normal  pointing  in  the  (+)i  direction,  Thus, 


n  ^(P+q+r+s)  n  j(-p+q-r+s) 

«  -  /*_  _  =*  _  ~ 


*11 

a2 

*12  " 

a2 

*21 

) 

n 

1 

2 

(p  +  q  + 

r  +  s) 

n 

2  (-p-q+r+s) 

n 

*22 

/2  d2 

*23  “ 

/2  d2 

"  *32 

n 

1 

2 

(p  +  q  + 

r  +  s) 

n 

(p  -  q  -  r  +  s) 

n 

*33 

/2  d2 

*31 

/2  d2 

*13 

so  that 


f 
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n  2 
When  9  *  °*  <t22  i®  increase<3  by  an  amount  t//2d  ,  where  t 

is  arbitrary  but  has  no  influence  on  the  deformation.  If  we 

assume  that  the  intermediate  principal  axes  of  stress  and 

strain  coincide,  then 

^21  ff23  "  ° 

so  that 

-p  +  q-  r+  s-0 
-p-q+r+s-0 

Adding  and  subtracting  the  above  equations  yields 
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A  r 


P  ■  S 

q  *  r 

so  that  the  contribution  to  the  stress  tensor  due  to  the 
contact  normal  forces  reduces  to 


^2  (p  +  q)  0  p-q 


0 


S  +  £L 
*  2 


0 


p-q  0 


P-±-fl 

/2 


(C. 16) 


Note  that  .  r.  .  m  0,  since  the  contact  normal  forces  do 
no  work  during  slipping. 

Next,  we  assume  that  at  the  instant  of  slipping  each 
contact  friction  force  equals  the  coefficient  of  friction  f, 
times  the  corresponding  contact  normal  force*.  Therefore, 
the  contribution  tc  the  boundary  stresses  from  the  contact 
friction  forces  will  be 


♦Parkin  assumed  each  contact  friction  force  to  be  equal  to  f 
times  the  smaller  of  p  or  q,  which  results  in  an  expression 
for  strain  energy  density  which  depends  on  p  -  q. 
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where#  again  referring  to  Figure  C.5: 


i 


so  that 
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(sin  0  +  cos  0)  (p+q)  0 


(sin  0  +  cos  0) (p-q) 
/2  . 


0  -  sin  0(p+q)  0 


(sin  0  +  cos  0) (p-q)  0  -  cos  0(p+q) 


The  work  per  unit  volume  done  during  slip  is  therefore 


2fFA(p  +  q) 
d2 


(C. 18) 


Since  the  energy  dissipated  by  friction  during  slip  is  inde¬ 
pendent  of  (p  -  q) ,  the  major  and  minor  principal  stress  axes 
will  not  need  to  rotate  during  slip  to  achieve  a  minimum 
energy  condition.  At  the  instant  of  slip,  the  total  boundary 
stresses  will  be 
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Equation  (C.19)  indicates  that  the  value  of  +  o3)  at  the 
instant  of  slip  is  independent  of  (p-q) ,  and  therefore  of 
the  orientation  of  the  major  and  minor  principal  stress  axes, 
but  the  same  is  not  true  of  ((^  -  (r^)  >  which  increases  as 
] p  —  q |  increases.  Therefore,  the  smallest  value  of 
(^1  -  (y^)  which  will  induce  slip,  for  a  given  value  of 
(<*1  +  (y3),  corresponds  to  the  condition 


p  -  q  -  0 


(C . 20) 


\  l 


in  which  case  the  principal  »xes  of  stress  and  strain  all 
coincide,  and  the  total  stress  tensor  reduces  to 


2/2p 

'  a2 


/2f 

1  +  ——  (sin  ©  +  cos  0)  0 

F 


1  _  / 2f 

2  "  F 


sin  9  0 


1  _  /~2f 


cos  9 


(C.21) 
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The  angle  of  shearing  resistance  can  now  be  calculated 


from  the  expression 


sin  $ 


rl  “  g3  _  F  +  2/2  f  (sin  9+2  cos  9) 


"l  + 


3F  +  2/2  f  sin  0 


(C. 22) 


and  Lode's  parameter  at  the  instant  of  slip  is 


H 


-(7 2  ~  ^1  + 
"  CT 


F  +  er2f  sin  9 


F  +  2/2  f(sin  0+2  cos  0) 


(C. 23) 

When  the  spheres  are  frictionless,  f  ■  0  and  Equation 
(C.22)  yield's  Rennie's  result 


sin  $  -  ~  (f  •  0) 


(C . 24) 


7 r 


When  9  -  —  ,  Equation  (C.23)  yields  p,  ■  -1  (triaxial 
compression)  and  Equation  (C.22)  yields* 


sin  ■ 


1  +  3f 
3  +  f 


(C. 25) 


*This  expression  agrees  with  that  of  ROWE  (1962,  508) ;  see 
also  HORNE  (1965,  63). 
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When  8  ■  0  (plane  strain)  Equation  (C.22)  yields 


sin  $ 


/  3  +  4/2f 
3/3 


(C.26) 


and  Equation  (C.23)  yields 


M- 


/3 _ 

/3  +  4/2 


(C . 27 ) 


When  0-0  the  intermediate  principal  stress  becomes  arbitrary, 
because  of  the  arbitrary  contact  force  t  which  has  no  influence 
on  slip,  and  therefore  $  remains  constant  at  the  value  given  by 
Equation  (C.26)  and  p,  exceeds  the  value  given  by  Equation  (C.27). 

It  is  interesting,  and  in  fact  extremely  revealing  to 
inquire  what  would  happen  to  the  boundary  stresses  if  the  corner 
spheres  were  initially  separated  by  an  infinitesimal  amount,  so 
that  small  compressive  strains  would  be  possible  in  the  2  and 
3  directions,  thus  permitting  negative  values  of  9  in  Figure 
(C.6) .  Having  removed  the  previous  strain  restriction,  we  next 
observe  that  the  slip  strains  are  related  to  the  relative  values 
of  the  principal  stresses.  It  is  therefore  convenient  to 
normalize  the  principal  stresses  with  respect  to  the  average 
principal  stress,  which  is 


ffl  +  ff2  +  <7‘ 


Ws. 

d2 


(C. 28) 


The  ratios  of  the  principal  stresses  at  failure  to  the  average 
principal  stress  at  failure  are 


“2  /2  ly  3  +  sin  5  e  I 


aOCT 


sin  8 


+  sin 


3  3f  /  cos  8  1 

4  "  /2  U  3  +  sin  2  9  I 


(C. 29) 


and  the  ratios  of  the  principal  deviator  stresses  at  failure 
to  the  average  principal  stress  at  failure  are 


cTi  “  a 


Y  .  - 

1  o. 


1  uOCT 


°2  ~  gOCT 


a3  "  aOCT 


(C . 30) 


By  direct  expansion  it  can  be  demonstrated  that  the  failure 
(slip)  criterion  obeyed  by  the  face-centered  cubic  packing  is 


+  <*2 


(C. 31) 


Figure  B.6  then  shows  that  one  can  select  the  fol Lowing 
dimensionless  coordinates  in  a  normalized  octahedral  plane 
stress  plot: 


(C. 32) 


The  failure  criterion,  expressed  in  terms  of  dimensionless 
rectangular  Carterian  coordinates  in  the  octahedral  plane, 
therefore  takes  the  form 


+  — 


H 


1 


(C. 33) 


Equation  (C.33)  is  the  equation  of  an  ellipse  in  the  octahedral 

plane,  with  its  center  at  the  point  (  x  ■  j lj ~  ,  y  *  0) ,  its 

major  axis  coinciding  with  the  X  axis,  and  major  and  minor 

3f  l/T*  3f 

semiaxes  of  length  —  tf  —  and  “J"  • 

When  f  is  less  than  one  third,  the  ellipse  will  cross 
the  +X  axis  twice,  indicating  two  possible  modes  of  failure 
in  triaxial  compression  (p.  -  -1)  and  none  in  triaxial  extension 
(p.  *  1)  .  in  fact,  however,  the  axial  strain  in  one  case  is 

7T  3  7 T 

compression  (9  -  —  )  and  in  the  other  case  extension  (9  «  -  — -  )  . 

When  f  -  1/3,  failure  occurs  under  pure  hydrostatic  stress 

when  9  ■  -  “  .  This  is  because  the  stress  tensor  n.  .n  is 
4  ui3 

not  hydrostatic. 

The  failure  surface  in  stress  space  described  by  Equation 
(C.33)  is  a  cone,  with  its  apex  at  the  origin  and  having  an 
elliptical  octahedral  cross-section.  It  is  because  the 
octahedral  cross-section  is  an  ellipse  that  the  angle  of 
shearing  resistance  varies  with  the  relative  value  of  the 
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fc 

u  >■ 


intermediate  principal  stress.  This  particular  sphere  packing 


simply  does  not  obey  the  Mohr  -  Coulomb  failure  criterion. 

Having  defined  a  failure  or  yield  criterion  for  a  face- 
centered  cubic  packing  of  equal,  rough  rigid  spheres,  we  shall 
now  see  if  the  associated  slip  strains  obey  the  normality 
condition  of  classical  plasticity  theory.  We  therefore 
write  the  failure;  criterion  in  the  form 

2 

1  2  2  9f 

J  (2Y1  -  1)  +  (Y2  -  Yx)  "  »  0 

and  then,  since 

2yl  "  1  2Pi  3  "  Pi  "  ?2  ~  p3 
Y2  “  Y3  "  p2  p3 

the  failure  criterion  can  be  written  in  the  form 

H^Pij)  2  (pl  "  ^2  p3*  +  ^p2  ~  p3* 


(C. 34) 
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The  scalar  components  of  the  gradient  of  H  are 


aH  ,  .  3/2f  .  .  .  ^ 

(px  -  p2  -  p3>  “  —  (am  0  +  cos  9) 


ML 

dp2 


ML 

3p3 


“(px  -  p2  -  p3  +  2(p2  -  p3] 


(p^  “  p2  ~  03^  “  ^  (p2  "  P3) 


f  sin  0  y  (C. 35) 


6/2  f 


cos  0 


Comparison  of  Equation  (C.35)  with  Equation  (C.ll)  shows  that 
the  normality  condition  is  satisfied,  provided  the  yield 
criterion  is  written  in  terms  of  normalized  stress  components. 
This  fact  establishes  a  connection  between  the  mechanics  of 
particulate  and  continuous  media. 

There  appears  to  be  no  reason  why  other  packings  of 
discrete  frictional  elements  should  not  behave  in  a  similar 
manner.  The  basic  reason  for  satisfaction  of  the  normality 
condition  in  terms  of  normalized  stresses  is  that  each  contact 
friction  force  (a)  acts  along  the  direction  of  slip,  and 
(b)  equals  f  times  the  corresponding  contact  normal  force, 
which  acts  normal  to  the  direction  of  slip. 
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In  particular,  it  can  be  shown  that  the  failure  criterion 
for  a  general  quadratic  packing,  where  a  is  the  contact  angle, 
is 


x  - 

2  * 

cos  a  -  1) 

2 

y 

(/3 

cos  a) 

(/f sin  “) 

+ 

3f 

/2 

sin  a 

and  that  the  normality  condition  is  satisfied  in  terms  of 
normalized  stresses.  The  body-centered  cubic  array  obeys 


the  extended  von  Mises  failure  criterion. 


•  DENOTES  A  DEPRESSION  FILLED 
BY  A  SPHERE  IN  THE  LAYER  ABOVE 


FIGURE  C.  2 

PYRAMIDAL  VIEW  OF  THE  FACE  - 
CENTERED  CUBIC  ARRAY  OF  EQUAL 
SPHERES 


•  OENOTES  A  DEPRESSION  FILLED 
BYA  SPHERE  IN  THE  LAYER  ABOVE 


FIGURE  C.3 

HEXAGONAL  OR  TETRAHEDRAL 
VIEW  OF  THE  FACE- CENTERED 
CUBIC  ARRAY  OF  EQUAL  SPHERES 


> 


B'  B 


THREE  VIEWS  OF  THESAME  DENSE 
RACKING  OF  EQUAL  SPHERES:  FACE- 
CENTERED  CUBIC,  PYRAMIDAL  AND 
TETRAHEDRAL 


'  V 

I  I 
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FIGURE  C.5 

UNIT  ELEMENT  CONSIDERED  IN  THE 
STRENGTH  ANALYSIS  OF  A  FACE  - 
CENTERED  CUBIC  (PYRAMDAL)  PACKING 
OF  EQUAL  ROUGH  RIGID  SPHERES 
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€2«-2asin  e 

€j  *-2  A  cos  e 


FIGURE  C.6 

ASSUMED  DEFORMATION  BITTERN 


